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PREFACE 


This series of physics problems and solutions which consists of seven 
volumes — Mechanics, Electromagnetism, Optics, Atomic, Nuclear and 
Particle Physics, Thermodynamics and Statistical Physics, Quantum Me¬ 
chanics, Solid State Physics — contains a selection of 2550 problems from 
the graduate-school entrance and qualifying examination papers of seven 
U.S. universities — California University Berkeley Campus, Columbia Uni¬ 
versity, Chicago University, Massachusetts Institute of Technology, New 
York State University Buffalo Campus, Princeton University, Wisconsin 
University — as well as the CUSPEA and C.C. Ting’s papers for selection 
of Chinese students for further studies in U.S.A. and their solutions which 
represent the effort of more than 70 Chinese physicists plus some 20 more 
who checked the solutions. 

The series is remarkable for its comprehensive coverage. In each area 
the problems span a wide spectrum of topics while many problems overlap 
several areas. The problems themselves are remarkable for their versati¬ 
lity in applying the physical laws and principles, their up-to-date realistic 
situations, and their scanty demand on mathematical skills. Many of the 
problems involve order-of-magnitude calculations which one often requires 
in an experimental situation for estimating a quantity from a simple model. 
In short, the exercises blend together the objectives of enhancement of one’s 
understanding of the physical principles and ability of practical application. 

The solutions as presented generally just provide a guidance to solving 
the problems, rather than step by step manipulation, and leave much to 
the students to work out for themselves, of whom much is demanded of the 
basic knowledge in physics. Thus the series would provide an invaluable 
complement to the textbooks. 

The present volume for Mechanics which consists of three parts — 
Newtonian Mechanics, Analytical Mechanics, and Special Relativity — 
contains 410 problems. 27 Chinese physicists were involved in the task 
of preparing and checking the solutions. 
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Preface 


In editing, no attempt has been made to unify the physical terms, units, 
and symbols. Rather , they are left to the setters’ and solvers’ own prefer¬ 
ence so as to reflect the realistic situation of the usage today. Great pains 
has been taken to trace the logical steps from the first principles to the final 
solutions, frequently even to the extent of rewritting the entire solution. 
In addition, a subject index has been included to facilitate the location of 
topics. These editorial efforts hopefully will enhance the value of the volume 
to the students and teachers alike. 

Yung-Kuo Lim 
Editor 



INTRODUCTION 


Solving problems in course work is an exercise of the mental faculties, 
and examination problems are usually chosen from, or set similar to, such 
problems. Working out problems is thus an essential and important aspect 
of the study of physics 

The series on Problems and Solutions in Physics comprises seven vol¬ 
umes and is the result of months of work of a number of Chinese physicists. 
The subjects of the volumes and the respective coordinators are as follows: 

1. Mechanics (Qiang Yuan-qi, Gu En-pu, Cheng Jiarfu, Li Ze-hua, Yang 
De-tian) 

2. Electromagnetism (Zhao Sh-ping, You Jun-han, Zhu Jun-jie) 

3. Optics (Bai Gui-ru, Guo Guang-can) 

4. Atomic, Nuclear and Particle Physics (Jin Huai-cheng, Yang Bao-zhong, 
Fan Yang-mei) 

5. Thermodynamics and Statistical Physics (Zheng Jiu-ren) 

6. Quantum Mechanics (Zhang Yong-de, Zhu Dong-pei, Fan Hong-yi) 

7. Solid State Physics and Miscellaneous Topics (Zhang Jia-lu, Zhou You- 
yuan, Zhang Shi-ling) 

These volumes, which cover almost all aspects of university physics, 
contain some 2550 problems solved in detail. 

The problems have been carefully chosen from a total of 3100 problems 
collected from the China-U.S.A. Physics Examination and Application 
Programme, the Ph.D. Qualifying Examination on Experimental High 
Energy Physics sponsored by Chao-chong Ting, and the graduate qualifying 
examinations of seven world-renowned American universities: Columbia 
University, the University of California at Berkeley, Massachusetts Institute 
of Technology, the University of Wisconsin, the University of Chicago, 
Princeton University, and the State University of New York at Buffalo. 

Generally speaking, examination problems in physics in American uni¬ 
versities do not require too much mathematics. They can be characterized 


vii 



Introduction 


viii 


to a large extent as follows. Many problems are concerned with the 
various frontier subjects and overlapping domains of topics, having been 
selected from the setters’ own research encounters. These problems show a 
“modern” flavor. Some problems involve a wide field and require a sharp 
mind for their analysis, while others require simple and practical methods 
demanding a fine “touch of physics.” We believe that these problems, as 
a whole, reflect to some extent the characteristics of American science and 
culture, as well as give a glimpse of the philosophy underlying American 
education. 

That being so, we consider it worthwhile to collect and solve these 
problems and introduce them to physics students and teachers everywhere, 
even though the work is both tedious and strenuous. About a hundred 
teachers and graduate students took part in this time-consuming task. 

This volume on Mechanics which contains 410 problems is divided into 
three parts: Part I consists of 272 problems on Newtonian Mechanics; 
Part II, 84 problems on Analytical Mechanics; Part III, 54 problems on 
Special Relativity. 

A small fraction of the problems is of the nature of mechanics as in 
general physics, while the majority properly belongs to theoretical me¬ 
chanics, with some on relativity. A wide range of knowledge is required 
for solving some of the problems which demand a good understanding 
of electromagnetism, optics, particle physics, mathematical physics, etc. 
We consider such problems particularly beneficial to the student as they 
show the interrelationship of different areas of physics which one is likely 
to encounter in later life. Twenty seven physicists contributed to this 
volume, notably Ma Qian-cheng, Deng You-ping, Yang Zhong-xia, Ji Shu, 
Yang De-tian, Wang Ping, Li Xiao-ping, Qiang Yuan-qi, Chen Wei-zu, Hou 
Bi-hui, and Chao Ze-xian. 


7 August 1991 
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PART I 

NEWTONIAN MECHANICS 




1. DYNAMICS OF A POINT MASS (1001-1108) 


1001 

A man of weight w is in an elevator of weight w. The elevator accelerates 
vertically up at a rate a and at a certain instant has a speed V. 

(a) What is the apparent weight of the man? 

(b) The man climbs a vertical ladder within the elevator at a speed v 
relative to the elevator. What is the man’s rate of expenditure of energy 
(power output)? 

( Wisconsin) 

Solution: 

(a) The apparent weight of the man is 

_ w a\ 

9 V 9) 

g being the acceleration of gravity. 

(b) The man’s rate of expenditure of energy is 

Fv t — w ^1 + (V + v) . 


1002 

An orbiting space station is observed to remain always vertically above 
the same point on the earth. Where on earth is the observer? Describe the 
orbit of the space station as completely as possible. 

( Wisconsin ) 

Solution: 

The observer must be on the equator of the earth. The orbit of the 
space station is a large circle in the equatorial plane with center at the 
center of the earth. The radius of the orbit can be figured out using the 
orbiting period of 24 hours* as follows. Let the radius of the orbit be R 
and that of the earth be Rq. 


*For a more accurate calculation, the orbiting period should be taken as 23 hours 
56 minutes and 4 seconds. 


3 
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We have 


mu 2 _ GMm 
~ R 2 


where v is the speed of the space station, G is the universal constant of 
gravitation, m and M are the masses of the space station and the earth 
respectively, giving 

2 _ GM 


As 


GMm 

m 9 = -W' 


we have 

GM = R%g . 


Hence 



For circular motion with constant speed v, the orbiting period is 


Hence 


and 


T = 


2 t rR 
v 


4t t 2 R 2 Rig 

T 2 ~ R 



1003 

In an amusement park there is a rotating horizontal disk. A child can 
sit on it at any radius (Fig. 1.1). As the disk begins to “speed up”, the 
child may slide off if the frictional force is insufficient. The mass of the 
child is 50 kg and the coefficient of friction is 0.4. The angular velocity is 
2 rad/s. What is the maximum radius R where he can sit and still remain 
on the disk? 


(Wisconsin) 
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Solution: 

Under the critical circumstance that the child just starts to slide, 

mRu) 2 — (J.mg . 


Hence 



0.4 x 9.8 
22 


0.98 m . 


As the centrifugal force is proportional to the radius, this is the maximum 
radius for no-sliding. 


g = 9.8 m/s 2 




H 


Fig. 1.1. 


1004 

A cord passing over a frictionless pulley has a 9 kg mass tied on one end 
and a 7 kg mass on the other end (Fig. 1.2). Determine the acceleration 
and the tension of the cord. 

( Wisconsin) 

Solution: 

Neglecting the moment of inertia of the pulley, we obtain the equations 
of motion 

mix = mi# ~ F 

and 

rri2X = F — 77120 • 



6 


Problems & Solutions on Mechanics 


Hence the tension of the cord and the acceleration are respectively 


and 


p _ 2m 1 w 2 ff 

mi + m 2 


= 77.2 N 


^ (mi - m 2 )g = 2g 

mi + m 2 16 

= 1.225 m/s 2 . 



1005 

A brick is given an initial speed of 5 ft/s up an inclined plane at an angle 
of 30° from the horizontal. The coefficient of (sliding or static) friction is 
fj. = \/3/12. After 0.5 s, how fax is the brick from its original position? You 
may take g — 32 ft/s 2 . 

( Wisconsin ) 

Solution: 

Choose Cartesian coordinates as shown in Fig. 1.3. For x > 0 S the 
equation of the motion of the brick is 

mx = —mg sin 9 — gmg cos 9 , 

giving 
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The time of upward motion of the brick is then 


ti = = 5/(5<?/8) = 0.25 s 

—x 

and the displacement of the brick is 


XI = x 0 tl + -xt? 



For t > ti, x < 0 and the equation of motion becomes 


mx = —mg sin 9 + g,mg cos 8 


or 


x = — s(sin 9 - n cos 9) = 


3 g 
8 ‘ 


The displacement during the time interval 1 1 = 0.25 s to <2 = 0.5 s is 


A ~* 2 

Ax = x — 
2 


1 3£ J_ = _3 

2 8 16 8 


so that the displacement of the brick at t = 0.5 s is 


S = x i + Ax = 5/8 - 3/8 = 0.25 ft. 


1006 

A person of mass 80 kg jumps from a height of 1 meter and foolishly 
forgets to buckle his knees as he lands. His body decelerates over a distance 
of only one cm. Calculate the total force on his legs during deceleration. 

( Wisconsin ) 
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Solution: 

The person has mechanical energy E\ = mg(h + s) just before he lands. 
The work done by him during deceleration is E 2 = / s, where / is the total 
force on his legs. As Ei = /5 2 , 

/ = ^ +mg = + 80 ) g = 8 O 8 O 9 N . 


loor 

A mass M slides without friction on the roller coaster track shown in 
Fig. 1.4. The curved sections of the track have radius of curvature R. The 
mass begins its descent from the height h. At some value of h, the mass 
will begin to lose contact with the track. Indicate on the diagram where 
the mass loses contact with the track and calculate the minimum value of 
h for which this happens. 

( Wisconsin) 



Fig. 1.4. 

Solution: 

Before the inflection point A of the track, the normal reaction of the 
track on the mass, N, is 

mv 2 . , 

N = —-—I- mg sin o , 

R 

where v is the velocity of the mass. After the inflection point, 

_ r mv 2 . . 

N H- - = mg sin 6 , 

R 

for which sin# = or 6 — 30°. 
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The mass loses contact with the track if N < 0. This can only happen 
for the second part of the track and only if 

mv 2 . 

——- > mg sm 9 . 

R 

The conservation of mechanical energy 

mg[h — (R — i?sin0)] = \.mv 2 

then requires 

, „ „ . . ^ -Rsin# 

h — R + R sm 9 > —-— , 

A 

or 

, _ J?sin0 

h > R --— . 

2 

The earliest the mass can start to lose contact with the track is at A for 
which 9 = 30°. Hence the minimum h required is 


1008 

Consider a rotating spherical planet. The velocity of a point on its 
equator is V. The effect of rotation of the planet is to make g at the equator 
1/2 of g at the pole. What is the escape velocity for a polar particle on the 
planet expressed as a multiple of V? 

( Wisconsin ) 

Solution: 

Let g and g' be the gravitational accelerations at the pole and at the 
equator respectively and consider a body of mass m on the surface of the 
planet, which has a mass M. At the pole, 

GMm 

giving 

GM = gR 2 . 


At the equator, we have 


mV 2 GMm . mg 


mg 

2 
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Hence g = 2 V 2 /R. 

If we define gravitational potential energy with respect to a point at 
infinity from the planet, the body will have potential energy 



GMm , 
-v— dr 


GMm 

R 


Note that the negative sign in front of the gravitational force takes account 
of its attractiveness. The body at the pole then has total energy 


E = ^mV 2 


GMm 

R 


For it to escape from the planet, its total energy must be at least equal 
to the minimum energy of a body at infinity, i.e. zero. Hence the escape 
velocity v is given by 


1 2 GMm 

-mu--— = 0 , 

2 R ' 


or 


2 GM 
R 


= 2 gR = 4F 2 


> 


i.e. 


V = 2V . 


1009 

A small mass m rests at the edge of a horizontal disk of radius R; the 
coefficient of static friction between the mass and the disk is /x. The disk is 
rotated about its axis at an angular velocity such that the mass slides off 
the disk and lands on the floor h meters below. What was its horizontal 
distance of travel from the point that it left the disk? 

( Wisconsin ) 

Solution: 

The maximum static friction between the mass and the disk is / = fimg. 
When the small mass slides off the disk, its horizontal velocity v is given 
by 

mv 2 

= \xmg . 


Thus 


v = y/fiRg . 
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The time required to descend a distance h from rest is 



Therefore the horizontal distance of travel before landing on the floor is 
equal to 

vt — y/2 fiRh . 


1010 

A marble bounces down stairs in a regular manner, hitting each step at 
the same place and bouncing the same height above each step (Fig. 1.5). 
The stair height equals its depth (tread=rise) and the coefficient of resti¬ 
tution e is given. Find the necessary horizontal velocity and bounce height 
(the coefficient of restitution is defined as e = — Vf/vi, where Vf and Vi are 
the vertical velocities just after and before the bounce respectively). 

( Wisconsin ) 



Solution: 

Use unit vectors i, j as shown in Fig. 1.5 and let the horizontal velocity 
of the marble be v^. The velocities just before and after a bounce axe 
respectively 
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Vi = Vh\ + uj 


and 


v 2 = v h i + v f j 


As the conditions at each step remain exactly the same, V{,vj and are 
all constant. The conservation of mechanical energy 

1 2 1 2 

2 mv i = 2 7711,2 + mgl 


gives 

As by definition 
the above gives 


vf =vj + 2 gl . 


v. 


-evi 


2 _ 2gl 
Vi 1 - e 2 ' 


The time required for each bounce is 

Vi - Vf 


t - 


l_ 

Vh 


giving 


v k = 


9l 


& 


gl 1 - e 


Vi - Vf (1 + e)vi V 2 1 + e ’ 

which is the necessary horizontal velocity. The bouncing height H is given 
by the conservation of mechanical energy 

„2 


mv 


7 _ 


= mgH . 


Therefore, 


H 


e 2 l 


= v l = e 2 2 gl 

2g 2g 1 - e 2 1 - e 2 ' 


1011 

Assume all surfaces to be frictionless and the inertia of pulley and cord 
negligible (Fig. 1.6). Find the horizontal force necessary to prevent any 
relative motion of mi, m 2 and M. 


( Wisconsin ) 
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FilyR 



7TTTTTTT7TT7 rT7> 7 7 7 

Fig. 1.6. 


Solution: 

The forces fi, F and mg are shown in Fig. 1.7. The accelerations of 
mi, m 2 and M are the same when there is no relative motion among them. 
The equations of motion along the x-axis are 

(M + mi + m2)x — F , 
m\x = f\ . 

As there is no relative motion of m 2 along the y-axis, 

f\ = m 2 g ■ 

Combining these equations, we obtain 

p _ m 2 (M + mi + m 2 )g 

mi 



Fig. 1.7. 


1012 

The sun is about 25,000 light years from the center of the galaxy and 
travels approximately in a circle with a period of 170,000,000 years. The 
earth is 8 light minutes from the sun. From these data alone, find the 
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approximate gravitational mass of the galaxy in units of the sun’s mass. You 
may assume that the gravitational force on the sun may be approximated 
by assuming that all the mass of the galaxy is at its center. 

( Wisconsin) 

Solution: 

For the motion of the earth around the sun, 


mv 2 Gmm s 

9 1 

r r z 

where r is the distance from the earth to the sun, v is the velocity of the 
earth, m and m s are the masses of the earth and the sun respectively. 

For the motion of the sun around the center of the galaxy, 

m a V 2 Gm a M 

R = R 2 ’ 

where R is the distance from the sun to the center of the galaxy, V is the 
velocity of the sun and M is the mass of the galaxy. 

Hence 

RV 2 RfV\ 2 

M= —= 7(7) 

Using V — 2-kR/T, v = 2nr/t, where T and t are the periods of revolution 
of the sun and the earth respectively, we have 

M = (?) (?) m ‘ 

With the data given, we obtain 


M = 1.53 x 10 11 m s . 


1013 

An Olympic diver of mass m begins his descent from a 10 meter high 
diving board with zero initial velocity. 

(a) Calculate the velocity Vo on impact with the water and the appro¬ 
ximate elapsed time from dive until impact (use any method you choose). 

Assume that the buoyant force of the water balances the gravitational 
force on the diver and that the viscous force on the diver is bv 2 . 
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(b) Set up the equation of motion for vertical descent of the diver 
through the water. Solve for the velocity V as a function of the depth 
x under water and impose the boundary condition V = Vo at x = 0. 

(c) If b/m = 0.4 m' _1 , estimate the depth at which V = Vo/10. 

(d) Solve for the vertical depth x(t) of the diver under water in terms 
of the time under water. 

( Wisconsin ) 


Solution: 

(a) _ _ 

Vo = \/2gh -= \f“l x 9.8 x 10 = 14 m/s . 


The time elapsed from dive to impact is 



ii^.43 

9.8 


s . 


(b) As the gravitational force on the diver is balanced by the buoyancy, 
the equation of motion of the diver through the water is 


mx = —bx 2 , 


or, using x = xdx/dx , 


dx b , 

— =- dx . 

x m 


Integrating, with x = VJ> at x = 0, we obtain 
V = x = V 0 e~™ x . 


(c) When V = V 0 /10, 


™ lnl0 =!ni? = 5.76 m. 
b 0*4 


(d) Asdx/dt = V 0 e~™ x , 

e™ x dx = Vodt . 


Integrating, with x = 0 at t = 0, we obtain 

^( e ^-l) = V 0 t, 


or 


x=~\n(l + bV 0 - ) . 
b \ m, 
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1014 

The combined frictional and air resistance on a bicyclist has the force 
F = aV, where V is his velocity and a = 4 newton-sec/m. At maximum 
effort, the cyclist can generate 600 watts propulsive power. What is his 
maximum speed on level ground with no wind? 

( Wisconsin) 

Solution: 

When the maximum speed is achieved, the propulsive force is equal to 
the resistant force. Let F be this propulsive force, then 

F = aV and FV — 600 W . 


Eliminating F, we obtain 


600 2/2 

-= 150 nr/s 

a 


and the maximum speed on level ground with no wind 


v = \/l50 = 12.2 m/s . 


1015 

A pendulum of mass m and length l is released from rest in a horizontal 
position. A nail a distance d below the pivot causes the mass to move 
along the path indicated by the dotted line. Find the minimum distance d 
in terms of l such that the mass will swing completely round in the circle 
shown in Fig. 1.8. 

( Wisconsin ) 


9 


\ 

\ 

\ 



Fig. 1.8. 
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Solution: 

Take the mass m as a point mass. At the instant when the pendulum 
collides with the nail, m has a velocity v = \/2gl. The angular momentum 
of the mass with respect to the point at which the nail locates is conserved 
during the collision. Then the velocity of the mass is still v at the instant 
after the collision and the motion thereafter is such that the mass is 
constrained to rotate around the nail. Under the critical condition that 
the mass can just swing completely round in a circle, the gravitational 
force is equal to the centripetal force when the mass is at the top of the 
circle. Let the velocity of the mass at this instant be Vi , and we have 

mv? 

~c i =mg ' 
or 

v? = (l - d)g . 


The energy equation 


mv 2 

~ 2 ~ 


mv j 


+ 2 mg(l - d) 


or 

2 gl = (l - d)g + 4(1 - d)g 


then gives the minimum distance as 



1016 

A mass m moves in a circle on a smooth horizontal plane with velocity 
v 0 at a radius Ro. The mass is attached to a string which passes through 
a smooth hole in the plane as shown in Fig. 1.9. (“Smooth” means 
frictionless.) 

(a) What is the tension in the string? 

(b) What is the angular momentum of m? 

(c) What is the kinetic energy of m? 

(d) The tension in the string is increased gradually and finally m moves 
in a circle of radius Rq/2. What is the final value of the kinetic energy? 
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(e) Why is it important that the string be pulled gradually? 

( Wisconsin) 

Solution: 

(a) The tension in the string provides the centripetal force needed for 
the circular motion, hence F = mv^/Ro. 

(b) The angular momentum of the mass m is J = mv 0 /2o- 

(c) The kinetic energy of the mass m is T — 

(d) The radius of the circular motion of the mass m decreases when the 
tension in the string is increased gradually. The angular momentum of the 
mass m is conserved since it moves under a central force. Thus 

ttivqRq — mv\ 

or 

vi = 2vq . 

The final kinetic energy is then 

rr ™ v i m(2v 0 ) 2 ^ 

Ti = -y =-2~— = 2mv o ■ 

(e) The reason why the pulling of the string should be gradual is that 
the radial velocity of the mass can be kept small so that the velocity of the 
mass can be considered tangential. This tangential velocity as a function of 
R can be calculated readily from the conservation of angular momentum. 
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1017 


When a 5000 lb car driven at 60 mph on a level road is suddenly put into 
neutral gear (i.e. allowed to coast), the velocity decreases in the following 
manner: 


V = 


60 

! + (<*>) 


mph , 


where t is the time in sec. Find the horsepower required to drive this car 
at 30 mph on the same road. 

Useful constants: g = 22 mph/sec, 1 H.P. = 550 ft.lb/sec, 60 mph — 
88 ft/sec. 

( Wisconsin) 


Solution: 

Let Vo = 60 mph, then 


Hence 


60 



dV _ - V 2 
dt ~ 60 Vo ’ 


and the resistance acting on the car is F = mV 2 /(60Vo), where m is the 
mass of the car. The propulsive force must be equal to the resistance F' 
at the speed of V' = 30 mph in order to maintain this speed on the same 
road. It follows that the horsepower required is 


P> = fv' = = 37500- mphi ' lb 


60Vo s 

37500 mph 2 .Ib wt 37500 


9 s 

37500 88 ft.lb wt 


22 


mph.lb wt 


22 60 s 

ft.lb wt . 

= 2500-= 4.5 H.P. 


Note that pound weight (lb wt) is a unit of force and 1 lb wt = g ft.lb/s 2 . 
The horsepower is defined as 550 ft.lb wt/ s . 
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1018 

A child of mass m sits in a swing of negligible mass suspended by a 
rope of length l. Assume that the dimensions of the child Eire negligible 
compared with /. His father pulls him back until the rope makes an angle 
of one radian with the vertical, then pushes with a force F = mg along the 
arc of a circle until the rope is vertical, and releases the swing. For what 
length of time did the father push the swing? You may assume that it is 
sufficiently accurate for this problem to write sin# « # for 6 < 1. 

( Wisconsin ) 



Fig. 1.10. 


Solution: 

According to Fig. 1.10, the equation of the motion of the child is 
mlO = —mg — mg sin # , 
or 

#+(y)sin#=—^ (# > 0) . 

With u ) 2 = g/l, sin# #, the above becomes 

# + w 2 # = —co 2 ■ 

The solution of this equation is # — A cos(o)t) + B sin(wt) - 1, where the 
constants A and B are found from the initial conditions # = 1, # = 0 at 
t = 0 to be A = 2, B = 0. Hence 


# = 2cos(wt) - 1 . 
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When 0 = 0, 

cos(w<i) = - , 

giving 

7T 

Utl = 3 ’ 
i.e. 

_ 1 7T _ 7T l 

tl ~u'3~3]jg' 

This is the length of time the father pushed the swing. 


1019 

A particle of mass m is subjected to two forces: a central force f] and 
a frictional force f 2 , with 

fi = r ~f(r), 

r 

f 2 = -Av (A > 0) , 

where v is the velocity of the particle. If the particle initially has angular 
momentum J 0 about r = 0, find its angular momentum for all subsequent 
times. 

( Wisconsin) 

Solution: 

Write out the equations of motion of the particle in polar coordinates: 

m(r — rd 2 ) — f(r) — A r , 
m{2f0 + r6) = -A r0 , 

or 

ldfmrV) = 

r dt 

Letting J = mr 2 9, we rewrite the last equation as follows: 

dJ _ -A J 
dt m 

Integrating and making use of the initial angular momentum Jo, we obtain 

J = Joe - - 4 . 
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1020 

(a) A spherical object rotates with angular frequency w. If the only 
force preventing centrifugal disintegration of the object is gravity, what 
is the minimum density the object must have? Use this to estimate the 
minimum density of the Crab pulsar which rotates 30 times per second. 
(This is a remnant of a supernova in 1054 A.D. which was extensively 
observed in China!) 

(b) If the mass of the pulsar is about 1 solar mass (~ 2 x 10 30 kg or 
~ 3 x 10 5 M earth ), what is the maximum possible radius of the pulsar? 

(c) In fact the density is closer to that of nuclear matter. What then is 
the radius? 

( CUSPEA) 


Solution: 

(a) Consider the limiting case that the Crab pulsar is just about to 
disintegrate. Then the centripetal force on a test body at the equator of 
the Crab pulsar is just smaller than the gravitational force: 


mv 2 

~r~ 


= mRui 2 < 


GmM 

R 2 


or 

M w 2 
R 3 ~ G ’ 

where m and M are the masses of the test body and the Crab pulsar 
respectively, R is the radius of the pulsar, v is the speed of the test body, 
and G is the gravitational constant. Hence the minimum density of the 
pulsar is 


M ^ 3ou 2 
P ~ ±irR 3 ~ 4ttG 


3(2tt x 30) 2 
4 tt x 6.7 x 10" 11 


~ 1.3 x 10 14 kg/m 3 . 


(b) As > p min , 


R < 


/ 3 M \ ^ / 6 x 10 30 \ * 

\^frn7n) \ 47T X 1.3 X 10^/ 


= 1.5 x 10 5 m 


= 150 km . 


(c) The nuclear density is given by 

m p 

Pnuc,ear “ 47Tfi 3 /3 ’ 
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where m p is the mass of a proton and is approximately equal to the mass 
rrin of a hydrogen atom. This can be estimated as follows: 


TO p ~ 771 h 


2 x 10~ 3 
o « a m v 1 023 


= 1.7 x 1(T 27 kg 


With 


Ro « 1.5 x 1(T 15 m , 


we obtain 


/^nuclear ^ 1.2 X 10 kg/m 


If p — pnuciear, the pulsar would have a radius 


R 


/ 6 x 10 3 ° \ * 

\47r x 1.2 x 10 17 / 


« 17 km . 


1021 

Two weightless rings slide on a smooth circular loop of wire whose axis 
lies in a horizontal plane. A smooth string passes through the rings which 
carries weights at the two ends and at a point between the rings. If there 
is equilibrium when the rings are at points 30° distant from the highest 
point of the circle as shown in Fig. 1.11, find the relation between the three 
weights. 

( UC, Berkeley) 



Fig. 1 . 11 . 
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Solution: 

Assume the string is also weightless. As no friction is involved, the 
tensions in the segments AC and AE of the string must be the same. Let 
the magnitude be T. For the ring A to be at rest on the smooth loop, the 
resultant force on it must be along AO, O being the center of the loop; 
otherwise there would be a component tangential to the loop. Hence 

ZOAE = ZOAC = ZAOE = 30° . 

The same argument applies to the segments BD and BE. Then by 
symmetry the point E at which the string carries the third weight must be 
on the radius HO, H being the highest point of the loop, and the tensions 
in the segments BD and BE are also T. 

Consider the point E. Each of the three forces acting on it, which are in 
equilibrium, is at an angle of 120° to the adjacent one. As two of the forces 
have magnitude T, the third force must also have magnitude T. Therefore 
the three weights carried by the string are equal. 


1022 

Calculate the ratio of the mean densities of the earth and the sun from 
the following approximate data: 

6 = angular diameter of the sun seen from the earth = 5 °. 

I = length of 1 ° of latitude on the earth’s surface = 100 km. 
t = one year = 3 x 10 7 s. 
g — 10 ms -2 . 

(UC, Berkeley) 

Solution: 


Let r be the distance between the sun and the earth, M e and M„ be the 
masses and R e and R 3 be the radii of the earth and the sun respectively, 
and G be the gravitational constant. We then have 


GM e M a 

r 2 


= M e rw 2 , 


2 R a _ 1 27T _ 7T 
~r~ = 2360 = 360 r 


720 R s 


r = 


7T 
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The above gives 


GM, 


(720 R./n) 3 


8 2 
- = C 0 


or 


GM t 


/ 720 \ 3 ( 2n Y 

" V ir ) U x 10 7 y 


For a mass m on the earth’s surface, 

GmM e 

m 


= mg 


giving 


Hence 


GM e 


g-K 


Bi 

Ps 


R 3 Re ( 360x^100 ) 18 x 10 3 • 

i - . H - (^720 V 3 ^-^-V 2 - 3 31 

.. 18xl0 3 V^y \3 x 10 7 / 


1023 

A parachutist jumps at an altitude of 3000 meters. Before the para¬ 
chute opens she reaches a terminal speed of 30 m/sec. 

(a) Assuming that air resistance is proportional to speed, about how 
long does it take her to reach this speed? 

(b) How far has she traveled in reaching this speed? 

After her parachute opens, her speed is slowed to 3 m/sec. As she hits the 
ground, she flexes her knees to absorb the shock. 

(c) How far must she bend her knees in order to experience a deceleration 
no greater then 10s? Assume that her knees are like a spring with a resisting 
force proportional to displacement. 

(d) Is the assumption that air resistance is proportional to speed a 
reasonable one? Show that this is or is not the case using qualitative 
arguments. 

( UC, Berkeley) 

Solution: 

(a) Choose the downward direction as the positive direction of the 
x-axis. Integrating the differential equation of motion 
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dv 

-dt =9 ~ aV ' 

where a is a constant, we obtain 

t> = ^(l-e- at ) . 
a 

This solution shows that v approaches its maximum, the terminal speed 
g/a, when t —* oo. 

(b) Integrating the above equation, we obtain 


gt , ge~ 

x =-b 


a 


ct 


Thus x —► oo as t —► oo. This means that when the parachutist reaches the 
terminal speed she has covered an infinite distance. 

(c) As her speed is only 3 m/s, we may neglect any air resistance after 
she hits the ground with this speed. Conservation of mechanical energy 
gives 


ke 

2 


= mgt, + 


mv 2 
~2~ 


where £ is the distance of knee bending and v is the speed with which she 
hits the ground, considering the knee as a spring of constant k. Taking the 
deceleration —10 g as the maximum allowed, we have 


m g — k£ = — 10mg , 


i.e. 

£ = 11 mg/k . 


The energy equation then gives 


£ = 


9 g 


3 2 

9 x 9.8 


= 0.102 m 


(d) We have seen that if the air resistance is proportional to speed, the 
time taken to reach the terminal speed is oo and the distance traveled is 
also oo. However, the actual traveling distance is no more than 3000 m and 
the traveling time is finite before she reaches the terminal speed of 30 m/s. 
Hence the assumption that air resistance is proportional to speed is not a 
reasonable one. 
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1024 

A satellite in stationary orbit above a point on the equator is intended to 
send energy to ground stations by a coherent microwave beam of wavelength 
one meter from a one-km mirror. 

(a) What is the height of such a stationary orbit? 

(b) Estimate the required size of a ground receptor station. 

( Columbia ) 


Solution: 

(a) The revolving angular velocity ui of the synchronous satellite is equal 
to the spin angular velocity of the earth and is given by 


m(R + h)u > 2 


GMm 

(R + h ) 2 ‘ 


Hence the height of the stationary orbit is 

h = ^ - R = 3.59 x 10 4 km , 

using G = 6.67 x 10- 11 Nm 2 kg- 2 , M = 5.98 x 10 24 kg , R = 6.37 x 10 4 km . 
(b) Due to diffraction, the linear size of the required receptor is about 



= 3.59 x 10 4 m . 


1025 

An inclined plane of mass M rests on a rough floor with coefficient of 
static friction /z. A mass mi is suspended by a string which passes over 
a smooth peg at the upper end of the incline and attaches to a mass m 2 
which slides without friction on the incline. The incline makes an angle 8 
with the horizontal. 

(a) Solve for the accelerations of mi, m 2 and the tension in the string 
when n is very large. 

(b) Find the smallest coefficient of friction for which the inclined plane 
will remain at rest. 

( Columbia ) 
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Solution: 

(a) When p is large enough, the inclined plane remains at rest. The 
equations of motion of mi and m 2 are (see Fig. 1.12) 

m\g — T = mid , 

T — m 2 <?sin# = m 2 a , 




giving 


(mi - m 2 sin 0)5 

mi + m2 


T _ mim 2 (l + sin#)g 
mi + m 2 


(b) The inclined plane is subjected to horizontal and vertical forces (see 
Fig. 1.13) with 


f = T cos 6 — N\ sin # , 

N — Ni cos 6 + Mg + T(1 + sin#) , 
Ni = TO23COS# . 


For the inclined plane to remain at rest, we require 


f<pN. 


The smallest coefficient of friction for the plane to remain stationary is 
therefore 

„ -L 

Pmin — jy 

m 2 cos #(mi — m 2 sin #) 

M(mi + m 2 ) + mim 2 (l + sin#) 2 + (mi + m 2 )m 2 cos 2 # 
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1026 

A particle of mass m is constrained to move on the frictionless inner 
surface of a cone of half-angle a, as shown in Fig. 1.14. 

(a) Find the restrictions on the initial conditions such that the particle 
moves in a circular orbit about the vertical axis. 

(b) Determine whether this kind of orbit is stable. 

(. Princeton ) 




Fig. 1.15. 


Solution: 

(a) In spherical coordinates (r, 9, ip), the equations of motion of the 
particle are 

m(r — rO 2 — r<p 2 sin 2 9) = F r , 
m(rO + 2 rd — r<p 2 sin 9 cos 9) = Fg , 
m(r(p sin 6 + 2 r<p sin 6 + 2r&<p cos 9) = . 

As the particle is constrained to move on the inner surface of the cone, 

9 = constant = a . 

Then 6 = 0, F r = —mg cos a, and Eq. (1) becomes 

m(l — Up 2 sin 2 a) = —mg cos a , (2) 

where l is its distance from the vertex O (see Fig. 1.15). For motion in 
a circular orbit about the vertical axis, 1 = 1 — 0. With l — lo, Eq. (2) 
becomes 


l 0 ip 2 sin 2 a = geos a . 


(3) 
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The right-hand side of Eq. (3) is constant so that p = constant = p 0 , say. 
The particle has velocity vq tangential to the orbit given by vo = loPa since. 
Equation (3) then gives 

vl = gl 0 cos a , 

which is the initial condition that must be satisfied by vq and lo. 

(b) Suppose there is a small perturbation acting on the particle such 
that Iq becomes lo + Ai, po becomes tp 0 + Ap. Equation (2) is now 

d 2 {lo Ai) . . ., . a ** 2 

—- {lo + AJ)(y> 0 + A<^>) sin a = -t/cosa , 

or 

A l — 2lopoAp sin 2 a — A Ipg sin 2 a = lop 2 sin 2 a — g cos a , 

where Ai is shorthand for d 2 (Al)/dt 2 , by neglecting terms of orders higher 
than the first order quantities A l and Ap. As the right-hand side of this 
equation vanishes on account of Eq. (3), we have 

AI - 2l 0 po Ap sin 2 a - Alp% sin 2 a = 0 . (4) 

There is no force tangential to the orbit acting on the particle, so there is 
no torque about the vertical axis and the angular momentum of the particle 
about the axis is constant: 


mlv sin a = ml 2 p sin 2 a = constant = k, say, 


or 

,2.i k 

^ ' 2 ^ 

m sin a 

Substituting i = io + Ai, p = p 0 + Ap into Eq. (5) and neglecting terms of 
the second order or higher, we have 


(5) 


loAp -f- 2Alpo — 0 . 


( 6 ) 


Eliminating Ap from Eqs. (4) and (6), we obtain 
Ai + (3<^o sin 2 a) Ai = 0 . 

As the factor in brackets is real and positive, this is the equation of a 
“simple harmonic oscillator”. Hence the orbit is stable. 
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1027 

Three point particles with masses mi,m 2 and m 3 interact with each 
other through the gravitational force. 

(a) Write down the equations of motion. 

(b) The system can rotate in its plane with constant and equal distances 
between all pairs of masses. Determine the angular frequency of the rotation 
when the masses are separated by a distance d. 

(c) For mi m 3 and m 2 3> m 3 , determine the stability condition for 
motion of the mass m 3 about the stationary position. Consider only motion 
in the orbital plane. 

(MIT) 

Solution: 

Take the center of mass C of the system as the origin of coordinates and 
let the position vectors of mi,m 2 ,m 3 be ri,r 2 ,r 3 respectively as shown in 
Fig. 1.16. Denote 

= — Tj (i,j 1,2,3) . 


m. 



(a) The motion of the ith particle is given by 

E GuiiTTlj 

—^ ri 

i*i ij 


or 


* = -£ 


Gmj 


r 3 
ij 


(z = 1,2,3) . 


Note that the minus sign is to indicate that the forces are attractive. 


(1) 
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(b) With the given condition rij = d, Eq. (1) is rewritten as 


* = S ~ r >) 


d 3 

G 

d 3 

G 

d 3 

G 

d 3 




51 m i Ti + Y. m J r J 


3 


j/t 


- ^ rrij-Tj - + ]T mjTj 

i =1 


r, m i + Y1 m J r J 
i=i j=i 


GM 


d 3 


Ti , 


where M = mi + m 2 + m 3 . Note that the choice of the center of mass as 
origin makes £ m jFj vanish. Thus the force on each particle points towards 
the center of mass of the system and is a harmonic force. With d constant, 
the system rotates about C with angular frequency 



(c) For m 3 <§; m\ and m 3 <C m 2 , the equation of motion of either of the 
masses m 1 and m 2 can be written as 


fi 


G(mi + m 2 )_ 

I 3 r: 

G(m\ + m 2 ) 


» = 1,2 . 


With the distance between m\ and m 2 constant, the system rotates about 
its center of mass with a constant angular frequency 


w = 


G(mj + m 2 ) 


3 

12 


Use a rotating coordinate frame with origin at the center of mass of the 
system and angular frequency of rotation oj and let the quantities r, r 
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refer to this rotating frame. Considering the motion of particle m 3 in the 
laboratory frame, we have 


m 3 (r 3 - w 2 r 3 ) = - 


Gm 3 mi 


-r 3 i 


Gm 3 m2 


r 32 - 2 m 3 u> x r 3 


'31 


' 32 


Grrii Gm 2 2 

r 3 =-— r 3 i-— r 32 + uTr 3 - 2 u> x r 3 . 

r 31 r 32 

If m 3 is stationary, r 3 = r 3 = 0 and the above becomes 


Gmi 


(r x - r 3 ) + 


'31 


—y-^(r 2 - r 3 ) + w 2 r 3 = 0 . 

r 32 


With mi,m 2 » m 3 , = 0 gives m i r i w ~ m 2^2 and the above 

becomes 


\ r 31 r 32/ \ r 31 r 32/ 


ri + urr 3 = 0 


This relation shows that r 3 is parallel to ri and thus the stationary position 
of m 3 lies on the line joining mi and m 2 . At this position, the attractions 
of mi and m 2 are balanced. 

Consider now a small displacement being applied to m 3 at this sta¬ 
tionary position. If the displacement is along the line joining mi and 
m 2 , say toward mi, the attraction by mi is enhanced and that by m 2 
is reduced. Then m 3 will continue to move toward mi and the equilibrium 
is unstable. On the other hand, if the displacement is normal to the 
line joining mi and m 2 , both the attractions by mi and m 2 will have 
a component toward the stationary position and will restore m 3 to this 
position. Thus the equilibrium is stable. Therefore the equilibrium is stable 
against a transverse perturbation but unstable against a longitudinal one. 


1028 

A smooth sphere rests on a horizontal plane. A point particle slides 
frictionlessly down the sphere, starting at the top. Let R be the radius of 
the sphere. Describe the particle’s path up to the time it strikes the plane. 

( Chicago ) 
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Fig. 1.17. 



giving 



The particle leaves the sphere with a speed v = ^2gR/3 at an angle 6 — 
48.2°. After leaving the sphere, the particle follows a parabolic trajectory 
until it hits the plane. 
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1029 

Point charge in the field of a magnetic monopole. 

The equation of motion of a point electric charge e, of mass m, in the 
field of a magnetic monopole of strength g at the origin is 

r x r 

mr = -ge —. 

The monopole may be taken as infinitely heavy. 

(a) Show that the kinetic energy T = mr 2 /2 is a constant of the motion. 

(b) Show that J = L + egr/r is also a constant of the motion, where 
L = mr x r. 

(c) Use part (b) to show that the charged particle moves on the surface 
of a right circular cone of opening angle £ given by 

c e 9 

cos^.pj, 

with J as its symmetry axis (see Fig. 1.18). [Hint: Consider r • J.] 



Define a new variable R by 

R = x (r x J) = -r-r[r - J(r • J)] , 

sm£ sinf 

where J = J/|J|. R lies in the plane perpendicular to J, but with |R| = 
R = |r| so that R may be obtained by rotating r as shown in the figure. 
You may use the fact that mR x R = J. 

(d) Find the equation of motion for R. 

(e) Solve the equation of motion part (d) by finding an effective potential 
V^tr(ii), and describe all possible motions in R. 

(MIT) 
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Solution: 


(a) 


dT 

dt 


d (1 . 2 \ ... . ( r x r\ 

= -r -mr = mr r = r I — ge— 5 — 1 = 0 . 

dt\2J \ r 3 J 


Hence T is a constant of the motion. 


(b) 


£ 

dt 


(mrxr+f) 


eg r / ear \ r • r 

= mr x r + mr x r +-f- (-— ]- 

r V r z / r 

\egr _ egr(r ■ r )~ 


= mr x r + 


rx(rxr) r x (r x r) 

-ge -=—- + ge -~~— = 0 


Hence J is a constant of the motion. Note that in the above we have used 

r 

= r • - , 

r 

r x (r x r) = r(r • r) - r(r • r) . 


(c) Let ^ be the angle between r and J and consider 


( ear \ 
mr x r H-J 


egr 


As 


eg 


cos ^ = ppr = constant , 


the charged particle moves on the surface of a right circular cone of opening 
angle 

(d) As J and £ are constants of the motion, we have, using 


L , r rxr 

rxr = —, L = J — eg-, mr = - ge—— , 

m r r* 
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„ m - ... 

mR = —— : J x (r x J) 


sin£ 

1 

sin£ 

1 

sin£ 


J x 
J X 


9e 


L mr i 


( J “ e 9 ;) x J 


g 2 e 2 


r x J 


eV 

mr 4 


R 


This is the equation of motion for R, 

(e) Let <f> be the angle between R and a fixed axis in the plane of R and 
r x J. The above equation can be written as 


eV 


m( R-m,) = -- m , 
m(Rip + 2tpR) = 0 . 
Equation (2) can be written as 


Hence 


As 


m(R 2 ip + 2RR<p) = —(mR 2 ip) = 0 


mR 2 ip = constant 


RxR = Ri R x (Ri R -f R(p i v ) 
= R 2 ipi R x , 
mR 2 ip = |mR x R| = J . 

Equation (1) can then be written as 

d 


& e 2 g 2 J 2 
171 ~ mR 3 + mR 3 


dR 


V eff (R) 


( 1 ) 

( 2 ) 


(3) 


V'eff (R) = 


2 mR 2 
e 2 g 2 
2mR? 
e 2 g 2 
2mR? 


(J 2 -e 2 g 2 ) 

(cos 2 £ 


tan 2 £ 


K_ 
R? ’ 


with 
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where K = e 2 g 2 tan 2 £/2m. Using R = RdR/dR = dR 2 /2dR, Eq. (3) can 
be integrated to give 

where E is a constant. We then have 

dR_R_ ml? /_2 / K_\ 

dip <p J y m \ R?) 

Integrating, we obtain 

± ^tan^ 1 \j~R 2 ~ 1 - tan -1 \j~Rl - 1 j = '/ 2 ™ K _ <p 0 ) 

= (V?- Vo)sin^ , 

which gives the trajectory of the tip of R. Note that if J » eg the motion is 
unbounded whatever the initial state, and if J < eg the motion is bounded 
when E < 0 and unbounded when E > 0. 


1030 

Paris and London are connected by a straight subway tunnel (see 
Fig. 1.19). A train travels between the two cities powered only by the 
gravitational force of the earth. Calculate the maximum speed of the train 
and the time taken to travel from London to Paris. The distance between 
the two cities is 300 km and the radius of the earth is 6400 km. Neglect 
friction. 

{MIT) 



Fig. 1.19. 
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Solution: 

Define x,h, r as in Fig. 1.20 and assume the earth to be a stationary 
homogeneous sphere of radius R. Taking the surface of the earth as 
reference level, the gravitational potential energy of the train at x is 




GmM 
“R 3 


rdr = 


GmM 

2R 3 


(■ r 2 ~R 2 ), 


where m, M are the masses of the train and the earth respectively. Con¬ 
servation of mechanical energy gives, as the train starts from rest at the 
earth’s surface, 


rriv 2 GmM(r 2 — R 2 ) 
~ 2 ~ + 2R 3 


= 0 , 


or 

2 _ g(A 2 ~ r 2 ) 

R 

where g = GM/R 2 is the acceleration of gravity at the earth’s surface. As 


r 2 = h 2 + (150 - x) 2 = (R 2 - 150 2 ) + (150 - x) 2 = R 2 - 300x + x 2 , 


2 _ gx(300 - x) 

R 


v is maximum when x = 150 km: 


— \j 


8 x 150 x 150 x 1000 


6400 


= 185.6 m/s . 
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The time from London to Paris is 



1031 

Three fixed point sources are equally spaced about the circumference of 
a circle of diameter a centered at the origin (Fig. 1.21). The force exerted by 
each source on a point mass of mass m is attractive and given by F = —kR, 
where R is a vector drawn from the source to the point mass. The point 
mass is placed in the force field at time t = 0 with initial conditions r = ro, 
r = v 0 . 

(a) Define suitable coordinates and write an expression for the force 
acting on the mass at any time. 

(b) Use Newton’s second law and solve the equation of motion for the 
initial conditions given above, namely, find r(t) in terms of ro, v 0 and the 
parameters of the system. 

(c) Under what conditions, if any, are circular orbits a solution? 

(MIT) 



Fig. 1.21. 


Solution: 

(a) Let ri, r 2 , r 3 be the position vectors of the three fixed point sources. 
As they are equally spaced on a circle, we have 


ri + r 2 + r 3 = 0 . 
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The force acting on the particle m is 

F = -k (r — ri) — fc(r - r 2 ) - k (r — r 3 ) - ~3kr . 
(b) The equation of the motion of the point mass is 

mr + 3kr - 0 , 

with the general solution 







r(f) = acos I \j —t I + bsin , 


m 



III 


a, b being constant vectors. 

Using the initial conditions r(0) = ro, r(0) = vq, we find 


a = r 0 , b= '/ 3 fc v ° ’ 


and hence 





m 




r (t) = r 0 cos [ \ —t] + J —v 0 sin 


m 


3k 



III 


(c) It is seen that if rol.v 0 and y/mJZkv o = r 0 , the trajectory is a circle. 


1032 

A phonograph turntable in the xy plane revolves at constant angular 
velocity to around the origin. A small body sliding on the turntable has 
location x(t) = (x(t),y(t),0). Here x and y are measured in an inertial 
frame, the lab frame. There are two forces in the lab frame: an elastic 
force of magnitude fc|x| towards the origin, and a frictional force — c(x — v), 
where c is a constant and v is the velocity of the turntable at the body’s 
location. 

(a) If the body is observed to stay at a fixed off-center point on the 
turntable (i.e. it is at rest with respect to the turntable), how big is fc? 

(b) Assume k has the value you found in (a). Solve for v(f) = x(t) with 
general initial conditions. 

(c) In (b), find x(f). Describe x(f) in words and/or with a rough sketch. 

( UC, Berkeley) 
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Solution: 

(a) The body has angular velocity u> around the origin so that mo> 2 |x| = 
fc|x|, giving k = mu 2 . 

(b) In the lab frame the equation of motion for the small body is 

mx = —fcx — c(x - v) 

= —mw 2 x — c(x — u> x x) . 

Let x, y , x, y, x, y be the coordinates, velocity and acceleration components 
in the rotating frame attached to the turntable. In the lab frame we have 

x = (x - ycu) i + (y + xuj) j , 
x = (x - 2 yuj - xuj 2 ) i + (y + 2xu> - yJ 2 ) j , 

—fex = — kx\ — ky j , 

—c(x - uxx)= —cxi — xyj . 

Note that in the above we have used o>xi = u;j,a>xj = — wi. The equation 
of motion in the lab frame is then written as 


m(x - 2yw - xuj 2 ) = -kx - cx , (1) 

m(y + 2xu> - yw 2 ) = -ky - cy . (2) 

Multiplying Eq. (2) by i = 1, adding it to Eq. (1) and setting z = x+iy, 

we obtain 

mz + (2 muji + c)z — 0 . 


Integrating once we find 


z — zoe 


-ctfm 


namely, 

x = [io cos(2wf) + 2/o sin(2u;t)]e _ct ' /Tn , 
y = [-x 0 sin(2wt) + yo cos(2wt)]e _ct ^ m . 


( 3 ) 

( 4 ) 

( 5 ) 


By directly integrating Eqs. (4) and (5) or by integrating Eq. (3) and then 
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using z = x + iy, we obtain 


ctjm 

( 6 ) 


ctfm 

( 7 ) 

In the above, x 0 , yo are the components of the velocity of the small body 
at t = 0 in the rotating frame. 

(c) Equations (6) and (7) imply that, for the body on the turntable, even 
if x, y may sometimes increase at first because of certain initial conditions, 
with the passage of time its velocity in the turntable frame will decrease and 
the body eventually stops at a fixed point on the turntable, with coordinates 
((x 0 + m(cx o + 2mujy 0 ))/(c 2 + 4m 2 w 2 ), (j/o - m(2mwi 0 - cy 0 ))/(c 2 + 4m 2 w 2 )). 


X = Xq + 


m(cx 0 + 2mu)y 0 ) 
c 2 + 4m 2 o> 2 
m(cx 0 + 2muiya) 


y = yo 


+ 


c 2 + 4ro 2 w 2 

m(2nujxo — cyo) 
c 2 + 4m 2 o; 2 
m(2mujXo - cyo) 


cos(2 U!t) 


m(2mojxo — cyo) 
c 2 + 4 m 2 w 2 


sin(2 ut) 


c 2 + 4m 2 w 2 


m(cx 0 + 2mojy 0 ) . . . 

COS(2ut) + r 2 t'lmV ' Sm( } 


1033 


A nonlinear oscillator has a potential given by 

with A small. 


TT . , kx 2 mXx 3 

U{X) = I-J-' 


Find the solution of the equation of motion to first order in A, assuming 
x — 0 at t = 0. 

( Princeton ) 

Solution: 

The equation of the motion of the nonlinear oscillator is 
md 2 x —dU(x) 


dt 2 


dx 


= —kx 4- mXx 2 . 


Neglecting the term mAx 2 , we obtain the zero-order solution of the equation 

X( 0 ) = A sin(wt + <p) , 
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where u — y/k/m and A is an arbitrary constant. As x — 0 at t = 0, tp = 0 
and we have 

2 ( 0 ) = Asin(cot) . 

Suppose the first-order solution has the form X(j) = X( 0 ) + Axi. Substi¬ 
tuting it in the equation of motion and neglecting terms of orders higher 
than A, we have 

Xi + U> 2 Xi = 2(0) 

= y ^ 1 ~ cos ( 2uJt )] ■ 

To solve this equation, try a particular integral 

Xi = B + C cos(2uit) . 


Substitution gives 


— 3cj 2 C cos(2u/t) +u> 2 B 
Comparison of coefficients gives 


A 2 A 2 

~2 - 2 cos ( 2wi ) • 


B = 


2w 2 ' 



The homogeneous equation 


x\ 4- lj 2 x\ = 0 


has solution 


x\ = D\ sin(wt) + D 2 cos(wt) . 


Hence we have the complete solution 


X(i) = {A + XDi) sin(wt) + A 


A 2 A 2 

yYp. + D2 C 0 S M) + ^2 COS ( 2ujt ) 


The initial condition x = 0 at t = 0 then gives 


D = - 


2A 2 

3^2 


X(j) = A' sin(wt) + 


AA 2 


c 0 * 


1 

2 


- cos (u)t) + - cos(2 ut) , 


and 
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where A! is an arbitrary constant. To determine A! and A, additional 
information such as the amplitude and the velocity at t = 0 is required. 


1034 

A defective satellite of mass 950 kg is being towed by a spaceship in 
empty space. The two vessels are connected by a uniform 50 m rope whose 
mass per unit length is 1 kg/m. The spaceship is accelerating in a straight 
line with acceleration 5 m/sec 2 . 

(a) What is the force exerted by the spaceship on the rope? 

(b) Calculate the tension along the rope. 

(c) Due to exhaustion, the crew of the spaceship falls asleep and a 
short circuit in one of the booster control circuits results in the acceleration 
changing to a deceleration of 1 m/sec 2 . Describe in detail the consequences 
of this mishap. 

(SUNY, Buffalo) 

Solution: 

F — (m r0 pe + m sa tellite) ' a 

= (950 + 50) x 5 = 5 x 10 3 N. 

(b) Choose the point where the rope is attached to the satellite as the 
origin and the x-axis along the rope towards the spaceship. The tension 
along the rope is then 


F(x) — (nigatellite + Wljope^)) • a 

= [950 4- 1 x (50 - x)] x 5 
= 5 x 10 3 - 5x N. 

(c) After the mishap, the spaceship moves with an initial velocity wo and 
a deceleration of 1 m/s 2 , while the satellite moves with a constant speed 
Wo- After the mishap, the two vessels will collide at a time t given by 

a , 

wo t = 50 + wq t — —r , 


t = 



= 10 s 


or 
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1035 

A ball of mass M is suspended from the ceiling by a massless spring 
with spring constant k and relaxed length equal to zero. The spring will 
break if it is extended beyond a critical length l c (l c > Mg/k). An identical 
spring hangs below the ball (Fig. 1.22). If one slowly pulls on the end of 
the lower spring, the upper spring will break. If one pulls on the lower 
spring too rapidly, the lower spring will break. The object of this problem 
is to determine the force F(t) which, when applied to the end of the lower 
spring, will cause both springs to break simultaneously. 


LLLLLLU. 


9 



x 2 (f > 

i 


Fit) 


Fig. 1.22. 

(a) Find an integral expression relating the length X\(t) of the upper 
spring to the applied force F(t). 

(b) Using any technique you like, find Xi(t) and x 2 (t) for t > 0 when 
F(t) has the particular form 



t < 0 
f>0 ’ 


where a is a constant. 

(c) Use a careful sketch of your solutions to show that if a is too small, 
the upper spring will break. Similarly, shown that if a is too large, then 
the lower spring could break first. 

(d) Show that both springs break simultaneously when a is a solution 
of the equation 


sin 



Mg nr 
a V M 


(MIT) 
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Solution: 

(a) The equations of motion for the ball and the lower spring are 

Mx i = Mg — kx i + ki 2 , 
kx 2 = F(t) . 


Eliminating x 2 , we obtain 

Mil + kx i = F(t) + Mg . (1) 

To eliminate the constant term, let x x = x + Mg/k. Equation (1) then 
becomes 

Mx + kx = F(t ) . 

Let x = e iut y(t), where u> = i/k/M. The above becomes 

y + 2i W y=^e-- t . (2) 

The homogeneous part of the above, 

y + 2 iujy = 0 , 


can be solved by letting y = G\e at , where C x and a are constants. 
Substitution gives a = —2 iw. 

A particular solution of (2) is obtained by letting y = e~ 2twt f(t), which 
gives 

<1 _ F(t) iMt 
dt M ’ 
or 

i, = e~ 2iut J ® e iu,t dt . 

Hence the general solution of (2) is 


, _ 0 -2iwt f 

J M 


y = e | / -rre iut dt + C x 


giving 


»= iir e ‘“‘ dT+c ‘ 


dt + C 2 


and 


x x = e iwt | j e _2iult J ® e iwT dr + Ci dt + C 2 J + ^ , 


( 3 ) 



48 


Problems & Solutions on Mechanics 


where C\,C 2 axe constants of integration. For application to the problem, 
either the real or the imaginary part of the last expression is used as the 
general solution. 

(b) The equation of motion is 


Mx i + kx i = Mg 


( 4 ) 


for t < 0, and 


Mx i 4- kxi = at + Mg 


( 5 ) 


for t > 0. First obtain the solution of (4) by putting F(t) = 0 in (3). This 
gives 

x i = iC[e~ iut + C 2 e iut + ^ , 

k 

where C[ is a constant of integration in place of C\. Taking the real part, 
we have 

xi = C[ sin(u;£) + C 2 cos(u it) + . 

K 

The solution of (5) is that of (4) plus a particular solution at/k : 


x\ — C[ sin(tut) + C 2 cos(w£) + 


At t = 0, Xi = Mg/k, x 2 = 0, ±\ = 0, so that C 2 = 0, C[ = ~a/kw. Hence 

... at Mg a . . . 

Xl(^)s= T + T'“fa; Sln( " ,, • 

nit) = f . 


(c) In Figs. 1.23 (for large a) and 1.24 (for small a) are plots of the 
curves for x\ and x 2 - It is seen that the curve for x\ is given by a line 
x — Mg/k + at/k, which is parallel to the x 2 line minus an oscillatory term 
a s\n(ojt)/kui whose amplitude is proportional to a. Hence, if t\ and t 2 are 
the instants X\ and x 2 would reach l c , the critical length, we have for large 
a, t 2 < t\, i.e. the lower spring will break first, and for small a, t\ < t 2 , 
i.e. the upper spring will break first. 

(d) For the two springs to break simultaneously, say at time t = to, we 
require 


X2(to) = lc = 


afo 
k ' 


or 
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where u = \Jk/M. 


1036 

A pendulum, made up of a ball of mass M suspended from a pivot 
by a light string of length L , is swinging freely in one vertical plane (see 
Fig. 1.25). By what factor does the amplitude of oscillations change if the 
string is very slowly shortened by a factor of 2? 

( Chicago) 



Fig. 1.25. 
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Solution: Method 1 

For a periodic system with a parameter slowly changing, the action J 
is an adiabatic invariant. Now 


J = 


/ 


PedO , 


where Pg = ML 2 0, i.e. 


/ 


J = <b ML 2 6 ■ ddt = ML 2 (0 2 


2tt 


U) 


ML 2 • ^ = t tML 2 0 2 u, 

2 lj 0 


nMg l ' 2 0 2 o L 3 ' 2 . 


Here we have used T = 27r/u>, with to = \fgjl , for the period, and 

2a2 

(0 2 ) = ([-0 o wsin(u;t + </? 0 )] 2 ) = —^ 
by taking 0 ~ 6 0 cos(ujt + <po). Then, as J is an adiabatic invariant, 


0 O <x L~ 3/i . 


When 


L — L/ 2, 0 O -* 1.680o , 


i.e. the amplitude of oscillation is increased by a factor of 1.68. 


Method 2 

During discussion in a meeting, Einstein used this example to demon¬ 
strate what an adiabatic invariant is. His proof is as follows: 


Tension of string = Mg (cos 6) + 



It is assumed that over a period, the length of the string is almost unchanged 
and that 0 is a small angle. 


(M^) 
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When L shortens slowly, the work done on the oscillator is —(N)AL, 
where N is the tension of the string, —A L is the displacement of the 
oscillator. Using the above, we obtain the work done as 

n2 

-MgAL -Mg-^-AL. 

4 

Under the action of the external force, the change in the oscillator’s energy 
is 


A(— MgL cos 9 q) = A 


-MgL 


H)] 


= -MgAL + -MgA(LOl) 

= —MgAL + \-Mg9ftAL + MgLdoAdo . 
The work done and the increment of energy must balance, giving 

L0 O A0 O + = 0 , 


or 


It follows that 


or 


When 


L6qA ln(0 o T 3/4 ) = 0 . 
OoL 3 /* = constant , 

0 O oc L -3 / 4 . 

0q ► 1.680o • 


1037 

A perfectly reflecting sphere of radius r and density p = 1 is attracted 
to the sun by gravity, and repelled by the sunlight reflecting off its surface. 
Calculate the value of r for which these effects cancel. The luminosity of 
the sun is /, = 4 x 10 33 erg/sec and its mass is M s = 2 x 10 33 gm. Give 
your answer in cm (assume a point-like sun). 


( UC, Berkeley) 
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Fig. 1.26. 


Solution: 

Let N u be the number of photons of frequency v passing through a unit 
area perpendicular to the direction of propagation in unit time, I v be the 
energy of sunlight of frequency v radiated by the sun in unit time, mid R be 
the distance from the sun to the sphere. As i? » r, the incident sunlight 
may be considered parallel and in a direction opposite to the 2 -axis, as 
shown in Fig. 1.26. Then 

I s = Jhdv, = 

The photons collide elastically with the perfectly reflecting sphere at 
its surface. During a time interval At, for an elementary surface AS at 
azimuth angle 8 , the change of the momentum of photons of frequency v 
along the 2 -axis is 


A P vz = iV„ 


hi/ hu 

- 1 -cos 

c c 



COSTAS'At . 


This gives rise to a force of magnitude 


A F uz = 


AP VZ 2 hu 3 .. n 

—-— =- N v cos J 8AS . 

At c 


Then the total force exerted on the sphere by the sunlight of frequency v is 

r * /2 iy 


/ OhlJ T /*7T / Z 

dF vz = -- -— *1 / 2?r cos 3 8 ■ sin# • r 2 d8 = 

c 4nR 2 hv J Q 

Hence the total repelling force exerted by the sunlight is 

hr 2 


4R 2 c 


-/ 




4R 2 c ‘ 



Newtonian Mechanics 


53 


The gravitational force the sun exerts on the sphere is 

GM.m 

9 R 2 ’ 

where m = p ■ (4/3)7rr 3 = (4/3)7rr 3 is the mass of the sphere. When the 
two forces balance, we have 

I s r 2 4GM a -Kr 3 

4 R?c ~ TR2 ’ 

or 

= 3J« 

l6ircGM s 

3 x 4 x 10 33 

- 16 x 3.14 x 3 x 10 10 x 6.67 x lO” 8 x 2 x 10 33 
= 5.97 x 10 -5 cm . 

1038 

A particle of mass m moves along a trajectory given by x = xo coswit, 

y = j/ 0 sinw 2 t. 

(a) Find the x and y components of the force. Under what condition is 
the force a central force? 

(b) Find the potential energy as a function of x and y. 

(c) Determine the kinetic energy of the particle. Show that the total 
energy of the particle is conserved. 

( Wisconsin ) 

Solution: 

(a) Differentiating with respect to time, we obtain 

x = — xqU\ sin(wit), x = -xou>i cos(wit) , 

V = 2/0^2 cos(w 2 f), y = -J/owl sin(u» 2 t) . 

Newton’s second law gives 

F = m(xi + j/j) = -m[x 0 Wi cos(u>it)i + j/o^l sin(u>2t)j] 

= -m(w \xi + oi 2 yj) . 
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The x and y components of the force are therefore 


F x = —muifx , 
F y = -mwly . 


If = o) 2 , F is a central force F = —mu^r. 
(b) From 


F = -W , 


i.e. 

1 X Q ) 

ox 

we obtain the potential energy 

1 


dV 

dy 


V = -m(ufx 2 + ) ■ 

Note that we take the zero potential level at the origin. 

(c) The kinetic energy of the particle is 

T = im(i 2 + y 2 ) = ^m[xlu> 2 sin 2 (u;it) + cos 2 ^)] 

The total energy is then 


E = T+V 

= -to[xqW 2 sin 2 (wif) + vlu 2 cos 2 (u> 2 t)] 
+ ui 2 Xq cos 2 (u>it) + wfy 2 sin 2 (u; 2 t) 

= + vl^l) 

= constant . 

It is therefore conserved. 


1039 

A particle of mass to is projected with velocity Vo toward a fixed 
scattering center which exerts a repulsive force F = (mvf/2)6(r — a)r, 
where r is a unit vector along the radius from the force center, a is a fixed 
radius at which the force acts, and v\ is a constant having the dimensions 
of velocity. The impact parameter is s, as shown in Fig. 1.27. 
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(a) Find the potential energy. 

(b) Show that if v 0 < v\, the particle does not penetrate the sphere 
r = a, but bounces off, and that the angle of reflection equals the angle of 
incidence. 

(c) Sketch carefully the orbit you would expect for vo > vi, s = a/2. 

( Wisconsin) 



Fig. 1.27. 


Solution: 

(a) The force F, being a central force, is conservative. A potential can 
then be defined: 

V(r) = — f F(r') ■ dr' = ^ mv\ f 6(r' — a)dr' 

Joo ^ Jr 

( \mvf for r < a , 

\ 0 for r > a . 

This is the potential energy of the particle in the field of the force. 

(b) The total energy T + V of the particle is conserved: 

\ mv l = \ mv ' 2 + \ mv \ > 

i.e. Vq — v% = v 12 , where v' is the speed of the particle inside the sphere 
r = a. For the penetration to take place, v' must be real, i.e. we require 
that vo > v\. 

If vq < vi, the particle cannot penetrate the sphere r = a. Then 
as the force is radial to the sphere, the radial component of the particle 
momentum will be reversed in direction but not changed in magnitude, 
while the component tangential to the sphere will remain the same. Hence, 
the angles of incidence and reflection, which are determined by the ratio of 
the magnitude of the tangential component to that of the radial component, 
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are equal. Note that on account of conservation of mechanical energy, the 
magnitude of the particle momentum will not change on collision. 

(c) For uo > v\ and s = a/2, the particle will be incident on the sphere 
r = a with an incidence angle 9q = arcsin[(a/2)/a] = 30°, and penetrate 
the sphere. Let the angle it makes with the radial direction be 9. Then 
conservation of the tangential component of its momentum requires that 

v' sin 9 = v o sin 30° = , 

so that 9 is given by 

n • ( v o \ 

As V is constant (i.e. no force) inside the sphere, the trajectory will be a 
straight line until the particle leaves the sphere. Deflection of the trajectory 
again occurs at r = a, and outside the sphere, the speed will again be Vo 
with the direction of motion making an angle of 30° with the radial direction 
at the point of exit, as shown in Fig. 1.28. 





1040 

A long-range rocket is fired from the surface of the earth (radius R) with 
velocity v = (v r ,vo) (Fig. 1.29). Neglecting air friction and the rotation of 
the earth (but using the exact gravitational field), obtain an equation to 
determine the maximum height H achieved by the trajectory. Solve it to 
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lowest order in ( H/R ) and verify that it gives a familiar result for the case 
that v is vertical. 

( Wisconsin) 



Fig. 1.29. 


Solution: 

Both the angular momentum and mechanical energy of the rocket are 
conserved under the action of gravity, a central force. Considering the 
initial state and the final state when the rocket achieves maximum height, 
we have 


rriRve = m(R + H)v' g , 


-m(v| + v 2 ) - 


GMm 


R = 2 mV " 


,/2 


GMm 
R+H ’ 


where the prime refers to the final state at which the radial component of 
its velocity vanishes, m and M are the masses of the rocket and the earth 
respectively. Combining the above two equations we obtain 


-m( v % + v 2 ) - 


GMm 

R 



GMm 
R + H ’ 


which gives the maximum height H. Considering only terms first order in 
H/R, we have 


-m(v 2 + Vg) - 


GMm 


R 


/~wl 



GMm 

R 



and hence 


H 


v 2 R 


2 (^-^ 2 ) 



58 


Problems & Solutions on Mechanics 


For vertical launching, v$ = 0, v T = v, and if H/R is small, we can 
consider g as constant with g = GM/R 2 . We then obtain the familiar 
formula 

~2(^) 2g 


1041 

In a few weeks Mariner 9 will be launched from Cape Kennedy on a 
mission to Mars. Assume that this spacecraft is launched into an elliptical 
orbit about the sun with perihelion at the earth’s orbit and aphelion at 
Mar’s orbit (Fig. 1.30). 

(a) Find the values of the parameters A and e of the orbit equation 
r = A(1 + e)/( 1 + e cos 8) and sketch the orb°it. 

(b) Use Kepler’s third law to calculate the time duration of the mission 
to Mars on this orbit. 

(c) In what direction should the launch be made from earth for minimum 
expenditure of fuel? 

Mean distance of Mars from the sun = 1.5 A.U. 

Mean distance of the earth from the sun = 1 A.U. 

( Wisconsin) 



Fig. 1.30. 

Solution: 

(a) Let R\ be the distance of the earth from the sun and R 2 that of 
Mars from the sun. Then 
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Ri 


A(1 + e) _ 

1+6 


R2 


A(1 + e) 

1 — £ 


Solving the equations, we obtain X = Ri = 1 A.U., e = 0.2. 

(b) Let T\ and T be the revolutional periods of the earth and Mariner 9 
respectively. According to Kepler’s third law, T 2 /a 3 = constant, 


R 3 ’ 
or 

T = (irf’'' - = 1 ™ V2T ' - li0 ^‘ ■ 

The mission to Mars on this orbit takes 0.70 year. 

(c) In order to economize on fuel, the rocket must be launched along 
the tangent of the earth’s orbit and in the same direction as the earth’s 
rotation. 


1042 

A comet in an orbit about the sun has a velocity 10 km/sec at aphelion 
and 80 km/sec at perihelion (Fig. 1.31). If the earth’s velocity in a circular 
orbit is 30 km/sec and the radius of its orbit is 1.5 x 10 8 km, find the 
aphelion distance R a for the comet. 

( Wisconsin) 



Fig. 1.31. 
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Solution: 

Let v be the velocity of the earth, R the radius of the earth’s orbit, m 
and m s the masses of the earth and the sun respectively. Then 

mv 2 Gmm s 
= " R 2 ’ 

or 

Gm s = Rv 2 . 

By the conservation of the mechanical energy and of the angular momentum 
of the comet, we have 

—Gm c m s i m c v 2 —Gm c m a t WcVp 

Ra + -~2~ = Rp ^ 2 ’ 

Tli c R*Q l'(L - PicRpVp , 


where m c is the mass of the comet, and v a and v p are the velocities of the 
comet at aphelion and at perihelion respectively. The above equations give 


2 Gm a 
v a (y a + v p ) 


2 Rv 2 

Pa (.Pa T Pp) 


= 3 x 10 8 km . 


1043 

A classical particle with energy Eo and angular momentum L about 
point O enters a region in which there is an attractive central potential 
V = —G(r) centered on point O. The particle is scattered by the potential. 

(a) Begin by assuming conservation of energy and angular momentum, 
and find the differential equation for dx/dr in terms of Eo, L, G(r), and r 
(and the particle mass m). 

(b) Find an equation for the distance of closest approach, r m j n , in terms 
of E, L, G(r min ), and m. 

( Wisconsin ) 

Solution: 

(a) 

Eo = ^w(r 2 + r 2 e 2 ) - G(r) , 

L = mr 2 6 , 
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where 8 is shown in Fig. 1.32. Then 


2 = 2{E 0 + G) _ L 2 
m m 2 r 2 


dr dr dO ^dr ^ L 
dt dO dt dO ’ mr 

the above equation can be written as 


f dr ^ 

\ 2 m 2 r 4 

'2(E 0 + G) L 2 ' 


) ~ L 2 

m m 2 r 2 


giving 


dr _ l2m(E 0 + G)r 4 

d8~ V L 2 



Fig. 1.32. 


(b) At closest approach r — r m i n , r — 0. Hence 
*0 — 2 mr min^ — G(r mm ) 

1 2 T 2 . 

- 2 mr n>in ' m 2 r 4 G ( r min) 


L 2 


~ 2mr 2 G(rmin) 


or 
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_ _ L _ 

rmin ~~ s/2m[E 0 + G(r min )] ' 
The result can also be obtained by putting dr/dO — 0. 


1044 

A comet moves toward the sun with initial velocity vq. The mass of the 
sun is M and its radius is R. Find the total cross section a for striking the 
sun. Take the sun to be at rest and ignore all other bodies. 

( Wisconsin) 

Solution: 

Let the impact parameter of the comet be h. At the closest approach 
to the sun (closest distance r from the sun’s center), we have from the 
conservation of mechanical energy and angular momentum 

mVg 2 mV 2 GMm 

2 ~ 2 r ’ 

m6Vo = mrV , 


where m is the mass of the comet and V its velocity at closest approach. 
From these, we find 


b - 


r 


1 + 


2 GM 
VqT 


If r < R, the comet will strike the sun. Hence the total cross section for 
striking the sun is 


a — 7r[6(f?)] 2 = n R 2 



1045 

A particle moves in a circular orbit of radius r under the influence of 
an attractive central force. Show that this orbit is stable if 
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where f(r) is the magnitude of the force as a function of the distance r 
from the center. 

( CUSPEA) 

Solution: 

For the motion of a particle under the influence of a central force, we 
have 

mr 2 9 ~ constant = L, say, 
mr = —f + mrO 2 . 

Consider a particle traveling in a circular orbit of radius r subject to small 
radial and angular displacements 6r, 69: 


r(t) = r + 6r(t), 9 = ujt 4- 69(t) , 

where u> is the angular frequency of the particle moving in a circular orbit 
of radius r given by rruv 2 r = f(r). As 

A L « mr 2 69 + 2mr96r , 

m6r & — —-hr + m9 2 6r + 2mr969 , 
dr 

9 « u; + 69 , 


we have 


m6r 


— 6r + mu> 2 6r + 2u> 
dr 


A L — 2 mru>6r 
r 


dr r J r 


In the above, we have retained only terms first order in the small quantities. 

The circular orbit is stable only if 6r varies simple-harmonically. In 
other words, the stable condition is that the coefficient of 6r is negative: 


dt 

dr\ r 


3 f(r) 


< 0 , 


or 


f(r) > - j 


dt 

dr 
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1046 

A particle of mass m is projected from infinity with a velocity Vo in 
a manner such that it would pass a distance b from a fixed center of 
inverse-square repulsive force (magnitude k/r 2 , where k is a constant) if 
it were not deflected. Find: 

(a) the distance of closest approach, 

(b) the angular deflection which actually occurs, 

(c) the differential scattering cross section da/dfl for a homogeneous 
beam of particles scattered by this potential. 

( CUSPEA) 

Solution: 

(a) When the particle is at the closest distance from the fixed center of 
force, r — 0. Conservation of energy gives 

mVo 2 k mV 2 
2 = R + 2 ’ 

where R is the closest distance and V (= R6) is the speed of the particle 
when it reaches the pericenter. Conservation of angular momentum gives 


J — Vomb = mV R , 


i.e., 


II 

Hf: 

Hence 


mV'o 2 

k m 

or 

2 

= R + 7 
2 kR j 


R 2 - 

mV 2 

giving the closest distance 



V 2 b 2 


R 


mV o ^ V ( mV o) 


+ 


+ b 2 . 


(b) The trajectory of the particle is shown in Fig. 1.33. The impulse of 
the force F acting on the particle is 


/: 


F dt = mAV , 
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where AV = V/ - V* with |V/| = |V,| = Vo. Consider the component of 
the impulse in the direction of Vj. We have 


- [°° Fcosd'-^-dO 1 = =(V, • V, - V?) 
7-00 v 0 

- mVo(cos20 — 1) . 

As F = A, mr 2 8' = J, the left-hand side is 


Hence 


or 


mk r 

Jo 


2 mk 


ir-2 6 


cos Q'dO' = — sin 2 6 . 


sin 8 cos 8 = 2mV q sin 2 8 , 


cot 8 = 


JV 0 mV 0 2 6 2 Eb 


with E = |mV q 2 , which gives the angular deflection 28. 



Fig. 1.33. 


(c) The cross section corresponding to impact parameters between b and 
b -f db is dcr = 2irbdb. 

As 6 = jT; cot 

db = esc 2 8d8 
2 E 

using the absolute value. Thus 


da = 27r 



cos 8 
sin 3 8 


dO . 


Then, as the scattering angle is 2 8, 


dCl = 2tt sin 28d(28) = 8ir cos 8 sin 8d8 
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and thus 

da _ 1 1 

dd 4 y 2 E ) sin 4 6 ' 

which is just Rutherford’s scattering formula. 


1047 

Consider a planet of mass m in orbit around a sun of mass M. Assume 
further that there is a uniform distribution of dust, of density p, throughout 
the space surrounding the sun and the planet. 

(a) Show that the effect of the dust is to add an additional attractive 
central force 


F’ — —mkr , 


where 


4 rrpG 
= 3 


G = gravitational constant. 


You may neglect any drag force due to collision with the particles. 

(b) Consider a circular orbit for the planet corresponding to angular 
momentum L. Give the equation satisfied by the radius of the orbit, r 0 , in 
terms of L, G, M, m and k. You need not solve the equation. 

(c) Assume F' is small compared with the solar attraction and consider 
an orbit just slightly deviating from the circular orbit of part (b). By 
considering the frequencies of the radial and the azimuthal motion, show 
that the orbit is a precessing ellipse and calculate the angular frequency of 
precession, oj p , in terms of ro, p, G and M. 

(d) Does the axis of the ellipse precess in the same or opposite direction 
to the orbital angular velocity? 

( CUSPEA) 


Solution: 

(a) The mass of the dust in a sphere of radius r centered at the sun is 


Affjust — 

If r is the distance of the planet from the sun, the gravitational force on 
the planet due to the attraction of the dust is, on account of the inverse 
distance square nature of gravitation, as if all the dust were concentrated 
at the sun. In other words, 
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-Md u8 tmG —4nr 3 p mG —inpGmr 
F =- s -=---=- t- - -mkr . 


(b) The planet has acceleration (r — rd 2 , 2rff + rff) in polar coordinates. 
Its equations of motion are therefore 


—GMm , ■, 

mr = ——-- mkr + mrf) , 


mr6 + 2 mr6 = 0 . 
Multiplying (2) by r, we have 

d(mr 2 6) 


(1) 

( 2 ) 


= 0, 


or 


dt 

mr 2 0 = L , 


where L is a constant. Thus the angular momentum L is a constant of the 
motion. Writing 

L 2 


mrO 2 = 


mr J 


the radial equation becomes 


.. -GMm , L 2 
mr = -r- mkr + 


mr 


3 - 


For a circular orbit, r = 0, and we have the equation for the radius ro of 
the orbit: 

-GMm , L 2 
- mkro 4- ^—3 


0 . 


mr* 


(c) Let 77 express a small radial excursion around ro, i.e. 77 = r — ro, in 
terms of which ( 1 ) becomes 

GMm ,, . L 2 

mr] = — 7 —;- 72 “ mk W + r 0 ) + 


(V + n >) 2 

GMm 

r »( 1 + -) ! 


m(r 0 + 77) 3 


— mferi 


°K) 


+ 


L 2 


a (1 + ft)' 


mr: 


0 V ro) \ roj rnr 3 \ r 0 J 


GMm 
r, 
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as t] ro- Making use of the equation for circular orbit, we rewrite the 
above as 


2 r) (GMm\ 3 t] L 2 , 

rriT] = — ( ^— )- s - mkr) 

r o \ r o ) r o mr o 

r L 2 , 2 / GMm L 2 \1 

= -V —4 + mk + —- 2 + —5 

[mrg r 0 V r o TOr o/J 

r l 2 

= —T] —t + 3 km , 

L mr o 


= - ( -y-4 + ^ V ■ 

\m 2 ro / 

This is the equation of a harmonic oscillator with angular frequency 



As the radial oscillation frequency is slightly larger than the azimuthal 
frequency , the orbit is a precessing ellipse. 

To first order in p the azimuthal frequency is not affected by the presence 
of dust: 



The precession frequency is 


U)p — U> r — Wo 



L 3 km 2 ro 
mrQ 2 L 2 


3 mkrQ 
2 L 
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In order to express ui p in terms of p, G, m and tq, use the expression of L 
for k = 0 (any error is second order in u p ): 

L = \fGMm 2 r 0 . 


Then 


U) p = -TO 


4?r r l 

3 \/GMm 2 ro 


= 27 Tp 



1/2 


(d) Since the radial oscillation is faster than the orbital revolution, the 
axis of the ellipse precesses in a direction opposite to the orbital angular 
velocity as shown in Fig. 1.34. 



Fig. 1.34. 


1048 

A meteorite of mass 1.6 x 10 3 kg moves about the earth in a circular 
orbit at an altitude of 4.2 x 10 6 m above the surface. It suddenly makes 
a head-on collision with another meteorite that is much lighter, and loses 
2.0% of its kinetic energy without changing its direction of motion or its 
total mass. 

(a) What physics principles apply to the motion of the heavy meteorite 
after its collision? 

(b) Describe the shape of the meteorite’s orbit after the collision. 

(c) Find the meteorite’s distance of closest approach to the earth after 
the collision. 

(UC, Berkeley) 

Solution: 

(a) The laws of conservation of mechanical energy and conservation of 
angular momentum apply to the motion of the heavy meteorite after its 
collision. 
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(b) For the initial circular motion, E < 0, so after the collision we still 
have E < 0. After it loses 2.0% of its kinetic energy, the heavy meteorite 
will move in an elliptic orbit. 

(c) From 

mv 2 GmM 

9 ’ 

r r 1 

we obtain the meteorite’s kinetic energy before collision: 

1 o GmM mgR 2 
-mv — —-— — —-— 


m x 9.8 x 10 3 x 6400 2 
2(6400 + 4200) 


= 1.89 x 10 7 m Joules , 


where m is the mass of the meteorite in kg. The potential energy of the 
meteorite before collision is 

GmM 0 7 

-= —mv = —3.78 x 10 m Joules . 

r 


During the collision, the heavy meteorite’s potential energy remains 
constant, while its kinetic energy is suddenly reduced to 


1.89 x 10 7 m x 98% = 1.85 x 10 7 to Joules. 


Hence the total mechanical energy of the meteorite after the collision is 
E = (1.85 - 3.78) x 10 7 m = -1.93 x 10 7 m Joules . 

From 

-GmM —mR 2 g 
2a 2a ’ 

we obtain the major axis of the ellipse as 

R 2 g (6400 x 10 3 ) 2 x 9.8 
a ~ 1.93 x 10 7 ~ 1.93 x 10 7 

= 2.08 x 10 7 m = 2.08 x 10 4 km . 


As after the collision, the velocity of the heavy meteorite is still perpen¬ 
dicular to the radius vector from the center of the earth, the meteorite is 
at the apogee of the elliptic orbit. Then the distance of the apogee from 
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the center of the earth is 6400 + 4200 = 10600 km and the distance of the 
perigee from the center of the earth is 

r m ^ = 20800 - 10600 = 10200 km . 

Thus the meteorite’s distance of closest approach to the eaxth after the 
collision is 10200 - 6400 = 3800 km. 

From the above calculations, we see that it is unnecessary to know the 
mass of the meteorite. Whatever the mass of the meteorite, the answer is 
the same as long as the conditions remain unchanged. 


1040 

Given that an earth satellite near the earth’s surface takes about 90 min 
per revolution and that a moon satellite (of our moon, i.e., a spaceship 
orbiting our moon) takes also about 90 min per revolution, what interesting 
statement can you derive about the moon’s composition? 

( UC, Berkeley) 


Solution: 

FYom the equation rnrui 2 = GmM/r 2 for a body m to orbit around a 
fixed body M under gravitation, we find 

r 3 w 2 = GM. 

Then if M e , M m are the masses and r e , r m are the radii of the earth and 
moon respectively, and the periods of revolution of the eaxth and moon 
satellites are the same, we have 

_ M m 

rj M e 
or 

M e _ M m 

v7 “ kT ’ 

where V e and V m are the volumes of the earth and moon respectively. It 
follows that the earth and moon have the same density. 
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1050 

The interaction between an atom and an ion at distances greater than 
contact is given by the potential energy V(r) = —Cr ~ 4 . (C = e 2 P%/2, 
where e is the charge and P a the polarizability of the atom.) 

(a) Sketch the effective potential energy as a function of r. 

(b) If the total energy of the ion exceeds Vo, the maximum value of the 
effective potential energy, the ion can strike the atom. Find Vo in terms of 
the angular momentum L. 

(c) Find the cross section for an ion to strike an atom (i.e., to penetrate 
to r = 0) in terms of its initial velocity «o- Assume that the ion is much 
lighter than the atom. 

( UC, Berkeley) 


Solution: 

(a) The effective potential energy as a function of r is 

Mr) = 7? + ' 

where L is the angular momentum of the ion about the force center, and 
m is the mass of the ion. Its variation with r is shown in Fig. 1.35. 



Fig. 1.35. 
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(b) To find the maximum of V^r, Vo, we set 
dV ea 4 C L 2 


dr 

The solutions are 

Consider 


4 C f 4 C _&\± =0 

r 5 mr 3 \ r 2 m) r 3 


ri - oo, 

r* = 

yVCm 

L 

d 2 V e ff _ 

-20 C 

3 L 2 

dr 2 

r 6 

+ A • 

mr 4 


Substituting n and in the above we obtain 


d 2 V eff 


dr 2 


= 0, 


cPV e 


eff 


r=r i 


dr 2 


<0 . 


Hence at r — \\/Cm , V^r has a maximum value Vo = 16 ^ m i ■ 
(c) In terms of the total energy 


_ 1 ,n L 2 

E =2 mT + W +V ' 


we can write mr = J2m{E - V) - ££. In terms of £ we can write 6 = 
Then as 


L 

mr 2 


■ dS .de 


we have 


d£_e 

dr r 


mr 2 r 


r 2 \j2m(E — V) — 


L 2 


We can then find the angular displacement of the ion with respect to the 
atom as it travels from infinity to the closest distance r m i n from the atom: 




-‘jC 


dr 


i" r 2 ^j2m(E — V) 


L 2 
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As 


E = V 0 = 


L 4 


167712(7 ’ 


61 


POO 

= L / T 

T min V* 


v = -- 


dr 


.4 ’ 


r 2 ( 


+ ^) J 


= VSmC J 


L* _ L* _l 2mC \ 1 / 2 
8mC r 2 

d(Lr) 


( L 2 r 2 — 4 mC) 


1 (Lr — 2 \fmC) 
= —?= In 


V2 (Lr + 2\/mC) 


r m i„, the minimum distance of the ion to the atom, is determined by = 0, 
i.e., 

2 m(E -V)-£=0, 


or 


2 mEr* - L 2 r 2 + 2mC = 0 . 


Hence 

2 L 2 ± >/L 4 - 16m 2 £C L 2 4m<7 
rmin “ 4m£ “ AmE ~ L 2 ’ 


or 



Substituting r min in 0i we obtain 


0i = oo . 


Why cannot we have a finite value for 0i? It is on account of the fact 
that, under the condition E = Vq = 16 Q m i , while r — + 0 as r —► r m i n , the 

transverse velocity r6 = —-> —^—, a constant, so that with passage of 

time the trajectory will infinitely approach a circle of radius r ra i n and no 
scattering occurs. 

If E > Vo, r m i n as given above is complex, implying that there is no 
minimum distance from the atom, i.e., the ion will approach the atom 
infinitely. Physically this can be seen as follows. When the ion reaches 
the position at which 14 fr = Vo, r ^ 0 and the ion continues approaching 
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the atom. As L is conserved, the speed of the ion, (r 2 6 2 + r 2 ) 1 / 2 = 
/ 2 \ 1/2 

(^77 + t 2 ) , will become larger and larger as the atom is approached, 

if the expression for the potential energy V(r) = — ^ continues to hold. 
But this is not so as other ion-atom interactions will come into play when 
the two bodies are close to each other. 

Suppose the ion approaches the atom with impact parameter b and 
initial velocity t>o-Then to strike the atom we require 


E = \mv 2 >V 0 = 


L 4 


16Cm 2 


16 C 


or 


b* < 


8 C 
mv 2 


Hence the cross section for the ion to strike the atom is 


2tt 2 C 


a = irb 2 = —\l — . 
Vo 


1051 

Given a classical model of the tritium atom with a nucleus of charge +1 
and a single electron in a circular orbit of radius ro, suddenly the nucleus 
emits a negatron and changes to charge +2. (The emitted negatron escapes 
rapidly and we can forget about it.) The electron in orbit suddenly has a 
new situation. 

(a) Find the ratio of the electron’s energy after to before the emission 
of the negatron (taking the zero of energy, as usual, to be for zero kinetic 
energy at infinite distance). 

(b) Describe qualitatively the new orbit. 

(c) Find the distance of closest and of farthest approach for the new 
orbit in units of ro- 

(d) Find the major and minor axes of the new elliptical orbit in terms 
of r 0 . 

(UC, Berkeley) 

Solution: 

(a) As the negatron leaves the system rapidly, we can assume that its 
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leaving has no effect on the position and kinetic energy of the orbiting 
electron. 

Prom the force relation for the electron, 


mv q _ e 2 
r 0 47T£ 0 ro 


we find its kinetic energy 


mvg 


87T£ 0 ro 


and its total mechanical energy 


Ei = 


TTIVq 


—e 


47T e 0 r 0 87T£ 0 i“o 

before the emission of the negatron. After the emission the kinetic energy 
of the electron is still 
to 


sireoro' w ^ e potential energy suddenly changes 

—2e 2 _ -e 2 

47T£or 0 27T£or 0 

Thus after the emission the total mechanical energy of the orbiting electron 
is 


E 2 = 


77Wq 


2e 2 


—3e 2 


47r£ 0 7'o 87re 0 r 0 


giving 


E<2 

El 


- 3 


In other words, the total energy of the orbiting electron after the emission 
is three times as large as that before the emission. 

(b) As E 2 = g= |s. o , the condition Eq. (1) for circular motion is no 
longer satisfied and the new orbit is an ellipse. 

(c) Conservation of energy gives 


—3e 2 —e 2 m(r 2 + r 2 6 2 ) 

87r£oro 27T£or 2 

At positions where the orbiting electron is at the distance of closest or 
farthest approach to the atom, we have r = 0, for which 


—3e 2 mr 2 e 2 e 2 _ L 2 _ 

87T£oro 2 27T£or 2 mr 2 27T£o r 
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Then with 


the above becomes 


L 2 — m^o^o 


me 2 r 0 

4tt£‘o 


3r 2 — 4r 0 r + = 0 , 


with solutions 



r = r 0 . 


Hence the distances of closest and farthest approach in the new orbit are 
respectively 


in units of ro- 

(d) Let 2a and 2b be the major and minor axes of the new elliptical 
orbit respectively, and 2c the distance between its two focuses. We have 


2a — r min r max — 


4r 0 
3 ’ 


2 c — r max 


^min 


2 r 0 
3 ’ 


2b = 2\fa 2 — c 2 = 


2%/3 r 0 
3 


1052 

A satellite is launched from the earth on a radial trajectory away from 
the sun with just sufficient velocity to escape from the sun’s gravitational 
field. It is timed so that it will intercept Jupiter’s orbit a distance b behind 
Jupiter, interact with Jupiter’s gravitational field and be deflected by 90°, 
i.e., its velocity after the collision is tangential to Jupiter’s orbit (Fig. 1.36). 
How much energy did the satellite gain in the collision? Ignore the sun’s 
gravitational field during the collision and assume that the duration of the 
collision is small compared with Jupiter’s period. 


( UC, Berkeley) 
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Solution: 

Let r represent the distance from Jupiter to the sun, v l the velocity of 
the satellite with respect to the sun at the time it intercepts Jupiter’s orbit 
a distance b behind it and before any interaction with it, and m and M s 
the masses of the satellite and the sun respectively. As the satellite just 
escapes the sun’s gravitational field, we have 

mv\ GmM„ 

2 ~~ r ’ 


giving 


Vi = 


2GM, 


-/ 


2 x 4.01 x 10 14 x 3.33 x 10 5 


1.85 x 10 4 m/s 


7.78 x 10 11 
18.5 km/s , 


where we have used M a = 3.33 x 10 5 M e (M e is the earth’s mass), GM e = 
gR 2 (R is the radius of the earth) = 4.01 x 10 14 m 3 /s 2 , r = 7.78 x 10 11 m. 
The velocity vj of Jupiter with respect to the sun is given by 

vj GM a 
r r 2 ’ 


i.e. 


vj 



= 13.1 km/s. 

v2 


When the satellite just enters the gravitational field of Jupiter, its 
velocity in the Jupiter frame is 


V r = Vf - \j , 


or 

v T = \/l8.5 2 + 13.1 2 = 22.67 km/s. 

If b does not change during the encounter, conservation of the angular 
momentum of the satellite in the Jupiter frame shows that this is also the 
speed of the satellite in the Jupiter frame when it leaves the gravitational 
field of Jupiter. After the encounter, the satellite leaves the gravitational 
field of Jupiter with a velocity in the sun’s frame tangential to Jupiter’s 
orbit. Thus the speed of the satellite with respect to the sun is 

vj = v r + vj = 22.67 + 13.1 = 35.77 km/s . 
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SUN 


Fig. 1.36. 


The energy gained by unit mass of the satellite in the collision is 
therefore 

468.6 * 10«J/kg. 


1053 

By what arguments and using what measurable quantities can one 
determine the following quantities with good accuracy? 

(a) The mass of the earth. 

(b) The mass of the moon. 

(c) The distance from the earth to the sun. 

( Columbia ) 

Solution: 

(a) The weight of a body on the earth arises from the gravitational 
attraction of the earth. We have 

Gm e m 

whence the mass of the earth is 
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where the acceleration of gravity g, the radius of the earth R, and the 
gravitational constant G are measurable quantities. 

(b) Consider a 2-body system consisting of masses mi, m 2 , separated 
by r, under gravitational interaction. The force equation is 

Gmim2 ( mim.2 

r 2 \mi + m 2 



or 

47r 2 r 3 

G(mi+m 2 ) = -= 2 - 


where mim 2 /{mi + m 2 ) is the reduced mass of the system. Applying this 
to the moon-earth system, we have 


G(m m + m e ) - 


where m TO , a and T are the mass, semimajor axis and period of revolution of 
the moon respectively. With the knowledge of m e obtained in (a) and that 
of a and T determined by astronomical observations, m m can be obtained. 



Fig. 1.37. 


(c) Described below is a historical method for determining the earth-sun 
distance using the asteroid Eros. When the sun, earth and Eros are on a 
straight line as in Fig. 1.37, two observers A and B at latitudes Ai and A 2 
in the meridian plane containing Eros and the sun measure the angles ot\ 
and c *2 as shown in Fig. 1.38. As 

= <^2 ~ 6 + A, oq = Ai — S + , 

giving 

02 — 01 = <22 — c*l — A 2 + Ai , 
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Fig. 1.38. 


and 


giving 


we have 


Cl fl[ Cl 

sin/3 2 sina 2 ’ sin/3i sinai ’ 

R 

02 - Pi » sin/32 — sin/3! = --— (sina 2 - sinai) , 

CL 1 — CL 

RJsinao — sinai) 

ai - a « —--———. 

a2 — ai — A 2 + Ai 


Kepler’s third law gives 

a? _ 

°i ~ n' 

where T and Ti are respectively the periods of revolution of the earth and 
Eros around the sun. The last two equations, used together, determine a. 

However, this method is not accurate because the orbits of revolution 
of the earth and Eros are elliptical, not circular (eccentricity of Eros’ orbit 
= 0.228), and the angle formed by their orbital planes is greater than 
10°. More accurate, but non-mechanical, methods are now available for 
determining the earth-sun distance. 


1054 

Two long concentric half-cylinders, with cross section as shown in 
Fig. 1.39, carry charges arranged to produce a radial electric field E = 
ke r /r between them. A particle of mass m, velocity v and negative 
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charge — q enters the region between the plates from the left in a direction 
perpendicular to the axis of the half-cylinders and perpendicular to the 
radial direction as in the figure. Since the velocity v has no component 
along the axis of the half-cylinders, consider only motion in the plane of 
the diagram for all calculations. 



Fig. 1.39. 


(a) If the particle moves on a circular path while between the plates, 
what must be the radius r of that path? 

(b) Next consider a trajectory for which the particle enters the region 
between the plates at the same distance r from the axis and the same speed 
as in (a), but at a small angle ft with the direction of the original path. For 
small ft the point P at which this new trajectory again crosses the trajectory 
in (a) is independent of ft. Find the location of that point P. (Again the 
particle has no velocity component along the axis of the half-cylinders and 
remains in the plane of the diagram.) 

(c) How is the answer to part (a) changed if a uniform magnetic field is 
introduced parallel to the axis of the half-cylinders? 

( Columbia) 

Solution: 

(a) As the particle moves in a circular path, we have 



or 

2 

v = — . 
m 
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As long as the velocity v of the particle satisfies this relation, it will move 
in a circular path whose radius is equal to the distance between the incident 
line and the axis of the half-cylinders, while between the plates. 

(b) The particle enters the region between the half-cylinders at the 
same distance r 0 from the axis and with the same speed v as in (a), but 
at a small angle 0 with the direction of the original path. Conservation of 
angular momentum and energy gives 

mr 2 6 = mrov , ( 1 ) 

\m(r 2 + rH 2 ) +qkln(-)= \mv 2 . (2) 

2 \ ro) 2 

As the new trajectory deviates from the original one slightly, we set 

r — ro + 6r , 

0 = wo + 60 , 

where cj 0 is the angular velocity for the original circular orbit, and 6r, 69 
are small quantities. Substitution in (1) gives 



By a similar approximation, 

-’feHKK-HS) 2 

We can also write 

,’ = (r 0 + «r)’_^[l + 2^ + (£)] ' 
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Hence (2) can be written, neglecting small quantities higher than the second 
order, as 


1 ( dSr \ 

~dt ) 


+ » 


3 mu 2 


2 rl 




rmr 


r o 


Sr = 0 , 


or, noting qk = rmr, 


1 / dSr \ 2 / v V 

2 \ dt J + Vr 0 J 


(Sr) 2 = 0 


Then taking the time derivative of both sides, we obtain 


d 2 Sr 

~dt? 


+ 2 


(£) tT = 0 ' 


with solution 


6r = v4sin ^\/ 2 —t + , 

where A and <p are constants of integration. The initial conditions 
r(0) = r 0 , r(0)=usin/3, 


or 


give 


Hence 


Sr = 0, — Sr = vsin(3 at t = 0 , 

dt 


t P = 0, 


A = sin /3 . 

%/2 


Sr = sin 0 sin [ V2— t'] . 

V2 \ r 0 J 


At the point where this new trajectory crosses the trajectory in (a), Sr = 0. 
The second crossing takes place at a time t later given by 

/ k v . , 5T r 0 

V2 —t = 7r, or t = —=— , 

ro sfl v ’ 

and the position of P is given by 


• v 7 r 

0 — 6t « ujot = — t = —= , 
ro V2 


which is independent of 0. 
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(c) If a uniform magnetic field parallel to the axis of the half-cylinders 
is used instead of the electric field, we will have 

,,2 


mv“ 


= qvB . 


Then the radius r of the circular path will be 

mv 


r = 


qB 


1055 

The orbit of a particle moving under the influence of a central force is 
rO = constant. Determine the potential energy as a function of r. 

( Columbia) 

Solution: 

Consider a central force F = r F(r) acting on a particle of mass m. 
Newton’s second law gives 

F = m(r — r9 2 ) , (1) 

0 = m(rO + 2 rO) (2) 

in polar coordinates. Equation (2) gives 

rO + 2 rO = =0 , 

r at 

or 

r 2 0 = constant = h , say, 
or 

6 = hu 2 


r = 


1 

u 


by putting 
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Then as 



r6 2 = — h 2 u 4 = h 2 u 3 , 
u 


Eq. (1) becomes 

F=-raftV(^+«) , 

which is often known as Binet’s formula. 

In this problem, let r = £ and write the equation of the trajectory as 

u = C6 , 


where C is a constant. Binet’s formula then gives 

F = -mh 2 u 3 - . 

The potential energy is by definition 

,, f r . . , f r mh 2 \—mh 2 

v "L F *»-L-T*-hr 


taking an infinity point as the zero potential level. 


-mh 2 
2 r 2 


1056 

Mariner 4 was designed to travel from earth to Mars in an elliptical 
orbit with its perihelion at earth and its aphelion at Mars. Assume that 
the orbits of earth and Mars are circular with radii Re and Rm respectively. 
Neglect the gravitational effects of the planets on Mariner 4. 

(a) With what velocity, relative to earth, does Mariner 4 have to leave 
earth, and in what direction? 

(b) How long will it take to reach Mars? 
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(c) With what velocity, relative to Mars, will it reach the orbit of Mars? 
(The time at which Mariner 4 leaves earth must be properly chosen if it is 
to arrive at Mars. Assume this is done.) 

( Columbia ) 

Solution: 

As the gravitational force on Mariner 4, which is a central force, is 
conservative, we have 

„ mr 2 GmM mh 2 

e =~2 -— + ip-’ 

where m and M are the masses of Mariner 4 and the sun respectively, G 
is the gravitational constant, and h = r 2 9 is a constant. At the perihelion 
and aphelion of the elliptical orbit, r = 0, r = Re and r = Rm respectively. 
Then 

—GmM mh 2 —GmM mh 2 

Rm + 2/4 = R e + 2f?| ’ 

giving 

^ _ I2GMRm Re 

V Rm + Re 

At the perihelion we obtain its velocity relative to the sun as 


h I 2 GMR m 

Re y Re(Rm + Re) 

Suppose Mariner 4 is launched in a direction parallel to the earth’s revolu¬ 
tion around the sun. The velocity relative to the earth with which Mariner 4 
is to leave the earth is then 


2 GMRm 


GM 


Vr V VE y R e (Rm + Re) V Re ' 

where ve is the velocity of revolution of the earth. Similarly at the aphelion 
the velocity, relative to Mars, which Mariner 4 must have is 


vm = 


2GMR b 


Rm(Rm + Re) 
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Applying Kepler’s third law we have for the period T of revolution of 
Mariner 4 around the sun 



where T E — period of revolution of the earth = 1 year. Hence the time 
taken for Mariner 4 to reach Mars in years is 

, _ T _ 1 / R e + R m \ 2 

~ 2 “ 2 V 2 R e ) ' 


1057 

A charged pion (n + or n~) has (non-relativistic) kinetic energy T. A 
massive nucleus has charge Ze and effective radius b. Considered classical, 
the pion “hits” the nucleus if its distance of closest approach is b or 
less. Neglecting nucleus recoil (and atomic-electron effects), show that the 
collision cross section for these pions is 


a = 


irb 2 (T - V) 
T 


for 7T + , 


and 


where 


a = 


7 rb 2 {T+V) 
T 


for 7T 


V = 


Ze 2 

~b~ 


( Columbia ) 


Solution: 

Let d be the impact parameter with which a pion approaches the nu¬ 
cleus. The pion has initial velocity and angular momentum %/2 Tmd, 
where m is its mass. At the closest approach, the pion has no radial velocity, 
i.e., v r = 0, v = W. Conservation of angular momentum gives 


V 2T md = mb 2 8 
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Conservation of energy gives 

T = V+ 1 mb 2 0 2 , 

as a potential V now comes into play, or 


b6 = 


2(T - V) 


m 


The collision cross section is 


a = 7 rtf 2 = 


m 2(T - V) 
2 T m 


7r6 2 = 7r6 2 


7 1 -V 


Putting V = , for 7r + we have 




and for tt , the potential is - and we have 


<T = 7r6'‘ 




1058 

Estimate how big an asteroid you could escape by jumping. 

( Columbia ) 

Solution: 

Generally speaking, before jumping, one always bends one’s knees to 
lower the center of gravity of the body by about 50 cm and then jumps up. 
You can usually reach a height 60 cm above your normal height. In the 
process, the work done is (0.5 + 0.6)mg, where m is the mass of your body 
and g is the acceleration of gravity. 
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It is reasonable to suppose that when one jumps on an asteroid of mass 
M and radius R one would consume the same energy as on the earth. Then 
to escape from the asteroid by jumping we require that 


l.lmp 


GMtti 

R 


If we assume that the density of the asteroid is the same as that of the 
earth, we obtain 

M _ R 3 
Me~ R 3 . ' 

where Me and Re are respectively the mass and radius of the earth. As 
g = GMe/R%, we find 


GM R 3 
1.1 g ~ I.IRe ’ 


R = v/l lRfi = \/l-l x 6400 x 10 3 = 2.7 x 10 3 m 


1059 

You know that the acceleration due to gravity on the surface of the 
earth is 9.8 m/sec 2 , and that the length of a great circle around the earth 
is 4 x 10 7 m. You are given that the ratios of moon/earth diameters and 
masses are 

~ = 0.27 and ~ = 0.0123 
D e M e 

respectively. 

(a) Compute the minimum velocity required to escape from the moon’s 
gravitational field when starting from its surface. 

(b) Compare this speed with thermal velocities of oxygen molecules at 
the moon’s temperature which reaches 100°C. 

( UC, Berkeley) 

Solution; 

(a) Let the velocity required to escape from the moon’s gravitational 
field be w m , n , then 

w»mi„ = GM m m 
2 r m ’ 
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giving 



using g = GM e /r 2 , D m /D e = 0.27 and M m /M e = 0.0123. 

(b) The average kinetic energy of the translational motion of oxygen 
molecules at a temperature of 100°C is 3fcT/2: 


\mv 2 = \kT . 
2 2 


Hence 


v — 



3 x 1.38 x 10- 23 x 373 
32 x 1.67 x lO" 27 


= 538 m/s . 


v, which is the root-mean-square speed of an oxygen molecule at the highest 
moon temperature, is smaller than v m i n , the speed required to escape from 
the moon. 


1060 

An object of unit mass orbits in a central potential U(r). Its orbit is 
r = ae~ b6 , where 8 is the 

azimuthal angle measured in the orbital plane. Find U(r) to within a 
multiplicative constant. 

(MIT) 


Solution: 

Let 


1 


u = — 
r 



a 


b 2 


Then 


d?u f> 2 e w 
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and Binet’s formula (Problem 1055) 
F = —mh 2 u 2 



gives for m = 1 

F = -h 2 {b 2 + l)u 3 = + H . 

Integrating and taking the reference level for U ( r ) at r —+ oo, we obtain 

, - h 2 b 2 + 1 

u ^ = T • — • 

where h = r 2 8 is the conserved angular momentum of the object about the 
force center and is to be determined by the initial condition. 


1061 

Hard sphere scattering. 

Show that the classical cross section for elastic scattering of point 
particles from an infinitely massive sphere of radius R is isotropic. 

{MIT) 

Solution: 

For elastic scattering, the incidence angle equals the angle of reflection. 
The angle of scattering is then tp = 20 as shown in Fig. 1.40. 

If b is the impact parameter, we have 

b = RsinO , 


and 

db = R cos OdO . 

The differential scattering cross section per unit solid angle ^ is given by 

d(T 

2nbdb = 2nR 2 sin 0 cos OdO = sin (pd<p , 

dil 


or 
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da 1 R 2 sin 26d6 
dfl 2 sin tpdip 

R 2 sin ipd<p _ R 2 
4 sin tpd(f 4 

Thus the classical differential cross section is independent of the angle of 
scattering. In other words, the scattering is isotropic. 


1082 

Find the angular distribution and total cross section for the scattering of 
small marbles of mass m and radius r from a massive billiard ball of mass 
M and radius R (m C M). You should treat the scattering as elastic, 
involving no frictional forces. 

( Columbia) 

Solution: 

As m <C M, the massive billiard ball will remain stationary during 
scattering. As the scattering is elastic (see Fig. 1.41), the scattering angle 
0 is related to the angle of incidence by 


9 = n - 20 , 


where 0 is given by 


(R + r) sin 6 = b . 
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The differential scattering cross section is 

da |27r6d6| 2 tt| sin#cos# • (R + r) 2 d6\ 
dQ dfl 2 tt d cos © 

| \{R + r) 2 sin©d0| j(R + r) 2 cfcos© 
dcosQ d cos 0 

= \(R + r) 2 . 

As jfe is isotropic, the total cross section is 

cto" . . i) 

°t =47r ^?i =7T {R + rY . 



1063 

A spaceship is in a circular orbit of radius ro around a star of mass 
M. The spaceship’s rocket engine may be fired briefly to alter its velocity 
(instantaneously) by an amount Av. The direction of firing is specified by 
the angle 6 between the ship’s velocity v and the vector from the tail to 
the nose of the ship (see Fig. 1.42). To conserve fuel in a sequence of N 
firings, it is desirable to minimize AV = J2tLi IAvi|. AV is known as the 
specific impulse. 

(a) Suppose we want to use the ship’s engine to escape from the star. 
What is the minimum specific impulse required if the engine is fired in a 
single rapid burst? In what direction should the engine be fired? 
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Av 


v 


Fig. 1.42. 


(b) Suppose we wish to visit a planet in a circular orbit of radius n > r$. 
What is the minimum specific impulse required to reach the planet’s orbit 
if the engine is again fired in a single rapid burst? 

Suppose we want to use the ship’s engine to cause it to crash into the 
star (assume the radius of the star to be negligible). Calculate the minimum 
specific impulse for both of the following firing strategies: 

(c) A single rapid burst at 6 = 180°. 

(d) A single rapid burst at 8 = 0° and then a second burst at 8 = 180° 
at a later time. The timing of the second burst and the strength of each 
burst should be chosen to minimize the total specific impulse. 

{MIT) 


Solution: 

(a) Let Vo be the speed of the spaceship in the circular orbit of radius 
ro, and i>o e be the escape velocity for the orbit. Then 


mv q GMm 

2 5 
ro 


mv q b GMm 

2 r 0 


or 



VQe 


2 GM 


r o 


As 


Voe = Vo + |Av| cos# = Vq + AV cos 0 , 


the specific impulse required for escape is the least for 9 — 0, i.e., the initial 
velocity of the spaceship and the impulse are in the same direction, and is 
given by 


AV = v 0e —vo = 2 - 1) . 

V r 0 
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Fig. 1.43. 


(b) After the first burst, the ship escapes from the circular orbit around 
the star and moves along a parabolic orbit. When the ship reaches the 
circular orbit r = n of the planet, the engine is again fired in a single rapid 
burst (see Fig. 1.43). For the ship to move along the circular orbit of radius 
ri, its speed must be 


Vi = 



Let vi e be the speed of the ship as it arrives at r = and before the burst. 
Conservation of angular momentum requires 


Vo e r 0 = VlePl COS Ifi 


or 


tile COS <p 

Conservation of energy gives 


rpVQe 

n 



GMm 

r\ 


or 


Vie = 




2 GM 

ri 


Then the minimum specific impulse required is given by 

AV = |vi - v ie | 
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or 


(AV) 2 = v\ e +vf — 2v le v i cos tp 
2 GM GM r 0 

=-+- 2—VQ e vi 

ri r i ri 

3 GM 2 r 0 [ 2 GM fGM 
n ri V r 0 V rx 

r i V V n / 

Hence 

•“'-Wf 

(c) For a single rapid burst at 9 = 180°, the minimum specific impulse 
is that which makes the speed of the spaceship v' = vq - Al/ = 0, so that 
it will fall onto the star. Hence the minimum impulse required is 

a,/ /GM 

V r 0 



(d) If after the first burst with 0 = 0°, the ship acquires the escape 
velocity vo e = \J ~~-1 he., AVi = 2 — 1), it can escape from the 

orbit. The speed of the ship v is given by 

1 2 GMm 

—mv -= constant . 

2 r 

As r —> oo, v —► 0. The second burst can be fired when v s=s 0 at 6 = 180° 
to turn the ship around toward the star with a specific impulse AV 2 ~ 0; 
thereafter the ship falls down to the star. The total impulse required is 

AV ss AVi = \[^(V2-1) . 

V r 0 

That this is the minimum impulse can be seen from the following. 

Suppose the first burst fired at 0 = 0° is 


AVi < v 0e - v 0 
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then the ship will move along an elliptic orbit. The speed is then minimum 
at the aphelion, at which point the second burst at 9 — 180° should be fired 
to make AVi small. Suppose at the aphelion the ship is at distance r 2 from 
the star and has speed v 2 , then AVi is given by the energy equation 


1 2 GMm 

-mu 2 --— 

2 r 2 


-m(v 0 + AVi) 2 


GMm 

ro 


and the angular momentum equation 


mr 2 v 2 — rnr 0 (v 0 + AVi) . 


Eliminating r 2 from the above, we have 


v 


2 

2 — 


2 GMv 2 2 GM 

r 0 (u 0 + AVi) r 0 


- (u 0 + AVi) 2 = 0 , 


giving 


v 2 = 


GM 


r 0 (u 0 + AVi) L r o( w o + AV^i) 


GM 


-(vo + AVx) 


where the lower sign corresponds to the speed at the perihelion and the 
upper sign to the speed at the aphelion. At the aphelion, 


v 2 = 


2 GM 


r 0 (u 0 + AVi) 


K + AVj) . 


The second burst must be such that Av 2 is equal to v 2 in magnitude but 
opposite in direction in order that the ship can stop and fall down to the 
star, i.e., v 2 + Av 2 = 0. Thus 


AV 2 = |Av 2 | = v 2 = 


2 GM 

r 0 (v 0 + AVi) 


- v 0 - AVi, 


or 


+ AV 2 


2 GM 




— Vn 


From the above it can be seen that the larger the value of AVi, the smaller 
is the specific impulse AV = AVi + AV 2 , under the condition 


AVi < Vie ~ ^0 • 
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Hence in order to minimize the total specific impulse, the first burst should 
carry impulse AVj = \jGM/r ${-\/2 — 1) and after an infinitely long period 
of time, a second burst is fired with an infinitesimal impulse AVj. 


1064 

“Interstellar bullets” are thought to be dense clumps of gas which 
move like ballistic particles through lower-density interstellar gas clouds. 
Consider a uniform spherical cloud of radius R, mass M, and a “bullet” of 
radius -C R and mass m -C M. Ignore all non-gravitational interactions. 

(a) Obtain expressions for the force F(r), 0 < r < oo, suffered by the 
bullet in terms of the distance r from the cloud center, and for the potential 
energy V(r), 0 < r < oo. Sketch V(r). 

(b) The bullet has angular momentum L = m(G MR/32) 1 / 2 about r = 0 
and total energy E = —5GMm/4R. Find the orbit turning point(s). Is 
the bullet always in the cloud, outside the cloud, or sometimes inside and 
sometimes outside? 

(c) For L and E as in (b), obtain an expression for the differential orbit 
angle d6 in terms of dr, r and R. 

(d) Obtain an orbit equation r(9, R) by integrating your answer to (c), 
you may wish to use 

/ dx 1 . —2 cx — b 

. = ,— arcsm ... =, c < 0 . 

Va + bx + cx 2 v —c \b 2 — 4ac 

Find the turning points ri and sketch the orbit. 

(MIT) 


Solution: 

(a) The force F acting on the bullet is 


F = < 


GMm 
R 3 F 
GMm 

- 5— r 


(0 < r < R) , 
(R < r < oo) .. 


From the definition of potential energy V (r), F = — W(r), we have 
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V(r) = — f F ■ dr — f F • dr (0 < r < R) , 

Joo Jr 

V( r ) = — ( F • dr (R < r < oo) . 

J OO 

Substituting in the appropriate expressions for F and integrating, we find 

-(3 R 2 -r 2 ) (0 <r<R), 


V(r) = { 


2 R 3 
GMm 


( R<r< oo) . 


A sketch of V(r) is shown in Fig. 1.44. 


Vlr) 




Fig. 1.44. 


(b) As shown in Fig. 1.44, with total energy E = —5GMm/4R, the 
bullet can only move inside the gas cloud in a region bounded by the turning 
points. At the turning points, f = 0, v = vq. Hence 


rmvg = m 
GMm 


GMR 


32 


(r 2 — 3fl 2 ) + 


mv. 


0 


-5GMm 


2 R 3 v 7 ’ 2 4 R 

Eliminating vg, we have for the turning distance r 

>4 /t\2 


32 


which has solutions 


(5) 

2 2 ± s/2 


(i)‘ 
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giving 


r± 


12±s/2 

8 


R . 


(c) Conservation of energy and of angular momentum give 

E = „ (r) + 

L = mr 2 6 . 

Substituting in the above 

t-A. 

mr 1 

. _ dr d.0 _ -dr _ L dr 
dO dt dO mr 2 d6 ’ 

we have 

5 GMm _ GMm 2 


4 


2R3 :^-3K‘) + -m 


1 ( c 

!r\ 2 1 

r 4 \c 

w) + i 3 


GMR 
32 ’ 


or 


i.e. 


/ dr \ 2 o 


r \ 4 /i 


1 1 r 2 

Vd(9/ 

b 32 (i 

?) +16 G 

*) ->] 


dO 




1 - 1/2 


dr 

r 

-2 


(d) To integrate the last equation, let a: = ( r/R ) 2 and rewrite the 
equation as 

-2d0 = dX 


\J -32 4- 16a; - x 2 ' 


Integrating, we obtain 


a — 26 = arcsin 


2z — 16 

8>/2 


or 


x = 8 + 4\/2sin(a — 2d) = 8 -f 4v / 2cos(2d + /?) , 


(M 2 = _1_ 

\r) 4[2 + \/2cos(2 0 + P)}' 
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where 0 is a constant of integration. By a suitable choice of the coordinate 
axes, we can make 0 = 0. At a turning point, r is either maximum or 
minimum, i.e. cos# = ±1. Hence the turning points are given by 


r± 

R 


4(2 ±V2) 


= ±1 


'2 T v/2 


Thus there are a total of 4 turning points as shown in Fig. 1.45. 


1065 

A very broad parallel beam of small particles of mass m and charge zero 
is fired from space towards the moon, with initial velocity Vo relative to the 
moon. 

(a) What is the collision cross section for the particles to hit the moon? 
Express the cross section a in terms of the moon’s radius R, the escape 
velocity I4 SC from the surface of the moon, and Vo. Neglect the existence 
of the earth and of the sun. 

(b) If you are unable to derive the formula, partial credit will be given 
for a good formula guessed on the basis of dimensional analysis, and an 
argument as to what should be the answer in the two limits that Vo goes 
to zero and Vo goes to infinity. 

( UC, Berkeley) 

Solution: 

(a) Let the maximum impact parameter be 6 max ■ The particles will hit 
the moon if their distances of closest approach are 6 max or less. Conserva¬ 
tion of energy and angular momentum give 

mV, o 2 mV 2 GMm 

2 ~ 2 R ’ ( ) 

mVo&max - rnVR . (2) 


From Eq. (1), we obtain 


V 1 = vs + ^ = vs + Vi 


R 
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Equation (2) then gives 


,2 V 2 R 2 n2 y e 2 sc R 2 
= TTo— =R 2 + e - 


Vf 


V 0 2 


Hence the collision cross section for the particles to hit the moon is 

° = ^max = ■ 

(b) For the two limiting cases we have 


a —* oo for Vo —► 0 , 

o —> 7r R 2 for Vq —> oo . 


These results can be understood as follows. For very small Vo, all the 
particles will be attracted to the moon as we have neglected the effects of 
the earth and the sun. For very large velocities, only those aimed at the 
moon will arrive there as the potential energy due to the moon’s attraction 
is negligible compared with the kinetic energy. 

To apply the method of dimensional analysis, we make a guess that the 
cross section will be the geometrical cross section of the moon with some 
dimensionless correction factor involving Vq and V CHC : 


a = irR 2 



where a and b are unknown constants which cannot be determined by this 
method alone, a however must be positive to satisfy our expectations for 
the two limiting cases. 


1066 

Pretend that the sun is surrounded by a dust cloud extending out at 
least as far as the radius of the earth. The sun produces the familiar 
potential V = -GMm/r, and the dust adds a small term V = kr 2 / 2. The 
earth revolves in a nearly circular ellipse of average radius r^. The effect of 
the dust may cause the ellipse to precess slowly. Find an approximate 
expression (to first order in k) for the rate of precession and its sense 
compared to the direction of revolution. 
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Hint: Consider small oscillations about ro- 


{UC, Berkeley) 


Solution: 

In the equation for radial motion of a body under central force the 
effective potential is 


U(r) 


—GMm kr 2 L 2 
r 2 2 mr 2 


The earth will move in a closed orbit of radius r 0 if U{r 0 ) is an extreme 
value, i.e. 


(®?L 


0 , 


( 1 ) 


or 


GMm , L 2 
-—5 -h kr 0 - 5 = U 


mr 5 


from which tq can be determined. 
Expand U(r) as a Taylor series: 


U{r) = U{r 0 ) + 

» U(r o) + 


dU\ 


dr ) r=r 0 

1 (d 2 U\ 

2 \ dr 2 J r=ro 


(■r - r 0 ) + 


\ (d 2 U\ 


2 \ dr 2 ) r=ro 
(r - r 0 ) 2 , 


(r - r 0 ) 2 + 


as (^)r=r 0 — 0, retaining only the dominant terms. The energy equation 
can then be written with r — ro = x as 

1 , 2 1 fd 2 U\ 2 

2 mX + 2 V^- X = C ' 

Differentiating with respect to time gives 

fd 2u \ 

mx + -p=- ) x = 0 . 

\ dr2 Jr=r 0 

Hence there are small oscillations about r 0 with angular frequency 


UJ r = 
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where 


U"(r 0 ) = 


-2 GMm 


+ fc + 


3 L 2 


mrT, 


= 3 k + 


L 2 


mr. 


4 > 


using Eq. (1). For the near-circular orbit, L = mr^wo, and we find 

17"(r) = 3 k + mul , 


cjq being the angular velocity of revolution around the sun. Thus to first 
order in k, we have 


UJ r 


Wn + 


3fc 


m 


3 k 

IjJq + -- 

2mo>o 


and the rate of precession is 


Up — uj r — ujo — 


3 k 

2mu>o 


As u) r > oj 0 , i.e. the period of radial oscillation is shorter than that of 
revolution, the direction of precession is opposite to that of rotation. 


1067 

A particle of mass m is bound by a linear potential U = hr. 

(a) For what energy and angular momentum will the orbit be a circle 
of radius r about the origin? 

(b) What is the frequency of this circular motion? 

(c) If the particle is slightly disturbed from this circular motion, what 
will be the frequency of small oscillations? 

( UC, Berkeley) 

Solution: 

The force acting on the particle is 


F = 



—fcr . 


(a) If the particle moves in a circle of radius r, we have 


muP'r — k , 
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l.e. 


W 2 = 


The energy of the particle is then 

9 9 9 

„ , mv , rruor 

E = kr H-— = kr H--— 

Z Z 

and its angular momentum about the origin is 

~k 


3 kr 
~2~ 


L = mojr 2 - mr 2 


= Vrnkr 2 . 


(b) The angular frequency of circular motion is w 

(c) The effective potential is 


Ueff = kr + 


L 2 


2 mr 2 

The radius r 0 of the stationary circular motion is given by 


m, 


r 2 

= A:-5- = 0 , 


mr:i 


i.e. 


As 


ro 


■( 


mk ) 


1/3 


(d 2 U en \ 

V ** )r=r„ 


3 L 2 




-£(*)--( 


3Mf) 


1/3 


the angular frequency of small radial oscillations about ro, if it is slightly 
disturbed from the stationary circular motion, is (Problem 1066) 


U> r = 


/J_ ( d 2 U eK \ /3fc / 

m V dr 2 ) V m V 


m/c\ 


1/3 


= \/3wo , 

mr 0 


where wq is the angular frequency of the stationary circular motion. 
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1068 

A planet has a circular orbit around a star of mass M. The star 
explodes, ejecting its outer envelope at a velocity much greater than the 
orbital motion of the planet, so that the mass loss may be considered 
instantaneous. The remnant of the star has a mass M' which is much 
greater than the mass of the planet. What is the eccentricity of the 
planetary orbit after the explosion? (Neglect the hydrodynamic force 
exerted on the planet by the expanding shell. Recall that the eccentricity 
is given in terms of the energy E and angular momentum L by 


e 2 = 1 + 


2 EL 2 
M P K 2 ’ 


where M p is the mass of the planet and where the magnitude of the 
gravitational force between the star and planet is K/r q.) 

( UC, Berkeley) 


Solution: 


Before the explosion the planet moves in a circle of radius R around 
the star. As the eccentricity e of the orbit is zero, we have from the given 
equation for e 


E = 


-M P K 2 
2L 2 


As 


M p v 2 _ K 
R ~ R 2 ' 


L = MpRv , 


we have 


R = 


I? 

MpK ’ 


Let L’ and E' be respectively the angular momentum and total energy of 
the planet after the explosion. Then 


l! — L , 

E'_E\ G (M — M ') M P 

R 


With K = GMMp and K' = GM'M V we have for the eccentricity e of the 
orbit after the explosion 
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giving 


e 2 = 1 + 

= 1 + 

= 1 + 


2 E'L ' 2 
MpK ' 2 

2[-^f 


+ 


M V K 


G(M - M')M p 


L 2 


MpK ' 2 


(£)(>-£)• 



1069 

A satellite traveling in an elliptical orbit about the earth is acted on by 
two perturbations: 

(a) a non-central component to the earth’s gravitational field arising 
from polar flattening, 

(b) an atmospheric drag which, because of the rapid decrease in pressure 
with altitude, is concentrated near the perigee. 

Give qualitative arguments showing how these perturbations will alter 
the shape and orientation of a Keplerian orbit. 

(UC, Berkeley) 

Solution: 

(a) Owing to polar flattening of the earth (shaded area in Fig. 1.46), the 
equipotential surface in the neighboring space is a flattened sphere (dashed 
ellipsoid). 

Suppose the orbital plane N of the satellite makes an angle 6 with the 
equatorial plane M of the earth. 

As the equipotential surface deviates from the spherical shape, the 
earth’s gravitational force acting on the satellite, which is normal to the 
equipotential surface, does not direct toward the center of the earth (e.g, the 
forces on the satellite at A and B in Fig. 1.46). As the effect is quite small, 
the orbit of the satellite can still be considered, to first approximation, as 
circular. The effect of the non-radial component of the force cancels out 
over one period, but its torque with respect to the center of the earth does 
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not. This “equivalent” torque is directed into the plane of the paper and is 
perpendicular to the orbiting angular momentum L of the satellite, which 
is perpendicular to the orbit plane N and is in the plane of the paper. It 
will cause the total angular momentum vector to precess about L. 

(b) Because the atmospheric drag is concentrated near the perigee, it 
makes the satellite slow down at the perigee and reduces the energy and 
angular momentum of the satellite every time it crosses the perigee. This 
will make the apogee of the satellite’s orbit come closer and closer to the 
earth and finally the orbit will become a circle with a radius equal to the 
distance of the perigee to the center of the earth. Further action by the 
drag will further reduce its distance to the earth until it falls to the earth. 


1070 

A particle of mass m moves under the influence of an attractive central 
force /(r). 

(a) Show that by a proper choice of initial conditions a circular orbit 
can result. 

The circular orbit is now subjected to a small radial perturbation. 

(b) Determine the relation that must hold among /(r), r and df/dr for 
this orbit to be stable. 

Now assume that the force law is of the form /(r) = -K/r n . 

(c) Determine the maximum value of n for which the circular orbit can 
be stable. 


( Princeton ) 
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Solution: 

(a) The effective potential of the particle is 

J 2 


V* 


2 mr 2 


+ V(r) , 


where J is a constant and V is related to / by / = , in terms of which 

the total energy is 

The motion can then be treated as one-dimensional, along the radial 
direction. The circular motion of the particle in the V field corresponds to 
the particle being at rest in the equilibrium position in the V * field. 

At the equilibrium position r = ro, 


dV* 


= 0 , 


or 


dr 

dV J 2 


dr mr 3 


(1) 


If the initial condition satisfies the above equality and E = V* (ro), the 
orbit is a circular one. 

(b) For the orbit to be stable, V * must be minimum at r = r 0 . This 
requires that 

fen >., 

/ r=r 0 


i.e. 


3J 2 d 2 V 
dr 2 


mm 


+ 


\ dr 2 


> 0 , 


3J 2 df n 

or —4 ~ 7T > 0 ' 

mr q dr 


at r = ro- 

(c) If / = — K/r n , then df /dr = nK/r n+i and (1) gives 


J 2 = mK/rl 


n—3 


Hence the condition 


3J 2 


mm 


-%>*■ 


i.e. 
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3 K nK n 

- TT -TT > 0 , 

<pn-\- 1 pn+1 7 

requires that n < 3 for the circular orbit to be stable. 


1071 

Consider a planet of mass m moving in a nearly circular orbit of radius 
R around a star of mass M. There is, in addition to gravitation, a repulsive 
force on the planet proportional to the distance r from the star, F = At. 
Compute the angular velocity of precession of the periastron (point of 
closest approach to the star). 

( Princeton) 

Solution: 

The force on the planet is 


—GMrn 

r 2 


+ Ar . 


With u = i, Binet’s formula (Problem 1055) gives the equation for the 
orbit: 

— mh 2 u 2 (—^ + u') = —GMmu 2 + — . 

\ dO 2 ) u 

For nearly circular orbit we set u — Uq + 6u, where bu is a small quan¬ 
tity. The above equation then gives, retaining only the lowest-order small 
quantities, 


rnh 2 


d 2 (6u) 


dd 2 


+ Uq + 6u 


- GMm 


1( 3 (1 _ tfu'l 

U °V “ 0 , 




If the orbit is exactly circular, u = u 0 , 6u = 0, the above becomes 


mh 2 u o = GMm — 


( 1 ) 

( 2 ) 
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Using this equation in (1) we obtain 


or 


mh 2 
d 2 {Su) 

d.8 2 


d 2 (6u) 
<W 2 


4- 


3A C 

= — ou , 

q i ^ 


+ 


(* m/i 2 ug ) 6u °- 


(3) 


Choosing suitable coordinate axes we can write its solution as 

6u = B sin(a0) , 


where 

f 4A~ f 3AR 3 
a_ Y mh 2 UQ ~ V 1 GMm - AR 3 

as h 2 uo = GM — A/mu q, uq = 1 /R. Then if 0\ and 8^ are the angles for 
two successive periastrons, we have 

a 6 2 — a0\ = 27r . 


or 


a 


As a < 1, the angle of precession is 


A 8 p = Ad - 2tt = 


27 r(l — a) 


The time required for the line joining the periastron and the star to rotate 
through an angle A 9 V is 

A 6 2tt 
A t = — = — . 

9 ad 

Hence the angular velocity of precession is 


A 9„ 


Uv = 


(1 - a)6 . 


At 

As the angular velocity of revolution of the planet is by the definition of h 




GM _ A 
R 3 m 


we have 


GM 

A 

/GM 

4 A 

R 3 

m' 1 

V R 3 

m 
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1072 

(a) A planet of mass m is orbiting a star of mass M. The planet 
experiences a small drag force F = -av due to motion through the star’s 
dense atmosphere. Assuming an essentially circular orbit with radius r = r o 
at t = 0, calculate the time dependence of the radius. 

(b) Now ignore the drag force. Assume that in addition to the 
Newtonian gravitational potential, the planet experiences a small additional 
potential so that its potential energy is actually 

ir/ . GMm e 

V iX) = -— + ~2 > 

r r z 

where e is a small constant. 

Calculate the rate of precession of the planetary perihelion, to lowest 
order in e. You may assume the orbit is almost circular. In other words, 
you are to calculate the angle <p sketched in Fig. 1.47. 

( Princeton ) 



Fig. 1.47. 

Solution: 

(a) As the drag force F is small, it can be considered as a small 
perturbation on the circular motion of the planet under the gravitational 
force of the star. The unperturbed energy equation is 

1 .. 9 9 - 9 . GMm 

E = -m(r 2 + r 2 0 2 ) -. 

2 r 

If the orbit is circular with radius r, we have 


r = 0, mrO 2 = 


mv 2 GMm 


and thus 


E = - 


GMm 

It 
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The drag force causes energy loss at the rate 
—F ■ v = av ■ v = av 2 = 


aGM 

r 


This must be equal to 


giving rise to 


whose integration gives 


dE GMmr 
dt 2 r 2 



_ 2at 

r = roe m 


where we have used r = Tq at t = 0. 

(b) The planet is now moving in a central potential V(r) = — — ^ 
and its total energy is 


E = + sb + v{r) • 


where J is the conserved angular momentum, J = mr 2 <p. 
As 

dr dip . dr 


r = 


dip dt ^ dip ' 


we have 


or 


dr = i/2 m(E - V) - 




dp 


<P 


-/■ 


Jdr 


r 2 \l2m(E-V)-~ 


+ const. 


In the unperturbed field Vo = —GMm/r, the orbit is in general an ellipse. 
However, in the perturbed field V, the orbit is not closed. During the time 
in which r varies from r m ; n to r max and back to r m i„ again, the radius vector 
has turned through an angle Ap given by 
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Writing V = QMm. + ^ = Vq + 6V , we expand the integrand as a Taylor 
series in powers of S V: 


m = my + k(%) V _^ v + 1 ( 0 ) v= , w 2 +■ • ■ ■ 

The zero-order term gives 27T as the corresponding orbit is an ellipse. The 
first-order term gives 




_ _a_ 

~^.L n 


2 mSVdr 


\/ 2 m(E-Vo)-^ 


the angle shown in Fig. 1.47. 

The variable over which the integration is to be carried out can be 
changed in the following way. We have 

.dr J dr 

r = tp— =- - - 

dtp mr 1 dtp 


i.e. 



J dr 
mr 2 dtp 


So the last integral can be written as 




With 6V — e/r 2 we obtain 




27r em 

~T r 


1073 

(a) Find the central force which results in the following orbit for a 
particle: 


r = a(l + cos#) . 
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(b) A particle of mass m is acted on by attractive force whose potential 
is given by U oc r~ 4 . Find the total cross section for capture for the particle 
coming from infinity with an initial velocity Poo- 
Note: Parts (a) and (b) may refer to different forces. 

(Princeton) 

Solution: 

(a) In the central force field, the equations of motion for the particle are 

m(r — r# 2 ) = F(r) , (1) 

r 2 # = const. = h, say . 


s'/'4) = z“t 


Then 

0 = dt\r 2 

With r = a(l + cos#), we also have 
r = —a6 sin# , 

i 2 / t 

r — -a(# sin # + # 2 cos 0) = — f y 

- ah 4 .. .. , 2 ( r ~ 3o 

= —(2-cos#) = h 

Using the above we can write (1) as 


2 sin 2 # 
+ cos# 


+ cos# 


F(r) — m 


h 2 (r - 3a) ( h 

--r 


3 mh 2 a 
' Zi ’ 


which is the central force required. 


Uett 



Fig. 1.48. 
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(b) As U = - fz , the effective potential is 

L 2 


C/eff = 


a 


2 mr 2 


where L = mbVoo is the angular momentum, which is conserved in a central 
force field, b being the impact parameter. To find the maximum of [/ e ff , 
consider 

dUat -L 2 4a 


dr 


mr J 


+ TF - 0 > 


which gives 


r o 


/4ma 

= 


as the distance where C/ e ff is maximum. Then 

L 4 

)max =U 0 = . 

The form of t/ e ff is shown in Fig. 1.48. It is seen that only particles with 
total energy E > U 0 will “fall” to the force center. Thus the maximum 
impact parameter for capture is given by E - Uo, or 

m 4 f» 4 F 4 


giving 


16m 2 a 


00 = 1 mV 2 
2 00 ’ 


8a 

Hence the total capture cross section is 


1/4 


° = ^max = 27r 1 


I 2a 
mV 2 


1074 

(a) A particle of mass m moves in a potential V(r) = k/r 2 , k > 0. 
Consider motion in the X-Y plane, letting r and <p be the polar coordinates 
in that plane, and solve for r as a function of <f>, angular momentum l and 
energy E (Fig. 1.49). 

(b) Use the result of part (a) to discuss (classical) scattering in this 
potential. Let 6 be the scattering angle. Relate the impact parameter to 0 
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Fig. 1.49. 


and E and thereby compute the differential cross section as a function of 6 
and E. 

( Princeton ) 

Solution: 

(a) The force on the particle is 

__9V 2k 
dr r 3 

Binet’s formula (Problem 1055) then becomes 



where h = r 2 <p, u = 1/r. Its solution is 

u = Asin(uxp + ip) , 


where w 2 = 1 + 2 k/mh 2 , and A and ip are constants of integration to be 
determined from the initial conditions. 

It can be seen from Fig. 1.49 that for r —► oo, i.e. u —> 0, <p —* 0. Hence 
ip — 0. Also for r —> oo, r —> r^ given by E — \mr1 0 , i.e. r 
where the minus sign is chosen because for incidence r decreases with 
increasing t. Then as 


dr ■ dr h du 

dtp dtp r 2 dtp 


—Ahw cos{u>tp) , 
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we have, with l = hm, 


and hence 


where u> is given by 


A = ~V2mE 
lu) 


1 

r 


\f2mE 

lu! 


sin(o;0) , 


U! 


1 + 


2mk 


(b) From the above result it can be seen that r is at a minimum when 
uj(j) = i.e. at 0 = 0o = ^ • This is the distance of closest approach OC 
shown in Fig. 1.49. Due to the symmetry of the scattering, the scattering 
angle is 


6 = 7T — 2(£o = 7T 



Then a si 2 — m 2 b 2 fl 0 = 2 b 2 mE, we have 


1 - 


e 

7T 



i.e. 


e 2 26 k 

■k 2 7T b 2 E + k ’ 


giving 

2 = k (it 6) 2 
E (2tt - 0)6 

as the relation between 6 and 6. 

Particles with impact parameters between b and b + db will be scattered 
into angles between 6 and 6 4- d6, i.e. into a solid angle dfl = 2n sin Odd. 
Hence the differential cross section at scattering angle 6 per unit solid angle 
is 


da 

2-rrbdb 


b db 

dfl 

27r sin Odd 


sin 6 d6 


k 7 t 2 (tt — 6) 

Esin6 (2tt — 9) 2 6 2 ' 
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1075 

Derive formulas and calculate the values of (a) the gravitational accel¬ 
eration at the surface of the moon, and (b) the escape velocity from the 
moon. 

(SIJNY, Buffalo) 


Solution: 

(a) Let M and R be the mass and radius of the moon respectively. 
Then by the law of universal gravitation and the definition of gravitational 
acceleration at the surface of the moon we have 

GMm. 


where m is the mass of a body on the surface of the moon. The relation 
gives the gravitational acceleration at the surface of the moon as 


GM 
9 ~ R 2 


6.67 x lO” 11 x 7.35 x 10 22 
(1.74 x 10 6 ) 2 


1.62 m/s 2 . 


(b) The potential energy of a projectile of mass m at infinite distance 
from the moon p —♦ oo is 

GmM mqR 2 

-=---> 0 . 

P P 

Its kinetic energy, a positive quantity, is at least zero. Hence for the 
projectile to reach infinity from the surface of the moon, its total mechanical 
energy must be at least zero, by the conservation of energy. 

At the surface of the moon, the projectile has total energy 


1 2 

E = - mv o — mgR . 

If Vo is the escape velocity, we require E = 0, or 

no = y/2gR = \/2 x 1.62 x 1.74 x 10 6 = 2.37 x 10 3 m/s . 


1076 

Consider the motion of a particle of mass m under the influence of a 
force F — — Kr, where A is a positive constant and r is the position vector 
of the particle. 
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(a) Prove that the motion of the particle lies in a plane. 

(b) Find the position of the particle as a function of time, assuming that 
at t = 0, x — a, y = 0, V x — 0, V y = V. 

(c) Show that the orbit is an ellipse. 

(d) Find the period. 

(e) Does the motion of the particle obey Kepler’s laws of planetary 
motion? 

(SUNY, Buffalo) 

Solution: 

(a) For a central force field F = —Kt, 


rxF = Krxr = 0. 
Then as F = rndV jdt we have 

dV 

Tx ~dt =0 ' 


or 


d( r xV) „ „ dV n 

—— ; — V x V + r x —— = 0 . 

dt dt 


Integrating we obtain 


rxV = h, 


a constant vector. 
It follows that 


r-h = rrxV = rxr-V = 0, 

which shows that r is perpendicular to the constant vector h, i.e. r lies in 
a plane perpendicular to h. This proves that the motion of the particle is 
confined to a plane. We shall choose the plane as the xy plane with the 
origin at the center of the force. 

(b) The equation of the motion of the particle is 

mr = —Kt , 

or, in Cartesian coordinates, 

x + u) 2 x — 0, 
y + u 2 y = 0 , 
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where w 2 = K/m. The general solution of the above set of equations is 

x = A\ sin (ut + <j> i) , 
y = A 2 sin(o;t + <fo) • 

With the initial conditions given, i.e. 


x = Ai sin 4>i = a , 
y = A 2 sin (j >2 = 0 , 
x = A\uj cos (j>i = 0 , 
y = A 2 uj cos fa = Vo , 


we find <j> 1 = tt/2, = 0, A\ = a, >1 2 = Vq/w = \JmjKVo- Hence 



(c) The last set of equations describes an ellipse. Eliminating the 
parameter t we obtain the standard equation for an ellipse: 


-h — = 1 

a 2 6 2 ’ 


with 



(d) ( x , y) return to the same values when t increases by T such that 


Hence the period is 



2t r . 


T = 



(e) Kepler’s third law states that ratio of the square of the period of 
revolution of a planet to the cube of the length of the semimajor axis of its 
orbit is a constant. Hence we have 
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(period) 2 

(length of semimajor axis) 3 


47r 2 m 
Ka 3 

4t r 2 

V* V m 


if a > b , 
if a < b . 


As this ratio depends on m and a or m and Vo, Kepler’s third law is not 
obeyed. 


1077 

(a) A particle of mass m moves in a central field of potential energy U (r). 
Prom the constants of the motion obtain the equation of the trajectory. 
Express the polar angle ip in terms of r. 

(b) If the particle moves in from infinitely far away with initial speed 
Vo, impact parameter b, and is scattered to a particular direction 9 , define 
the differential cross section in terms of 6. 

(c) Calculate the differential and total cross section for the scattering 
from a hard sphere. 

(SUNY, Buffalo) 

Solution: 

(a) If a particle of mass m moves in a central force field of potential 
energy U(r), its mechanical energy E and angular momentum with respect 
to the center of the force mh are conserved quantities. Thus 

^m(r 2 + r 2 ip 2 ) + U(r) = E , 

2 * i . h 

r‘ip = h, or p = — . 

r 

As we also have 

dr dr dip .dr h dr 

dt dp dt ^ dip r 2 dip ’ 

the energy equation becomes 
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Fig. 1.50. 


i.e. 


or 



which express <j) in terms of r. 

(b) The orbit of the particle in the central force field is symmetrical 
with respect to the line joining the center of the force to the point of closest 
approach (OA in Fig. 1.50). The angle of scattering of the particle is then 


6 = 7T — 2ifio 


with (po given by 


<P o 


/: 


hdr 


J— [E- 
V m 


U{r)} - h 2 


where r m i„ is given by r = 0 in the energy equation, or E — U(r) + 
The conservation laws give 


so that 



mh = mbVo , 




f 


bdr 

*.li _ 5! _ Sr) 

y r 2 mV q 2 


The scattering angle 8 can then be determined. 
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Let dN denote the number of particles scatterred per unit time into the 
solid angle corresponding to scattering angles 9 and 6 + dB, and n denote 
the number of particles passing through unit cross sectional area of the 
beam per unit time. The differential cross section is defined as 



n 


As the scattering angle 9 corresponds to a unique impact parameter b , we 
have 

dN — 2-rmbdb , 


i.e. 


da = 2n bdb . 


We can write the above as 

da = 2itb 


d9 = 


sin 9 


dfi , 


where dtt is the solid angle between two right circular cones of opening 
angles 8 and 8 + dO: 

dS} = 2n sin 9d9 . 


Note that ^ is known as the differential cross section per unit solid angle. 

(c) A particle moves freely before it hits the hard sphere. Because 
it cannot enter into the interior of the sphere, momentum conservation 
requires that the incidence and reflected angles are equal as shown in 
Fig. 1.51. 



Fig. 1.51. 
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Then 

b = asintpo = a sin 

Hence 

da ba . f _ fl2 
dfl 2sin0 Sm \2/ 4 

As this is independent of the scattering angle, the total scattering cross 
section is a = Air = 7ra 2 , which is equal to the geometrical cross section 
of the hard sphere. 



1078 

When displaced and released, the 2 kg mass in Fig. 1.52 oscillates on 
the frictionless horizontal surface with period 7r/6 seconds. 

(a) How large a force is necessary to displace the mas 2 cm from 
equilibrium? 

(b) If a small mass is placed on the 2 kg block and the coefficient of 
static friction between the small mass and the 2 kg block is 0.1, what is the 
maximum amplitude of oscillation before the small mass slips? 

(Assume the period is unaffected by adding the small mass.) 

( Wisconsin) 


\ * 


// / // //-'////// 

2 kg 


Fig. 1.52. 


Solution: 

Let k be the spring constant. The equation of the motion of the mass 
is 

2x + kx = 0 , 


or 


x + u> 2 x = 0 , 
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where x is the displacement of the block from its equilibrium postition, and 
u) 2 = |. The general solution is 

x = A cos(u>t + <p) . 

The period of oscillation is 



giving u> — 12 s 1 , k = 288 Nm l . If x = xq at t = 0, then <j> = 0, A = xo 
and the solution is x = xq cos(12f). 

(a) The force needed is 

f = kx = 288 x 2 x 10“ 2 = 5.76 N . 

(b) If the small mass moves together with the 2 kg block, it has the 
same acceleration as the latter, i.e. x — — 144a;o cos(12t). Let its mass be 
m. When it starts to slip, the maximum horizontal force on it just exceeds 
the static friction: 

0.1 x mg - l44mxo , 

giving 

0 98 „ o i n — 3 

x 0 = —— = 6.8 x 10 3 m . 

144 

If xo exceeds this value m will slip. Hence it gives the maximum amplitude 
for no slipping. 


1079 

Two synchronous tuning forks of identical frequency and loudness pro¬ 
duce zero net intensity at some point A. However if either one is sounded 
alone, a loudness / is heard at A. Explain in detail, as to a sophomore, 
what became of the law of conservation of energy. 

( Wisconsin ) 

Solution: 

Let si and S 2 be the distances between a point in space and the two 
tuning forks. Each of the forks alone produces oscillations at this point 
represented by 
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2/1 = h sin [u> (/ - ^-) , 

and 

2/2 = ^2 sin jo; (t - , 

where c is the speed of sound. 

If Si and s 2 are both much larger than the distance between the two 
forks, we can regard I\ and / 2 as approximately the same, i.e. Ji « / 2 w 7 0 . 
Then the resultant oscillation is 

V = V\ + Vi = h |sin ^) j + sin [u/(t - ^ j } 


= 2/q sin 



Si + s 2 \ 

2c A 



Hence y — 0 if 


^(s 2 - St) 
2c 


(2n+l)|, 


n = 0,1,2,... . 


Thus the resultant oscillation is zero at points where s 2 - Si is some odd 
multiple of A/2. This does not violate the law of conservation of energy 
as is evident when we consider the energy stored in the whole wave field. 
Although the amplitude and energy of oscillation are zero at the nodes, at 
the antinodes, the amplitude of oscillation is twice and the energy is four 
times that of the individual value. Detailed calculations will demonstrate 
that the energy of the resultant oscillation is equal to the sum of that of 
the individual oscillations. 


1080 

A mass m moves in a plane in uniform circular motion with angular 
frequency ui. The centripetal force is provided by a spring whose force 
constant is K (ignore gravity). A very small radial impulse is given to the 
mass. Find the frequency of the resulting radial oscillation. 


( Wisconsin ) 
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Solution: 

In polar coordinates the equations of motion for the mass are 

m(r — r6 2 ) = —K(r — ro) , 
m(r6 + 2 rd) = 0 . 

The second equation gives 

r 2 0 = const. 


Let R be the radius of the uniform circular motion of the mass. We have 

mRj 2 = K(R - r 0 ), r 2 0 = R 2 u> . 

Let r' = r — JR for departure from uniform circular motion. The radial 
equation can be written as 

.. r 4 e 2 R a lj 2 K, , , n 

r-r- = r - - - --- - p - z =-(r + R - r 0 ) . 

r 3 (R + r’) 6 m 


If the radial impulse is very small, r' <C R and the above becomes 

Kr' K(R - r 0 ) 


r 1 -Ru 2 


(>-*)- 


m 


m 


r' + ^3w 2 + r' — 0 . 

It follows that the frequency of radial oscillation is u>' — 3u> 2 + ~. 


1081 

A particle of mass m moves under the action of a restoring force —Kx 
and a resisting force —Rv, where x is the displacement from equilibrium 
and v is the particle’s velocity. For fixed K and arbitrary initial conditions, 
find the value of R = R c giving the most rapid approach to equilibrium. 
Is it possible to pick initial conditions (other than x = v = 0) so that the 
approach is more rapid for R> R c and R < R c ? Explain. 


( Wisconsin) 
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Solution: 

The equation of motion is mx + Rx + Kx — 0. Assume x = Ae at , we 
obtain the indicial equation ma 2 f Ra + K = 0, giving 

-R±y/R? -AKm 


In general, if R — R c = 2 \jKm (critical damping), the mass approaches 
equilibrium most rapidly. However, if R > R c , the mass may approach 
equilibrium even more rapidly under certain particular conditions. For 
now the general solution is 


x = A exp 


-R + y/R 2 -4Km\ 


2m 


) 


t + B exp 


-R - VR 2 — AKm 
2m 


We can choose initial conditions so that A = 0. Then the remaining term 
has a damping coefficient 

R + s/W- AKm R + y/R 2 - R 2 R^ 
a ~ 2m 2 m 2m 


so that approach to equilibrium is even faster than for critical damping. 
If R < R C) we have 

-R±iy/R 2 -R 2 

2m 

so that the general solution is 



Then the approach to equilibrium is oscillatory with a damping coefficient 


R Rc^ 

2m 2m 

The approach is always slower than for critical damping. 
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1082 

A freely running motor rests on a thick rubber pad to reduce vibration 
(Fig. 1.53). The motor sinks 10 cm into the pad. Estimate the rotational 
speed (revolutions per minute, i.e. RPM) at which the motor will exhibit 
the largest vertical vibration. 

( UC, Berkeley) 



Fig. 1.53. 


Solution: 

Let the elastic coefficient of the rubber pad be k. Then kx = mg, where 
m is the mass of the motor. As x = 0.1 m, £ = £ = 98 s -2 . Then the 

7 m x 

natural frequency of the system is 


w 


= \ = 9.9 s" 1 . 

V m 


Hence when the motor is rotating at a rate 
ui _ 60 x 9.9 

27T 27T 


= 94.5 RPM 


resonance will take place and the motor will exhibit the largest vertical 
vibration. 


1083 

A car is traveling in the ^-direction and maintains constant horizontal 
speed v. The car goes over a bump whose shape is described by yo = 
A[ 1 — cos(7tx/<)] for 0 < x < 21; y 0 = 0 otherwise (Fig. 1.54). Determine 
the motion of the center of mass of the car while passing over the bump. 
Represent the car as a mass m attached to a massless spring of relaxed 
length Iq and spring constant k. Ignore friction and assume that the spring 
is vertical at all times. 


(MIT) 



132 


Problems & Solutions on Mechanics 


y 



Fig. 1.54. 


Solution: 

Let the location of the mass at time t be (x, y). Choose the origin so 
that x(0) = 0. Then x(t) = vt. The equation of the motion of the mass in 
the y-direction is 


my = —k(y - y 0 - l 0 ) - mg 

Putting Y = y — A — l 0 + mg/k, we can write the above equation as 

mY + kY = —kAcos 

This equation describes the motion of a driven harmonic oscillator. Trying 
a particular solution of the form Y = Bcos( 2 y i ), we find 

( 7TV \ ^ 

— J + kB — —kA , 



i.e. 


B = 


kl 2 A 

mTt 2 v 2 — kl 2 


Hence, the general solution of the equation of motion for the mass is 


y — C\ cos(w<) + C 2 sin(wt) 4- B cos 



+ A + 1 



with U) = 

The initial conditions are y(0) = lo — mg/k, y(0) = 0, giving C 2 = 0, 
Ci = —(B -f- A) = mir 2 v 2 A/(kl 2 — mir 2 v 2 ). Therefore the motion of the 
center of mass of the car is described by 
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y(t) = Ci cos(cj t) + B cos 



+ A -f- J 



with uj = 



mir 2 v 2 A d _ kl 2 A 

mn 2 v 2 —kl 2 ’ mir 2 v 2 — fci 2 ’ 


1084 

A thin ring of mass M and radius r lies flat on a frictionless table. 
It is constrained by two extended identical springs with relaxed length Iq 
(Jo > r) and spring constant k as shown in Fig. 1.55. 

(a) What are the normal modes of small oscillations and their frequen¬ 
cies? 

(b) What qualitative changes in the motion would occur if the relaxed 
lengths of the springs were 2Jo? 

(MIT) 



Solution: 

(a) As Jo > r, any rotation of the ring will cause a negligible change of 
length in the springs, any elastic force so arising is also negligible. Newton’s 
second law then gives 


Mx = ~k[y/(2lo + x)2 + y 2 - Jo] 
+ kW(2l 0 - xY + y 2 - J 0 ] 
My = -fctv^Jo +x) 2 + y 2 - J 0 ] 
- kW(2l 0 - x) 2 +y 2 - Jo] 


2Jq + x 

y/(2 1 0 + X) 2 

+ y 2 

2lo x 


s/ (2J 0 - x) 2 

+ y 2 

y 


\/(2 J 0 + x) 2 

+ y 2 

y 


V(2lo - x) 2 

+ y 2 
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where x, y give the displacement of the center of the ring from the equi¬ 
librium position. Neglecting terms higher than the first order in the small 
quantities x , y, we have 

'J (2/fl ± x) 2 + y 2 ss ij 4 1% ± 4 l 0 x w 2 1 0 ^1 ± — ^ « 2/ 0 ± x . 

The above equations then become 


mx — —2kx , 
my = -ky , 


with solutions 

x — A x cos(u > x t + ip x ) , 

y — Ay COS (ujyt + tp y ) , 

where u> x = u) y = \J^, and the constants A x , A y , tp x , <p y are 

determined by the initial conditions. These are the two normal modes of 
small oscillations. 

(b) With the relaxed length increased to 2 1 0 , during the motion, one 
spring is extended while the other compressed. The latter will exert an 
elastic force on the ring opposite to that when extended. Assuming that the 
spring constant is the same for compression as for extension, the equations 
of motion are now 


Mx = -k[y/(2lo + x) 2 + y 2 - 2lo] 


- k[y/(2lo - x) 2 I y 2 - 2Z 0 ] 
« — 2 kx , 

My = -k[y/ (2l 0 + x) 2 + y 2 - 21 0 \ 
+ k[^(2l 0 - x) 2 T y 2 - 2/ 0 ] 


21q -f x 

\/ (21q + x) 2 

+ y 2 

2lo — x 


y/Wo ~ x) 2 

+ y 2 

y 


\J (2/o + x) 2 

+ y 2 

y 


V(2/ 0 - x) 2 

+ y 2 


kxy 
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retaining only the lowest order terms in the small qualities x, y. It can be 
seen that the motion of the ring in the ^-direction is similar to that in part 

(a) while the motion in the ^-direction, though quite complicated, is of a 
higher order. 


1085 

Two particles are connected by a spring of spring constant K and zero 
equilibrium length. Each particle has mass m and positive charge q. A 
constant horizontal electric field E = Eo i is applied. Take into account 
the particles’ Coulomb interaction but neglect magnetic effects, radiation, 
relativistic effects, etc. Assume the particles do not collide. 

(a) If the particles slide along a frictionless straight wire in the x 
direction and the distance d between them is constant, find d. 

(b) Find the acceleration of the center of mass in (a). 

(c) In (a), suppose the distance d(t) undergoes small oscillations around 
the equilibrium value you found. What is the frequency? 

(d) Suppose the particles slide along a horizontal frictionless table 
instead of the wire. Find the general solution of the equations of motion. 
You may leave your answer in terms of integrals. 

(MIT) 

Solution: 

(a) Considering the forces on the two particles as shown in Fig. 1.56, 
we obtain the equations of motion 


qE + k(x 2 — *i ) - F c = mil , 
qE + k(x i - x 2 ) + F c = mx 2 , 

where F c is the mutual Coulomb force between the particles 


( 1 ) 

( 2 ) 


F c = 


1 


47T£o (X 2 -Xi) 2 

As x 2 — xi = d, a constant, x 2 — X\. Subtracting (2) from (1), we obtain 

2 q 2 


47T£o d 2 


2 kd = 2 F c = 
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Fig. 1.56. 


Fig. 1.57. 


or 


d = 


M iY ' 3 

\47T£ 0 k ) 


(b) Adding (1) and (2) we have 


2 qE = m{x\ + x 2 ) , 


or 


qrj 

Xo = — 
m 


where x 0 = ^(x\ + x 2 ) is the center of mass of the system. 


(c) Subtracting (1) from (2) we obtain 

(T* 

m{x 2 - xi) + 2fe(a; 2 - ii) = r- ^ ■ 

2n£o{x2-xi) 2 

Putting x 2 — x\ = d + Ad, where Ad <C d, the above becomes 


m(Ad) + 2 k(d + A d) 


27T£o(d + Ad) 2 ’ 


where Ad = —^. As d 3 = and Ad -C d, the above can be written 

as 

mAd 4- 6kAd = 0 

by retaining only the first order terms in It follows that the angular 
frequency of small oscillations is 


w = 
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(d) With ri,r 2 and 6 as defined in Fig. 1.57, we can write the equations 
of the two-dimensional motion as 


mri = qEi + k(r 2 - iq) - F c , 
mr 2 = qEi + fc(ri - r 2 ) + F c , 


with 


Q 2 ( r 2 — ri) 

4tt 6 0 |r 2 - ri I 3 


Adding (3) and (4) we obtain 



which is equivalent to two scalar equations 

2 qE 

X\ -j- X2 — - , 

m 

V\ + V2 = o . 


(3) 

(4) 


Integration gives 

xi+x 2 = - -H C\t + C 2 , 

m 

Vi +V2 - Dit + D 2 , 


(5) 

( 6 ) 


where C\, C 2 , D j, D 2 are constants of integration. Subtracting (3) from 
(4) we obtain 

m(r 2 - ri) = 2F C - 2fc(r 2 - ri) . 


Put r 2 — ri = r and rewrite the above as 

i = i(2^- 2kr ) e '- 

In polar coordinates we have 

r = (r — r0 2 )e r + (r9 + 2 rO)ee 


so that 


giving 


r6 + 2 rd = -~^-(r 2 8) = 0 , 
r at 

r 2 0 = constant = H, say . 
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We also have 


As 


f - r9 2 


2 kr 


2n£omr 2 m 


dr .dr 1 d . , 2 . 
r =di= r i? = -2dr {r >' 


r0 2 = ^ 


H 2 


it can be written as 


d,. g 2 2f/ 2 4fcr 

x( r ) = - - 2 + —5- 

dr Tteo mr* r J m 


Integrating we obtain 


r 2 = F — 


2 kr 7 H 2 

2 


7reo mr m r 

where F is a constant. Integrating again we obtain 

dr 


f 


Jf - -g 2 _^ 

Y n£ 0 mr m 

where W is a constant. Also, as 


H 2 


= t + W 


we have 


r = \J(x 2 - xi) 2 + (j /2 - 2/i) 2 


d 


H = r 6= [(x 2 - Xl ) 2 + ( y 2 - Vv)j t 


or 


Ht + V = j[{x 2 - Xi) 2 + (j/ 2 - yi) 2 ]d 
where V is a constant. 


are to be determined from the initial conditions. 


(7) 


arc tan ( 

' yi 

~y\ V 


L \ 

, x 2 

-Xi) 


arctan ( 

' y* 

-2/i y 

, (8) 

\ 

k x 2 

-Xi) 

xi,x 2 ,yj 

and y 2 as 

functions 

’i,C 2 ,D 1 

,d 2 ,h,v, 

F and W 


1086 

A clockwork governor employs a vibrating weight on the end of a 
horizontal flywheel-driven (i.e. uniformly rotating) shaft, as shown in 



Newtonian Mechanics 


139 


Fig. 1.58. The flat spring has a spring constant K and can neither twist 
nor bend except in a direction perpendicular to its (relaxed) flat side. 
The angular velocity u) of the shaft, externally driven, gradually increases 
until a “resonance” occurs (“resonance” here means that the weight swings 
in a circular orbit). Air friction (proportional to the velocity of the 
weight) dissipates the input energy and this limits the resonance to a 
finite amplitude. You may assume the spring deviation to be so small 
that the spring is always in its linear regime. For this problem, you need 
not explicitly include the air friction. 

(a) Show that there are two different angular frequencies at which a 
“resonance” can occur. What are the frequencies? 

(b) Describe the orbit of the weight for each of the two resonant 
frequencies (i.e. draw a picture of what the problem looks like). 

(c) At the lower frequency resonance, write down an equation for the 
steady-state shaft torque as a function of u> and time. 

(d) Show that there is an upper bound on the shaft torque at the lower 
resonance. What happens if the driving clock spring yields a torque greater 
than this upper bound? 

( UC, Berkeley) 



flat spring 

X -Q) 


gravity 


Fig. 1.58. 


Solution: 

(a) When the flywheel rotates with angular velocity ui, the mass m 
undergoes three-dimensional motion. However, as the longitudinal oscilla¬ 
tion of the spring is small, we can consider the mass as not moving in the 
direction of the axis. As the spring can only bend in one direction, let r 
be the displacement of m in that direction, as shown in Fig. 1.59. The 
angular velocity is constant when “resonance” occurs and we shall consider 
the equation of the motion at resonance. 
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Fig. 1.59. 

As the elastic force is — Kr and the component of the gravitational force 
in the direction of r is mg cos (wt), we can, neglecting the air friction, write 
the equation of the motion of the vibrating weight as 

mgcos(u)t) - Kr = m(r - rui 2 ) , 


i.e. 


r + X 2 r — g cos (uit) , 


where 



m 

Trying a particular solution r = A cos(wf), we find A = xr^i- The 
homogeneous equation r + X 2 r = 0 has general solution 

r = Bcos(Xt) + Csin(At) . 

Then assuming the initial conditions r( 0) = a, r(0) = b , we obtain the 
general solution 


r — acos(Xt) + ^ sin(At) 4— 2 — [cos(Af) — cos (vt)] . (1) 

A UJ A 

A circle of radius R can be described by an equation in polar coordinates 
of the form 

r = 2RcosO . 


Equation (1) can be written in this form under certain particular conditions 
as follows. If we let A in (1) to go to zero, we shall obtain 

r = a + bt+-^( 1— cos ujt ) . 
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If we then put 

a + bt -|—r = 0 , 
ur 

we obtain the equation of a circular orbit: 

q . . 

r = — ~ cos (u>t) . 

This solution can be realized under the initial conditions a = — ^, b = 0, 
and with the angular velocity u) satisfying A = 0, or 



which is one of the resonant frequencies. 

Another resonance is obtained if we put A = u> in (1), which then 
becomes 

r = acos(u>t) H— sin(u>£) + sin(u>t) . 
u) 2u) 

The last term on the right-hand side has an amplitude which diverges as 
time goes on. However, the air friction will dissipate the input energy and 
limit the resonance to a finite amplitude. Thus this term can be set to zero 
(which can be seen by inserting a damping term -0r in the equation). We 
therefore neglect the last term and obtain 


r = a cos(wt) H— sin (ut) — A cos(wt - a) , 

LU 

which again describes a circular orbit. The corresponding resonant fre¬ 
quency is given by A = w, or 



(b) The orbits corresponding to the resonances are shown in Fig. 1.60. 
For the resonance at u/i, the initial conditions must be chosen properly. On 
the other hand, the resonance at w 2 can occur under any initial conditions 
which, however, determine the amplitude A and the angle a. w 2 is therefore 
the practical resonance frequency. 

(c) Consider the equation of the transverse motion of the mass 


F - mg sin(wf) = m(rd> + 2 wr) . 
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x 







y 


F'ig. 1.60. 

At the lower resonance, r = A c.as(ust - a), we have u> = 0, r = — uMsin(o>< — 
a), so that 

F = m[—2 Alj 2 sin(u)t — a) + gsin(wt)] , 
giving the torque as 

t — Fr — mAcos(u)t - a)[-2Ao; 2 sin(a;t - a) + <?sin(u;t)] . 

(d) There is no loss of generality in putting a = 0. Then 
r = mA (J^ ~ Au> 2 ^ sin(2ud) . 

Hence r < mA {| — Aoj 2 ) for the lower resonance. If the torque yielded by 
the driving clock spring is greater than this upper bound, u> will increase 
and the resonant state will no longer hold. 


1087 

A mass m i moves around a hole on a frictionless horizontal table. The 
mass is tied to a string which passes through the hole. A mass m 2 is tied 
to the other end of the string (Fig. 1.61). 

(a) Given the initial position Ro and velocity Vo in the plane of the 
table and the masses m\ and m 2 , find the equation that determines the 
maximum and minimum radial distances of the orbit. (Do not bother to 
solve it!) 
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Fig. 1.61. 


(b) Find the frequency of oscillation of the radius of the orbit when the 
orbit is only sightly different from circular. 

( Princeton) 

Solution: 

(a) The equations of motion of mi and m 2 are 

mi(f - r6 2 ) = -T , (1) 

mir 2 0 = Triih, ( 2 ) 

T - m 2 g = m 2 r , (3) 

where m\h is the angular momentum, a constant. Eliminating T from (1) 
and (3), we obtain 

(mi + m 2 )f - rriird 2 + m 2 g = 0 . (4) 


Equations (2) and (4) give 

. v.. m\h 2 

(mi + m 2 )r -^ 3 — = -m 2 g . (5) 

Asr = f^ = 2 ^rf the above can be readily integrated to give 

1. , ,0 Tfi\h ~ //.\ 

-(mi + m 2 )r' + = ~m 2 gr + C . (6) 

At t = 0, r = Ro, r = Vo cos <p, r0 = Vo sin <fi, so that h = RqVq sin <p, where 
(f> is the angle between Ro and Vo- Then the constant of integration C can 
be evaluated as 

C = ^[(mi 4 - m 2 )VQ cos 2 <j> + miV ^ 2 sin 2 <j>] + m 2 gR <) . 
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For r to be an extremum, r = 0, with which ( 6 ) becomes 
2m 2 gr 3 — 2Cr 2 + mi/t 2 = 0 , 

whose solution gives the maximum and minimum radial distances of r. 

(b) When the orbit of mj is circular, f = 0, and (5) gives 

h 2 = rn 2 grl 

mi 

where ro is the radius of the circular orbit. When the orbit is slightly 
different from circular, let r = ro + x, where x <C ro- Equation (5) then 
becomes 

(mi + m 2 )x - mi/i 2 /(r 0 + x) 3 — - m 2 g ■ 

As 


( 7 ) 


(r 0 + x) 3 = r 0 3 ( 1 + — I fa r n 
ro. 


1 -^) 
ro / 


the above becomes 

(mi + m 2 )x ~ m\h 2 (rQ 3 - 3xr^ 4 ) = -m 2 g ■ 
Then using (7) we have 

, ... 3m 2 qx 

(mi + m 2 )x H-= 0 . 

ro 

This shows that x oscillates simple-harmonically with frequency 

w 1 / 3m 2 g 


2i r 27 t V (mi + m 2 )ro 


1088 

(a) Consider a damped, driven harmonic oscillator (in one dimension) 
with equation of motion 

mx = ~mu>QX — 7 x + A cos (u>t) . 

What is the time-averaged rate of energy dissipation? 

(b) Consider an anharmonic oscillator with equation of motion 

mx = —mui + ax 2 + Acos(u>t) , 


where a is a small constant. 
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At time t = 0, x = 0 and x — 0 . Solve for the subsequent motion, 
including terms of first order in a. 

( Princeton ) 

Solution: 

(a) The equation of motion is the real part of 
mz -f tuljqZ + 7 z = Ae lui ■ 


For the steady-state solution we try z = zoe lu>t . Substitution gives 


zo 


A 

m(u)l - u> 2 ) + i'yu) 


Be-** , 


with 


B = 


<j) ~ arctan 


70; 


— a : 2 ) 2 + 7 2 u 2 ’ ^ m ( w o _a;2 ) 

The rate of work done by the force F = Re(Ae tujt ) is 


P = ReF ■ Rez = ^(F + F*)(z + i*) 

= i(Fi + F*z* + F*z + Fz*) = i(F*i + Fz*) , 


when averaged over one period as Fz and F*z* each carries a time factor 
e ± 2 «w« w hich vanishes on integration over one period. Thus the average 
work done is 


<F) = 


iwAB 


4 

wAB B 


(g-W- _ e w>) _ 

7 w 2 B 2 


2 A 


70; = 


uAB . 

iu ) 2 A 2 

2[m 2 (wo - w 2 ) + 7 2 u> 2 ] 


In steady state, this is equal to the rate of energy dissipation of the 
oscillator, which is given by the work done against the dissipative term, 
i.e. 

(P ) = -f(Rez ) 2 = 7— = 7 ~ • 

As noted, the two approaches give the same result. 

(b) The equation of motion is now 


mi + mui 2 x — Acos(ujt) = ax 2 . 


(1) 
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As a is a small number, we can write the solution as 

x = x 0 + axi + a 2 X 2 + • • ■ « xq + ax i 
in first approximation, xq is the solution for a = 0 , i.e. of 
mxo + ttiwqX o = A cos (u>t) . 

A particular solution is obtained by putting xq = B' cos(uit). Substitution 
gives B' = TO ( (x ,a 4 _ ul 3 ) • The general solution of the homogeneous part of the 
equation is harmonic. Hence the complete general solution is 

xq = C cos(wot ip) + B' cos (ujt) . 

The initial condition xo = xq = 0 at t = 0 then gives ip = 0, C = — B 1 , or 
Xo = B'[cos(ui<) — cos(u;o 0 ] • 

Substituting x = x 0 + axi in ( 1 ) and neglecting powers of a higher than 
one, we have 

X 2 

„ o *^o 

Xi + Olgli « — 


B' 2 


m 


cos (ut) - cos(«o£)] 2 


jg /2 ( \ \ \ 

=-< 1 + - cos(2u;t) + - cos(2w 0 t) - cos[(w 0 - w)t] - cos[(u>o + w)t] > , 

m t 2 2 J 

or, in complex form, 


B 12 

Zi + oSqZx » - 


j I lgi2u it ^ e »2w 0 t _ gi(wo-w)( _ gi(a>o+ii>)t 

2 2 


For a particular solution try 

Z X - a + be i2wt + ce i2wot + de i{fO0 ~ u>)t + f e i(Mo+ul)t _ 
Substitution gives 

B 12 . B 12 B' 2 


rnwr. 


d = 


b = 


B 12 


m(w 2 — 2umjJq) ’ 


2to(u;q — 4u> 2 ) ’ 
/ = 


c = 


B 12 


6mu>o ’ 


m(u> 2 + 2wu>o) 


( 2 ) 
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The general solution of ( 1 ), to first order in a, is then 


x = xq + atxi 
— B'[cos (cot) — cos(wof)] 

4- a{.D cos(o>ot + 9) + a + 6 cos( 2 w<) + ccos(2wot) 
+ dcos[(<A>o - w)t] + /cos[(u;o + a;)t]} . 


The initial conditions £ = ± = 0att = 0 then give 0 = 0 and 
n , L J „ 10 B n (wl-w 2 f 

D — ~( a + b + C + d + f) — - 2 . 2 —277 2- A —5T • 

3mo>o(w 2 — 4uJq)(u)q — 4w 2 ) 

Hence the motion of the anharmonic oscillator is described approximately 

by 

10qm4 2 cos(u;ot) a^4 2 


,A[cos(a;t) — cos(o;ot)] 
x «-m^-h 


x{-i 

IW( 


m( — uj 2 ) 

cos( 2 wt) 


+ 


3m 3 o; 2 (a; 2 — 4a;^) (uIq — 4a; 2 ) m 3 (a; 2 — a; 2 ) 


+ 


cos( 2 a;o t) cos[(w 0 - ui)t] cos[(a;o + u)t] 


l 2(o;q — 4w 2 ) 


6 ^o 


+ 


a; 2 — 2a;a;o 


+ 


u) 2 + 2 wujo 


)■ 


1089 

It is well known that if you drill a small tunnel through the solid, 
non-rotating earth of uniform density from Buffalo through the earth’s 
center and to Olaffub on the other side, and drop a small stone into the 
hole, it will be seen at Olaffub after a time T\ = where o;o is a constant. 
Now, instead of just dropping the stone, you throw it into the hole with an 
initial velocity t>o. How big should v$ be, so that it now appears at Olaffub 
after a time T 2 = 7i/2? Your answer should be given in terms of o;o and 
R, the radius of the earth. 

(Princeton) 

Solution: 


Let r be the distance of the stone, of mass m, from the center of the 
earth. The gravitational force on it is F = - Gm £ r p = -oj 2 mr, where 

cl>o = y ^ 5 ^, p being the density of the uniform earth. The equation of 
the motion of the stone is then 



148 


Problems & Solutions on Mechanics 


r = -LJ%r . 

Thus the stone executes simple harmonic motion with a period T = —. 

Then if the stone starts from rest at Buffalo, it will reach Olaffub after a 

time T\ — ? = —. 

1 2 u>o 

The solution of the equation of motion is 


r = A cos(c ut + ip) . 


Suppose now the stone starts at r = R with initial velocity r = —vq. We 
have 

R = A cos ip, —vq = — Auto sin tp , 


giving 


/ vq 


w = arctan I j , 

\Rit) o J y 

To reach Olaffub at t = Q = 5 ^, we require 


A = \ R 2 + 


( 5 )‘ 


~ R = \ R2 + (S) cos (I + v ) = “v KS + (S) si ° v - 


As sin 2 p + cos 2 <p — 1 , we have 

R 2 


R 2 




= 1, 


giving 


u 0 = -R^o • 


1090 

(a) A particle of mass m moves under a conservative force with potential 
energy V(x) = cx/(x 2 +a 2 ), where c and a are positive constants. Find the 
position of stable equilibrium and the period of small oscillations about it. 

(b) If the particle starts from this point with velocity v, find the range 
of values of v for which it (1) oscillates, (2) escapes to — 00 , (3) escapes to 
+ 00 . 


(Princeton) 
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Solution: 

(a) At the equilibrium position, F = —dV/dx = 0, i.e. 

dV _ c(a 2 - x 2 ) 
dx ( x 2 + a 2 ) 2 

Thus there are two equilibrium positions, x\ — a, x-i = —a. Consider 


We have 


d 2 V 2cx(x 2 — 3a 2 ) 

dx 2 ( x 2 + a 2 ) 3 


d 2 V 
dx 2 


< 0 , 


d 2 C 

<£r 2 


> 0 . 


It follows that X\ is a position of unstable equilibrium and X 2 is a position 
of stable equilibrium. 

For small oscillations about the position of stable equilibrium, let x = 
—a + x', where x' a. Then the equation of motion becomes 


_d 2 x' cx'(2a — x') ~ ex’ 

m = ~ {(x 1 — a) 2 + a 2 } 2 ~ _ 2a 3 ' 


Hence the period of small oscillations about x = — a is 


T — 


2n 


U) 


2 ma 3 „ I2ma 

2 ir\/-= 27ra\ 


(b) The total energy of the particle is 

_ mv 2 . mv 2 c 

(1) For the particle to be confined in a region, we require E < 0, i.e. 


v < 



(2) As E = + V(x), for the particle to reach x = —oo, we require 

E > V(-oo) = 0, i.e. 
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(3) To escape to Too, the particle must pass through the point x 2 = +a 
at which the potential energy is maximum. Hence we require E > V(a) = 



1091 

A 3-4-5 inclined plane is fixed to a rotating turntable. A block rests on 
the inclined plane and the coefficient of static friction between the inclined 
plane and the block is g e — 1/4. The block is to remain at a position 
40 cm from the center of rotation of the turntable (see Fig. 1.62). Find the 
minimum angular velocity u to keep the block from sliding down the plane 
(toward the center). 

(SUNY, Buffalo) 



Fig. 1.62. Fig. 1.63. 


Solution: 

As shown in Fig. 1.63, the forces acting on the block me the gravitational 
force mg, the normal reaction N, the static friction f, and the centrifugal 
force with f = g s N, P = mu) 2 r. Thus the conditions for equilibrium are 

mg sin 9 = Pcos6 + g s N , 

N = mg cos 9 + P sin 6 . 

Hence 

mg sin 9 = P cos 6 + g s tng cos 9 + (i s P sin 9 , 
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giving 


or 


u> 


2 


i.e. 


P = 


/ sin 6 — fi s cos 6 \ 

\ cos 9 + fi s sin 9 ) m ^ 


moj 2 r 


/ sin# - ji s cos6 \ Q = ( | ~ j ' ^8 

\cos9 +fj, B sm9j r V| + | f/ 0.4 


ui = 3.2 rad/s . 


1092 

A mass m hangs in equilibrium by a spring which exerts a force F = 
—K(x — l), where x is the length of the spring and l is its length when 
relaxed. At t = 0 the point of support to which the upper end of the spring 
is attached begins to oscillate sinusoidally up and down with amplitude A, 
angular frequency u as shown in Fig. 1.64. Set up and solve the equation 
of motion for x(t). 

(SUNY, Buffalo) 



Fig. 1.64. 


Solution: 

Take the upper end of the spring, P, as the origin of the x coordinate 
of the mass m. At t = 0, P starts to oscillate sinusoidally, so the distance 
of P from the fixed support is Asin(wt). Then the mass m has equation of 
motion 

d 2 



152 


Problems & Solutions on Mechanics 


Let = o = m' The above can be written as 

y + u 2 y = uj 2 Asin(uit) . 

Try a particular solution y = B sin(u>t). Substitution gives 

lj 2 A 


B = 


— u 2 


Hence the general solution is 


u; 2 Asin(u>t) 

y — Ccos{ujQt) + Dsm(LJot) H-~ 

LdZ — LU* 


Using the initial condition 


mg = K(x — l), i.e. x = +1 , or y = 0 

A 


and y = 0, we have 


C = 0, D = 


u> 3 A 


W 0 (Wq - Ll > 2 ) 


and hence 


x(t) 


u) 2 A 
ujZ — u > 2 


w 


sin(u;t) - ■— sin(wof) 
U)q 


mg 


1093 

A block of mass m slides without friction on an inclined plane of mass 
M which in turn is free to slide without friction on a horizontal table 
(Fig. 1.65). Write sufficient equations to find the motion of the block and 
the inclined plane. You do not need to solve these equations. 

( Wisconsin ) 

Solution: 

As shown in Fig. 1.65, let x,y be a coordinate frame attached to 
the inclined plane, whose horizontal coordinate in the laboratory frame 
is denoted by X. The forces on the block and the inclined plane are as 
shown in the diagram. 



Newtonian Mechanics 


153 



We have for the inclined plane 

MX = iVsine* , 

for the motion of the block along the x direction 

m(x + X cos a) = —m^sina , 
and for the motion of the block along the y direction 
—mX sin a — N — mg cos a . 

These three equations for the three unknowns N, x and X can be solved to 
find the motion of the system. 


1094 

A merry-go-round (carousel) starts from rest and accelerates with a 
constant angular acceleration of 0.02 revolution per second per second. A 
woman sitting on a chair 6 meters from the axis of revolution holds a 2 kg 
ball (see Fig. 1.66). Calculate the magnitude and direction of the force 
she must exert to hold the ball 5 seconds after the merry-go-round begins 
to rotate. Specify the direction with respect to the radius of the chair on 
which she is sitting. 

( Wisconsin ) 

Solution: 

Consider two coordinate frames L, R with the same origin. L is fixed to 
the laboratory and R rotates with angular velocity u;. The time derivatives 
of a vector A in the two frames are related by 
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Then for a point of radius vector r from the origin we have 



we have 

( —£ ) =a' + 2 uxv' + wx(wxr) + wxr. 

\dt 2 J L 

In the rotating frame attached to the carousel, the equation of the 
motion of the ball F = m (0) then gives 

ma' = F + raw 2 r - mu x r - 2 mu x v' , 
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as o>J_r so that r x (u> x r) = — w 2 r. As the ball is held stationary with 
respect to the carousel, a' = 0, v' = 0, and 

F = -mw 2 r + trnii x r . 

For the rotating frame R, take the 2-axis along the axis of rotation and the 
rr-axis from the center toward the chair. Then 

11) = u) k, r = ri . 

The force F acting on the ball is the resultant of the holding force f exerted 
by the woman and the gravity of the earth: 


F = f — mgV. . 


Hence 


f = —mui 2 ri -(- mhrj + mgV. . 


With ui = 0.02 x 2 -tt rad/s 2 , w = 5 ui, m = 2 kg, r = 6 m, we have 


f = —4.741 + 1.51j + 19.6k N , 


of magnitude = 20.2 N. 


1095 


A planet of uniform density spins about a fixed axis with angular 
velocity ui. Due to the spin the planet’s equatorial radius Re is slightly 
larger than its polar radius Rp as described by the parameter e = (Re - 
Ep)/Re- The contribution to the gravitational potential resulting from 
this distortion is 


m,o) 


2GM e eR%P2(cos9) 
5 R? 


where 6 is the polar angle and P2(cos9 ) = 3c ° 8 - — State a reasonable 
condition for equilibrium of the planet’s surface and compute the value 
of e in terms of the parameter A = ' iL ~ K , where g is the gravitational 
acceleration. Make a numerical estimate of e for the earth. 


( Wisconsin ) 
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z 



Fig. 1.67. 


Solution: 

The forces acting on a mass element Am on the surface of the planet 
are gravity, centrifugal force, and the constraint exerted by the rest of the 
planet. The condition for equilibrium of the surface is that the resultant of 
gravity and centrifugal force is perpendicular to the surface, i.e. it has no 
tangential component. 

Suppose the surface of the planet is an ellipsoid of revolution with the 
z-axis as its axis of symmetry as shown in Fig. 1.67. The line of intersection 
of the ellipsoid with the xz-plane is an ellipse: 

z — Rp cos a, x = Re sin a , 

where a is a parameter. The polar angle 9 of a point on the ellipse is given 

by 

x R B . 

tan 9 = - = —- tan a . 
z Rp 

The unit tangent r to the ellipse at this point is 

r oc i dx + k dz = (i^- + k-^') da 
\ da da J 

— (i Re cos a — k Rp sin a)da = C °^ a (iR% — k R 2 P tan 6)da . 

Re 

The centrifugal force fi on Am is 


fi = iA mRw 2 sin 6 
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and the gravitational force on it is 

'GM e Am . 2GM e eR%Am 


fo = -VV = V 


R 


+ 


5 R 3 


P 2 (cos#) 


. . 1 6ePi 6GM e eR 2 F Am . . . 

= GM f Am I - - f r^pP2(cos#) j e r --sin#cos#e<j 


As 


e r = i sin # + k cos # , 
eg = icos# - ksin# , 


f 2 = GM e Am 
+ GM e Am 
= GM e Am ^ i 

+ k 


sin# 6 eR 2 F . 6 eR 2 p . . 7n 

~R? -5 R4 ~ Sm ° F2 ( cos6 ^ _ " 5 sindcos 6 

r cos 9 6eR? . _ , ., 6e/?f. . 2 

-^2“ ~ cos#P 2 (cos#) + sin 2 9 cos# 




“S 2 ~ 6 (^ cos2 ^ _ £ +eos 2 # 


sin# 


1 u ( 3 2 

“]p “M ~ cos 


# — i — sin 2 #^ cos#| , 


with 6 = 6eP|./5.R 4 . 

The condition for equilibrium of the surface is 


(fx + f 3 ) • r = 0 , 


which gives for R tv Rp » Re 

R%w 2 sin # - R 2 E bGM e sin # « 0 . 

Hence 

_ bR%b _ 5R 3 e u 2 _ 5H g ui 2 _ 5A 
6 6GM e 6 <? 6 

as <7 = For earth, /?£ — 6378 x 10 3 m, w = 24 x3 600 rad/s, <7 = 

9.8 m/s 2 , we have 

e w 2.9 x 1(T 3 . 
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1096 

A satellite moves in a circular orbit around the earth. Inside, an 
astronaut takes a small object and lowers it a distance Ar from the center 
of mass of the satellite towards the earth. If the object is released from rest 
(as seen by the astronaut), describe the subsequent motion as seen by the 
astronaut in the satellite’s frame of reference. 

( Wisconsin ) 

Solution: 

The satellite revolves around the earth with an angular velocity u. We 
assume that one side of the satellite always faces the earth, i.e. its spin 
angular velocity is also u>. Choose a coordinate frame attached to the 
satellite such that the origin is at the center of mass of the satellite and the 
center of the earth is on the y-axis as shown in Fig. 1.68, where R is the 
distance of the satellite from the center of the earth. 




UJ 




Fig. 1.68. 


The equation of the motion of the small object of mass m in the satellite 
frame is given by (Problem 1094) 

F = mr + mu> x (u> x r) + 2mw x r + mu> x r 
= mr — mw 2 r + 2mw x r , 

since u) = 0, <x> ■ r = 0. Thus 

mr = F + mu 2 r — 2mu> x r . 

In the above, F is the gravitational force exerted by the earth: 
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F = 


GMm 

IR-rj 3 


(R-r) 


GMm (R-r) 

* 3 ( l -^) 3 


GMm 

R? 



~ r) 


GMm GMm 3GMmy 

^ R3 ^ r jp e y ’ 


where mw 2 r is the centrifugal force and 


—2 mui x r = —2 mu)e z x (ire* + ye y + ze z ) 
= -2 mu)(xe y - ye x ) 


is the Coriolis force. 

As initially, r = A re y , and all the forces are in the xj/-plane, the object 
always moves in this plane. Then r = xe x + ye y . If the satellite has mass 
rn', we have 


GMm’ 

R 2 


m’Ru) 2 , 


or u 2 = . Then the second term of F cancels out the centrifugal force. 

The first term of F acts on the satellite as a whole and is of no interest to 
us. Hence the equation of motion becomes 


xe x + ye y = 3 oj 2 ye y - 2 uj(xe y - ye x ) 


or, in component form, 


y = 3 ui 2 y — 2u)x , 
x — 2 ujy , 


( 1 ) 

( 2 ) 


Integrating (2) and making use of the initial conditions x = 0, y = Ar at 
t = 0, we find 

x = 2 ui(y — A r) . (3) 

Substitution in (1) gives 

y = —u) 2 y + 4a; 2 Ar , 


whose general solution is y — Acos(u>t ) + Rsin(u;t) + 4Ar, A,B being 
constants. With the initial conditions y = Ar, y = 0 at t — 0, we find 


y = —3Ar cos(u;i) + 4Ar . 
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Equation (3) now becomes 

x = 6wAr[l — cos(oit)] . 

Integrating and applying the initial condition x = 0 at t = 0, we obtain 

x = 6A r[wt — sin(o;f)] , 

Hence, the subsequent motion as seen by the astronaut in the satellite’s 
frame of reference is described by 

x = 6Ar[a>f - sin(uit)] , 
y = Ar[4 — 3 cos(u;t)] . 


1097 

Consider a hoop of radius a in a vertical plane rotating with angular 
velocity u> about a vertical diameter. Consider a bead of mass m which 
slides without friction on the hoop as indicated in Fig. 1.69. 


1 



Fig. 1.69. 


(a) Under what specific condition will the equilibrium of the bead at 
6 = 0 be stable? 

(b) Find another value of 6 for which, in certain circumstances, the bead 
will be in stable equilibrium. Indicate the values of u> for which this stable 
equilibrium takes place. 
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(c) Explain your answer with the aid of appropriate graphs of the 
potential energy versus 9 as measured in the rotating frame. 

( Wisconsin) 

Solution: 

Consider a coordinate frame (r, 6) attached to the hoop and use the 
derivation in Problem 1094. As u is constant, we have in the rotating 
frame 

g = r-)-2wxr + ux(uxr). 

As 


g = -ge z = g cos 9e r - g sin 9eg , 
r = -a0 2 e r + aOeg 
u> = uje z = —ui cos 6e r + u> sin 6eg , 
t = ae r , 

we have the equation of the motion of the bead in the e e direction in the 
rotating frame as 

a8 = ~g sin 6 4- aw 2 sin 6 cos 0 . (1) 

To find the equilibrium positions, let 9 = 0. The above then gives, for 
equilibrium, 6 = 0 and cos 9 = ^. 

(a) When 6 is in the neighborhood of zero, 

9 2 

sin 9 « 9, cos 9 « 1-. 

2 

We can approximate (1) to 

$($■ -oj 2 )9 = 0 if 9 --u 2 ± 0, 

\a / a 

0 + ~9 3 = 0 if - ~ u 2 = 0 . 

2 a 

It is evident that if and only if w 2 < g/a, in which case the resultant force 
acting on the bead is always directed toward the equilibrium position, will 
the equilibrium of the bead at 9 = 0 be stable. 

(b) The other value of 6 for which the bead will be in equilibrium is 
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Let # = $o + 69, where 89 #q. Then 


sin# = sin(#o + 69) « sin#o + cos#o<5# , 
cos 9 = cos(#o + 89) ~ cos # 0 — sin #{,6# . 


Substitution in (1) gives 

d 2 69 
dt 2 


+ 1 - 


te 2 ## = 0 


Hence the condition of stable equilibrium is 


1 - 


> 0, 


or 


u) > 


(c) The potential energy of the bead in the rotating frame consists of 
two parts, i.e. gravitational potential energy V) and centrifugal potential 
energy V 2 , given by 

dVi 
dz 


i.e. 


i.e. 


Thus 


-mg , 


V\ = mgz = mga( 1 - cos#) , 

dV 2 _ 2 

dr mr0J ’ 


V 2 = — - mu> 2 r 2 — —\ma 2 u: 2 sin 2 # . 
2 2 


V = Vi +V 2 = mga( 1 — cos#) - -ma 2 u 2 sin 2 # 
The two equilibrium positions are given by ^ = 0: 


sin# = 0, 
cos # = , 

did* 


or 

or 


0 = 0 , 


# 


= arccos 



Figures 1.70 (a), (b), and (c) are the graphs of the potential energy versus # 
as measured in the rotating frame for u> < \Jg/a , u> = yjg/a and u> > y/g/a 
respectively. 
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(a) (b) (c) 

Fig. 1.70. 


The potential energy V must be a minimum for the equilibrium to be 
stable. This is the case for 9 = 0 in Figs, (a) and (b) and for 9 = arccosf ) 
in Fig. (c). The point 6 — 0 in Fig. (c) is an equilibrium position but the 
equilibrium is unstable as V is a maximum there. 


1098 

A perfectly smooth horizontal disk is rotating with an angular velocity 
ui about a vertical axis passing through its center. A person on the disk at 
a distance R from the origin gives a perfectly smooth coin (negligible size) 
of mass m a push toward the origin. This push gives it an initial velocity V 
relative to the disk. Show that the motion for a time t, which is such that 
(a it) 2 is neglegible, appears to the person on the disk to be a parabola, and 
give the equation of the parabola. 

( Wisconsin ) 

Solution: 

Use a Cartesian coordinate frame attached to the disk such that the 
2-axis is along the axis of rotation and the x-axis is opposite to the initial 
velocity V of the coin, both x, y- axis being on the plane of the disk. In this 
rotating frame, we have (Problem 1094), 

mdv mdu} . , 

— - = F - xr — nuj x (u> x r) — 2mw x v . 
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As there is no horizontal force on the coin after the initial push and u> = cuk, 
u = 0 , the above gives 

x = u 2 x + 2 uy , (1) 

y = u 2 y — 2ux . (2) 

Let z = x iy. Then (1) + (2) x i gives 

z + 2iuz — u 2 z = 0 . (3) 

With z = e 7 *, we have the characteristic equation 

7 2 + 2iury — cu 2 = (7 + iu) 2 = 0 . 

This has a double root 7 = —iu, so that the general solution of (3) is 

z = (A + iB)e-'“ l + [C + iD)te~ iwt . 

The initial conditions are x — R, y = 0, x = -V, y = 0, or z = R, z = —V, 
at t = 0 , which give 

R — A -f- iB, —V = uB T C ■+■ i(D — c oA] , 

or 

A = R, B = 0, C = -V, D = uR . 

Hence 

z = [(R- Vt) + iRut}e~ iwt , 

or 


x = (R - Vt)cos(ut) + Rut sin(cut) , 
y = -(R - VTJsin^t) + Rut cos(ut) . 

Neglecting the (cut) 2 terms, the above become 

x « R - Vt , 

y Rs —(R— Vt)ut + Rut = Vut 2 . 

Hence the trajectory is approximately a parabola y = y(R — x) 2 . 
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1099 

A body is dropped from rest at a height h above the surface of the earth 
and at a latitude 40°N. For h = 100 m, calculate the lateral displacement 
of the point of impact due to the Coriolis force. 

( Columbia ) 

Solution: 

If the body has mass m, in the rotating frame of the earth, a Coriolis 
force —2 raw x r is seen to act on the body. We choose a frame with origin at 
the point on the earth’s surface below the starting point of the body, with 
z-axis pointing south, y-axis pointing east and 2 -axis pointing vertically up 
(Fig. 1.71). Then the equation of the motion of the body in the earth frame 
is 


mr = — myk — 2 mw x r 


= -myk - 2m 


i 

-u> cos 40° 
x 


j 

0 

y 


k 

u) sin 40° 

i 



Fig. 1.71. 


From the above, expressions for x, y and z, can be obtained, which are 
readily integrated to give x, y and i. These results are then used in the 
expressions for x, y and z. As the time of the drop of the body is short 
compared with the period of rotation of the earth, we can ignore terms of 
order u> 2 and write the following: 
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x = 0 , 

y = 2<?fu>cos40° , 

z = -9 • 

Integrating the above twice and using the initial conditions, we obtain 


x = 0 , 


y = -gt 2 uj cos 40° , 


2 



The last equation gives the time of arrival of the body at the earth’s surface 
2 = 0 : 



Then the lateral displacement of the body at impact is 



8 h 3 


u) cos 40° = 0.017 m . 


1100 

(a) What are the magnitude and direction of the deflection caused by 
the earth’s rotation to the bob of a plumb-line hung from the top to the 
bottom of the Sather Tower (Cornpanile). 

(b) What is the point of impact of a body dropped from the top? 
Assume that Berkeley is situated at 6° north latitude and that the 

tower is L meters tall. Give numerical values for (a) and (b) based on your 
estimates of L and 8. 

( Columbia ) 

Solution: 

(a) In Fig. 1.72, F e is the fictitious centrifugal force, a is the angle that 
mg, the apparent gravity, makes with the direction pointing to the center 
of the earth. The gravity mgo for a non-rotating earth is related to the 
above quantities by 


mg = mgo + F e . 
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Fig. 1.72. 


Then by the force triangle, we have 

F e _ mg 
sin a sin 9 


or 

F c sin0 mRu 2 cos 9 sin 9 Rw 2 sin29 

sin a = -=-=- 

mg mg 2 g 


Hence the magnitude of the deflection of the bob is 


La = L arcsin 



(b) The lateral displacement of a body falling from rest at height L in 
the northern hemisphere due to the Coriolis force is to the east and has 
magnitude (Problem 1099) 


1 8 L 3 


bJ cos 9 . 


1101 

Under especially favorable conditions, an ocean current circulating 
counter-clockwise when viewed from directly overhead was discovered in a 
well-isolated layer beneath the surface. The period of rotation was 14 hours. 
At what latitude and in which hemisphere was the current detected? 

( Columbia ) 
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Solution: 

We choose a coordinate frame attached to the earth with origin at the 
point on the earth’s surface where the ocean current is, a;-axis pointing 
south, y -axis pointing east and 2 -axis pointing vertically upward. The cir¬ 
culation in the ocean is due to the Coriolis force which causes an additional 
acceleration (Problem 1094) 


a = —2w x v , 

where u> = u> cos 9\ + w sin 9k is the earth’s rotational angular velocity, 9 is 
the latitude, and v is the velocity of ocean current. Thus 

k 

sin 9 
0 

The horizontal component of the acceleration which affects the circulation 
of the ocean current is 


a = —2 w 


i J 

cos 9 0 

V- V. 


y 


a h = -2u)sin9(-v y i + v x j) = -2u> z k x v . 


As a h is always normal to v, it does not change the magnitude of the latter 
but only its direction. It causes the current to circulate in a circular path. 
Let U be the angular velocity of the circular motion. Then 


V 

la# | = 2uwsin# = — = vQ , 
r 

where r is the radius of the circular path. Hence 


sin# 


n 

2o> 


2tt 24 _ 6 
14 ' 4^ ~ 7 ’ 


or 


9 = 59° . 


If the ocean current is on the northern hemisphere, u z k points toward 
the north pole and a fj always points to the right of the velocity v. This 
makes v turn right and gives rise to clockwise circulation. In a similar 
way, in the southern hemisphere, the Coriolis force causes counter-clockwise 
circulation. Hence the circulating ocean current was detected at a latitude 
of 59°S. 
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1102 

A small celestial object, held together only by its self-gravitation, can be 
disrupted by the tidal forces produced by another massive body, if it comes 
near enough to that body. For an object of diameter 1 km and density 
2 g/cm 3 , find the critical distance from the earth (Roche limit). 

( UC , Berkeley ) 


Solution: 

Suppose the earth is fixed in space and the small celestial object orbits 
around it at a distance l away as shown in Fig. 1.73. Let M be the mass 
of the earth, m the mass and p the density of the small celestial object. 
Consider a unit mass of the object on the line OC at distance x from C. 
We have from the balance of forces on it 


(i l — x)u 2 = 


GM 
(l - x ) 2 


G(l)nx 3 p 


We also have for the celestial body 


mlJ 1 


GMm 


which gives u> 2 to be used in the above. Then as f <C 1, retaining only the 
lowest order in f, we have 


l = 



With M = 6 x 10 27 g, p = 2 g/cm 3 , we find 


l = 1.29 x 10 9 cm = 1.29 x 10 4 km . 


If l is less than this value, the earth’s attraction becomes too large for 
the unit mass to be held by the celestial body and disruption of the latter 
occurs. 

If the unit mass is located to the right of C on the extended line of OC, 
x is negative but the above conclusion still holds true. We may also consider 
a unit mass located off the line OC such as the point P in Fig. 1.74. We 
now have 

( l~ x) 2 +y 2 cos6 ~ z”pGVx 2 + y cos ip , 


\/{l - x) 2 + y 2 w 2 cos 0 = 
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with 


cos 6 


I 


COS l p 


\/{l- x) 2 + y 2 ' r \/x 2 + y 2 

As x/l <C 1, y/l <C 1, and retaining only the first-order terms we would 
obtain the same result. 


1103 

A merry-go-round (MGR) has two orthogonal axes (x,y) painted on it, 
and is rotating on the earth (assume to be an inertial frame xo, yu, z 0 ) 
with constant angular velocity w about a vertical axis. A bug of mass m is 
crawling outward without slipping along the x-axis with constant velocity 
v 0 (Fig. 1.75). What is the total force Ff, exerted by the MGR on the bug? 
Give all components of Ff, in the earth-frame coordinates x 0 , yo, z 0 of the 
bug. 

( UC, Berkeley ) 



Fig. 1.75. 


Solution: 

In the rotating coordinate system ( x,y,z ), the bug, which crawls with 
constant velocity vq along the x-axis, has no acceleration, so that the 
horizontal force acting on it by the MGR is (Problem 1094) 
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F = 2mtv x v' + mw x (u> x r) , 

where tv = tve z , v' = r; 0 e x , r = xe x . The bug has a weight —mge z , so that 
the MGR exerts a reaction force mge z on the bug. Hence the total force 
exerted by the MGR on the bug is 

F{, = 2mvotve y - mtv 2 xe x + mge z . 

Choose the earth frame (xq, yo, 20 ) such that at t = 0, the corresponding 
axes coincide with those of the rotating frame. Then, denoting the unit 
vectors along the Xq-, y 0 -, 20 -axes by i,j,k respectively, we have 

e x = cos(tu£)i + sin(u;£)j , 
e y = — sin(aif)i + cos(u>t)j , 
e 2 = k . 

For simplicity, assume that the bug was at the origin at t = 0, then x = vot. 
In the earth frame, F(, can thus be written as 

Fb = -mu 0 w[2sin(u;f) + w£cos(u>f)]i 

+ rnvouj{2 cos(u)t) - w£sin(w£)]j + rngk . 


1104 

Consider a collection of charged particles, all with the same 
charge/mass ratio (e/m), interacting via conservative central forces. Prove 
that the motion of the particles in a small magnetic field B is identical with 
that in the absence of the field, when viewed in a coordinate system rotating 
with an appropriately chosen angular velocity tv (Larmor’s theorem). What 
is the appropriate value of tv and what is meant by “small” ? 

( Chicago) 

Solution: 

Assume the magnetic field to be uniform and let the central force on 
a particle be F(r). Consider two coordinate frames L and R with origins 
at the force center such that R rotates with angular velocity tv about the 
common origin. Problem 1094 gives the equation of motion (in SI units) 



172 


Problems & Solutions on Mechanics 


F(r) + ev x B = roa (1) 

in L and 

F( r) + ev x B = ma' + 2mw x v' + mu> x (u> x r) (2) 

in R. As v = v' + w x r, (2) can be written as 

ma' = F(r) +evxB- 2mw x (v — oj x r) — mu x (u x r) 

= F(r) + v x (eB -f 2mw) + muj x (w x r) . 

If R is chosen with 

eB 

u) = — -— 

2m 

and if the centrifugal term mu x(uxr) can be neglected, the above becomes 

F(r) = ma' , 

i.e. the motion of the particle when viewed in the rotating frame is the 
same as that in the absence of the magnetic field. 

This conclusion applies to a system of particles with the same e/m and 
subject to central forces with the same center. The particles will move as if 
the magnetic field were absent but the system as a whole precesses in the 
laboratory frame with angular velocity u>. 

We have assumed that for every particle in the system, 

m\(jj x (u x r)| *C 2m|u> x v| , 


i.e. 


2v 

u) < — , 
r 


or 


D « 


4mi> 


which limits the strength of the field. 


1105 

The pivot point of a rigid pendulum is in forced vertical oscillation, 
given by T}{t) = r/o cos (cut). The pendulum consists of a massless rod of 
length L with a mass m attached at the end. 
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(a) Derive an equation of motion for 9 , where 8 is the pendulum angle 
indicated in Fig. 1.76. Assume 0<1 and rj 0 <K L. 

(b) Solve the equation to first order in tjo for the initial conditions 

(i) 8 = a, 9 = 0 , 

and (ii) 9 = 0, 9 = 

(c) Evaluate the solutions for (i) and (ii) at resonance and describe the 
difference in the two motions. 

(MIT) 




Fig. 1.76. 


Solution: 

(a) Use Cartesian coordinates with origin at point O in Fig. 1.76, rr-axis 
horizontal and t/-axis vertically downward. We have 

x — L sin 9, y = L cos 8 + rjo[l — cos(a)t)] , 

mx = — F sin 8, my = mg — F cos 9 . 

As 9 <gC 1 rad, we can omit terms involving 0 2 and take the approximation 
cos# fa 1, sin# « 8. Then 

x « —L99 2 + L9, y fa —L88 + t) 0 uj 2 cos (ut) , 

and the equation of motion for 9 is 

8 + \[g — you! 2 cos(u;t)]# = 0 . 

L 


(i) 
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(b) For an approximate solution to first order in a = let 

6 = <p + a£(t) , 

where ip satisfies the equation ip + w^ip — 0, with Wg = as well as the 
initial conditions for 9. 

(i) For initial conditions 8 = a, 8 — 0, we have 


ip = acos(wot) , 

9 = acos(wot) + a£(t) . 


Substitution of the above in (1) gives, retaining only first order terms of a, 

aui^ 

£ + w o£ = auj2 cos(wot) cos (wt) = —— {cos[(w 0 + w)t] + cos[(w 0 — w)f]} • 
This has a particular solution 

aoj ( cos[(wo + w)t] cos[(wo — 

2 \ 2cjq -h d) 2 loo — lo J 

so that the general solution is 


. „ awcos[(w 0 + w)t\ aw cos[(w 0 - w)t] 

< = C, cosKO + Ci *.-(«,<) - 2{2u>i> + u) + 2(2 ^ _ 

The initial conditions £ = 0, £ = 0 at t = 0 then give 


- 


—aw 


(2w 0 4- w)(2wq — w) 


C 2 =0 


and 


8 = acos(wo<) 

T]o ( aw 2 cos(wo<) awcos[(wo + w)t] awcos[(wo — w)t] 1 

L \ (2Wo + w)(2wo — w) 2(2wo T w) 2(2wo — w) J 

(ii) For initial conditions 8 = 0, 9 — a \/? = aw o, ^ et 


ip = asin(wot) , 

6 = asin(wo<) + a£(f) . 
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Substitution in (1) gives 


£ -f = aw 2 cos(o it) sin(u> 0 <) 
aw 2 

= —-{sin[(w 0 +u;)t] + sin[(w 0 - w)t]} , 
z 


which has general solution 
£ — Di cos(wot) + D 2 sin(wot) 


aw sin[(u;o + <w)t\ 
2 ( 2 wo a>) 


+ 


awsin[(wo — <w)t ] 
2(2wq — w ) 


The initial conditions £ = 0,4=0att = 0 then give 

aw 2 

Dl = ° 2= {2w 0 + w)(2w 0 - w) 

and hence 


9 = asin(a;o£) 


+ 


Vo / 

L l 


au ; 2 sin(w 0 i) «^sin[(u 0 +w)t\ a^sin^o - w)t ] 

(2wo + w)(2tJo — <w) 2(2wq + w) 2(2a>o ~~ w) 


} 


(c) Resonance occurs at w — 2o>o- Asw« 2u>o, we have for case (i) 


9 = a cos(w 0 t) - cos(3wot) = a 
4L 

and for case (ii) 

0 = asin(wot) - ~ 7 - sin(3wo<) = a 

4L 


1 + ^" L COs2(a;ot) 


, 3r/o , Vo . 2 / .x 
1_ 4L + r sm M 


cos(w 0 t) , 


sin(w 0 <) 


It is seen that the amplitude at resonance is limited to « u in both cases. 
However, the two resonances occur at phases differing by J. 


1106 

A hemispherical bowl of radius R rotates around a vertical axis with 
constant angular speed fi. A particle of mass M moves on the interior 
surface of the bowl under the influence of gravity (Fig. 1.77). In addition, 
this particle is subjected to a frictional force F = —fcV re i , where fc is a 
constant and V re i is the velocity of the particle relative to the bowl. 
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(a) If the particle is at the bottom of the bowl (0 = 0), it is clearly in 
equilibrium. Show that if SI > \/J, there is a second equilibrium value of 
6 and determine its value. 

(b) Suppose the particle is in equilibrium at the bottom of the bowl. 
To describe the motion of the particle in the vicinity of the equilibrium 
point, we construct a local inertial Cartesian coordinate system ( x , y, z) and 
neglect the curvature of the bowl except in calculating the gravitational 
restoring force. Show that for \x\ <C R, |y| R, the particle position 
satisfies x = Re(xoe xt ), y — Re(yoe xt ), where 



(c) Find the angular speed of the bowl, flo> for which the particle’s 
motion is periodic. 

(d) There is a transition from stable to unstable at fi = flo- By 
considering behavior of frequencies in the vicinity of fl 0 , prove that the 
motion is stable for fl < fio and unstable for Q > S2 0 - 

( MIT) 



Solution: 

In a frame rotating with angular velocity fl, the equation of motion of 
a particle of mass M is by Problem 1094 

F = Ma! + 2MU x v' + MO x (H x r) + Mil x r , 

where a', v' are the acceleration and velocity in the rotating frame. 
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For the rotating frame, choose a spherical frame (r, 6, p) attached to the 
bowl with origin O at the center of the bowl, then 0 = 0. In the spherical 
coordinate frame, we have 

e r = deg + tp sin 60 v , 
eg = —de T 4- tp cos de, fi , 

= -ip sin 6e r - tp cos dee . 

Then for a particle at r = re r , the velocity is 

v = fe T + rOee + r<p sin de v , 

and the acceleration is 

a = (r — rd 2 — rip 2 sin 2 0)e r 

+ (rd + 2 rd - rip 2 sin 6 cos 6)e e 
+ (ri/isinfl + 2ripsin9 + 2rdip cos 0)ey, . 

(a) For the particle in the rotating bowl, we have 

SI = —SI cos 6e r + SI sin dee , 
r = Re r , r = r = 0, V rel = Rde 6 + R<p sin de v , 

F = Mg + N - fcV re i 

where 

Mg = Mg cos de r — Mg sin dee , 

N = -Ne r . 

Hence the equations of the motion of the particle in the rotating frame 
in the eg and e v directions are respectively 

MR6 — MRp 2 sin d cos d 

= — Mg sin 9 — kRd — 2MR$hp sin d cos 6 -f MRSI 2 sin 9 cos 9 , 

and 

MRp sin d + 2 MRdp cos d = -kRtp sin 9 + 2MRQ6 cos 6 . 
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At equilibrium, 9 = 0, ip = 0 , 6 = 0 , (p = 0, and we obtain 
— MgsinO + MRQ 2 sinflcos 9 = 0 , 


which gives 

sin 6 = 0 , or cos 0 - — 7 -r . 

nil* 

Hence 9 = 0 is an equilibrium position. If il > \ph there is another 
equilibrium position 

9 = "““(snO ' 

(b) Use Cartesian coordinates (x, y, z) for the local inertial frame with 
origin at 6 = 0 at the bottom of the bowl and the 2 -axis along the axis of 
rotation. In this frame, the position vector of the particle, which is near 
the bottom of the bowl, is 

r' = xi + yi + zk « xi + yi , 

neglecting the curvature of gthe bowl, and its equation of motion is 
Mr' = Mg - fcV re 1 + N . 



As shown in Fig. 1.78, the component of the force N along r is approx¬ 
imately zero and the component of Mg along r is 


Max, 

R * 


Mgy . 

n J 


Mg sin 6 cos <pi — Mg sin 6 sin yj 


R 



Newtonian Mechanics 


179 


as sin# « cos<£ « p, siny> s=s Also as r' = V re i + H x r', 


—A;V re i = — hr' 4- kfl x r' 

- —k(x + yQ)i — k(y - xtt)j . 

Let x = x.Qe xt , y = yoe xt and the above becomes 

(\ i . 9 \ k£l 

[ X + M X+ R) Xo+ M yo = °’ 
kfl (, 2 k . g\ 

-Jf Xo+ { x + m x+ r) v °-°- 


For a non-zero solution, we require 


A 2 + ^A + ^ 




A 2 , M + L 

x + M + R 




A/ i? 
fcn 
' M 

Hence if this condition holds, we can describe the particle’s position by 
x = Re(x 0 e xt ), y = Re(y 0 e Xl ) . 


This conclusion is valid only for |x| <C R, \y\ R since we have neglected 
the curvature and considered the particle as moving in a horizontal plane. 

(c) The left-hand side of (1) can be factorized and shown to have 
solutions 

A 2 


&A g 

H-1- — 

M R 


,kfl 

M 


For periodic motion, A must be imaginary, A = iu>, where u> is real. Equating 
the real and imaginary parts on both sides, we have 


w 2 = ~ and uj = ±0 . 
R 

To satisfy these we require that 


S2 = ± 



±f2o 


for the motion to be periodic. Note that the *+’ and ’ signs correspond 
to two opposite directions of rotation. 

(d) As has been shown in (a), if ST < fi(>, there is only one equilibrium 
position 0 = 0. The equilibrium at this point is stable. For S~2 > STq, 
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there are two equilibrium positions 6 = 0 and 6 = arccos(^). However 
the equilibrium at the former position is now unstable, so that the stable 
equilibrium is shifted to the latter position if Q > flo- Hence for 6 = 0, 
there is a transition from stable to unstable at Cl = Hq- 


1107 

A particle of mass m can slide without friction on the inside of a small 
tube bent in the form of a circle of radius a. The tube rotates about a 
vertical diameter at a constant rate of oj rad/sec as shown in Fig. 1.79. Write 
the differential equation of motion. If the particle is disturbed slightly from 
its unstable equilibrium position at 6 = 0, find the position of maximum 
kinetic energy. 

(SUNY, Buffalo) 



Fig. 1.79. 


Solution: 

In a rotating coordinate frame (r, 6 , </?) attached to the circular tube, we 
have (Problem 1094) 

F = ma' + 2mu x v' + row x (w x r) , 


with 
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F = mg + N 

= —mg cos 9e r + mg sin 9eg + Ne r , 
u> = u) cos 0e T — lj sin 9eg , 
a' = —ad 2 e r + a9eg , 
v' = adeg, r = ae r . 


The equation for the motion in the eg direction is then 
maQ = mg sin 6 + mau 2 sin 8 cos 8 . 

As 9 — ff = the above with the initial condition 9 = 6 = 0 at 

t — 0 gives 

aO 2 = ou; 2 sin 2 # -+- 2g(l - cosff) . 

In an inertial frame that instantaneously coincides with the rotating frame, 
the velocity of the particle is 

v = v'+tjxr = adeg + auj sin 8e^ , 

and its kinetic energy is 

E = ^m(a 2 # 2 + a 2 u) 2 sin 2 9) 

— im[a> 2 a 2 sin 2 9 + 2ga(l - cos9) + w 2 a 2 sin 2 0] 

= ma(w 2 asin 2 9 4- g(l - cos#)] . 

For E to be a maximum at 9q, we require 



As 


^ = ma[2u 2 a sin 9 cos 9 4- g sin 9} — 0 , 
du 

d? E 

—— = ma[4w 2 acos 2 6 4- geos6 - 2w 2 a] , 
dd 1 


we have for the position of maximum kinetic energy 



182 


Problems & Solutions on Mechanics 


6 0 =ir < Jr - 

la 

«„ = ar cc os(^) if " 2 >£- 


1108 

Let S be a set of axes centered at the earth’s center, with the 2 -axis 
pointing north, forming an inertial frame. Let S' be similarly placed, but 
rotating with the earth. 

(a) Write down the non-relativistic equation giving the transformation 
of the time derivative of any vector from S' to S. Use this to derive an 
expression for the Coriolis force experienced by a body moving in S'. Define 
all symbols. 

(b) In the northern hemisphere, find the direction of the Coriolis force 
on a body moving eastward and on one moving vertically upward. 

(c) Consider a body dropped from a height of 10 feet at a latitude of 
30°N. Find, approximately, the horizontal deflection due to the Coriolis 
effect when it reaches the ground. Neglect air resistance. 

(SUNY, Buffalo) 

Solution: 

(a) Let XYZ be the inertial reference frame S and X'Y'Z' the rotating 
frame S' fixed to the earth which rotates with angular velocity u>. In S', 
an arbitrary vector A can be written as 

A = A x i + A y j 4- A z k . 


In S, the time derivative of A is 


dA 

dt 


dA x 

dt 


i + 


dA v 

dt 


'j + 


dAz 

dt 


k + 


A^+A^+A—) 
Ax dt +Ay dt +Az dt) 


Let d*/dt, denote time derivative in S', then 

d* A dA x . dA y . dA z 
dt dt A dt dt 


The kinematics of a rigid body gives 
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d\ 

dt = “ X '' 


dj 

Jt =U3Xh 


dk 

7t = " xk ' 


Hence 

dA d* A , . . . . „ , , dT A 

— = + u> x (A x i + A y j + A 2 k) = + u> x A . 


Thus for the radius vector r to a point P, we have 


dr 

dt 


d*r 

= 7- +wxt ’ 


d 2 r 
dt 2 


d 

dt 


i{7- + uxr ) +u ’ x {'^ + u,XT ) 


d* 2 r n d*r . d*u> 

= -j- 5 - + 2 wx —+ux uixr)| —— x r . 
(!*■= at at 

Note that in the above 


d*ij> 

dt 


duj 

dt 


-UXl o = 


dbJ 

dt 


Newton’s second law applies to the inertial frame, so for a particle of 
mass rn at P acted on by a force F, we have 


d 2 r d 2 r d r . d u> 

F = m— 7 T = m,—-^ + 2m« x —-—I- mw x (u> x r) + m —— x r . 
dt 1 dt 2 dt dt 


Denoting ^ by a dot and noting that for the earth w = 0, we write the 
above as 

mr = F — 2mu; x r — mw x (w x r) 

for the rotating frame. This shows that Newton’s second law can still be 
considered valid if, in addition to F, we introduce two fictitious forces: 
—2mu x r, the Coriolis force, and — mu x (u> x r), the centrifugal force. 
Thus a body of mass m moving on earth with a velocity v' is seen by an 
observer on the earth to suffer a Coriolis force —2mw x v'. 

(b) Choose for S' a frame fixed at a point on the surface of the earth at 
latitude A and let its orthogonal unit vectors i,j,k be directed toward the 
south, the east and vertically upward respectively. Then 


u> = — u> cos Ai + oj sin Ak . 


(1) When the body moves eastward, v' = yj, the Coriolis force is 
F e = -2mu> x v' = 2mu>y sin Ai + 2muycos\k , 
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which has magnitude 

|F e | = yj(2muy sin A ) 2 + ( 2mu>y cos A ) 2 = 2 rrnoy 
and is pointing south at an inclination angle <fi given by 

COS A / 7T 

tan 0 = ——- = tan — 
sin A V 2 

(2) When the body moves upward, v' = ik, the Coriolis force is 

F c = -2mw x v' = —2mwicosAj , 

which has magnitude 2 mu/z cos A and direction toward the west. 

(c) The equations of motion for the free-fall body in S' are 

mx = 2mu)y sin A , 
my = —2mu>(x sin A + z cos A) , 
mz = —mg + 2 mujy cos A , 

with initial conditions x = y = 0, z = h = 10 ft, x = y = z = 0att = 0. 
Integrating and using the initial conditions, we obtain 

x = 2 ujy sin A , 

y = — 2w[xsin A + (z — h) cos A] , 
z = —gt + 2 uy cos A . 

Substituting these into the original set of equations, we obtain 

x = —4a ; 2 [x sin A + (z — h) cos A] sin A , 
y = 2gtoJ cos A — 4a i 2 y , 
z = —g — 4a ; 2 [a: sin A + (z — h) cos A] cos A . 

Neglecting the terms involving a; 2 , we have approximately 

x — 0 , 

y = 2gtu> cos A y , 

z = -g • 

Integrating, applying the initial conditions and eliminating t, we obtain 

8 a ; 2 cos 2 A \ , . n 

-^-) {h - z) ■ 
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When the body reaches the ground, 2 = 0, 



With h = 10 ft = 3.05 m, A = 30°, we find y = 1.01 x 10 -4 m. Hence the 
deflection due to the Coriolis effect is toward the east and has a magnitude 
0.01 cm. 


2. DYNAMICS OF A SYSTEM OF POINT MASSES 
(1109-1144) 


1109 

A cart of mass M has a pole on it from which a ball of mass p hangs from 
a thin string attached at point P. The cart and ball have initial velocity V. 
The cart crashes onto another cart of mass m and sticks to it (Fig. 1.80). 
If the length of the string is R, show that the smallest initial velocity for 
which the ball can go in circles around point P is V — \(m -f M)/m\>/5gR. 
Neglect friction and assume M, m » p. 

( Wisconsin) 



Fig, 1.80. 


Solution: 

As < m, M , momentum conservation 

MV = (M + m)V' 

gives for the velocity of the two carts after collision, 
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v' = 


MV 
M + m 


Consider the circular motion of the ball atop the cart M if it were 
stationary. If at the lowest and highest points the ball has speeds Vi and 
Vi respectively, we have 

= \pVi + 2 pgR , 

— T + p.g, 

where T is the tension in the string when the ball is at the highest point. 
The smallest Vi is given by T = 0. Hence the smallest Vi is given by 

\p v \ = \p9 r + 2 P9 R , 




i.e. 

Vi = y/hgR. 


With the cart moving, Vi is the velocity of the ball relative to the cart. 
As the ball has initial velocity V and the cart has velocity V' after the 
collision, the velocity of the ball relative to the cart after the collision is 
V -V'. Hence the smallest V for the ball to go round in a circle after the 
collision is given by 

V -V' = V - = y/bgR , 

M + m 

m 


1110 

A cart of mass m moves with speed v as it approaches a cart of mass 
3m that is initially at rest. The spring is compressed during the head-on 
collision (Fig. 1.81). 

(a) What is the speed of the cart with mass 3m at the instant of 
maximum spring compression assuming conservation of energy? 

(b) How would your answer differ if energy is not conserved? 
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(c) What is the final velocity of the heavier cart after a long time has 
passed, if energy is conserved? 

(d) Give the final velocity of the heavier cart in a completely inelastic 
collision. 

( Wisconsin ) 

Solution: 

(a) When the spring is at maximum compression, the two carts are near¬ 
est each other and at that instant move with a velocity v ', say. Conservation 
of momentum gives 

mv = (m + 3m)v' , 
i.e. 



Thus the heavier cart has speed f at that instant. 

(b) Even if mechanical energy is not conserved, the above result still 
holds since it has been derived from conservation of momentum which holds 
as long as no external force is acting. 







Fig. 1.81. 


(c) Conservation of energy and of momentum give 


mv 


mv 


,/2 


+ 


3 mv. 


/ 2 


2 2 2 ’ 
mv - mv\ + Zmv 2 , 

where v [, v' 2 are respectively the velocities after collision of the lighter and 
heavier carts. Hence the heavier cart has final velocity 


v 2 ~ 


2 mv 
m + 3m 


(d) If the collision is completely inelastic, the two carts will move 
together after collision. Their velocity is then \ as given in (a). 
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In terms of G, L and the masses: 

(a) What is the rotational period of an equal-mass (Mi = M2 = M) 
double star of separation L? 

(b) What is the period of an unequal-mass (Mi ^ M 2 ) double star of 
separation LI 

(c) What is the period of an equal-mass equilateral-triangle (side L) 
triple star? 

(d) What is the period of an unequal-mass (Mi / M2 / M3) equilateral 
triple star? 

( Wisconsin) 

Solution: 

(a) Equal-mass double star 

The gravitational force on each star is / = GM 2 /L 2 . The radius of circular 
orbit of each star with respect to the center of mass frame of the double 
star is R = L/2. The centripetal acceleration of each star is a = v 2 /R, 
where v is the speed of each star in the cms frame. Using these, we have 

Mv 2 GM 2 

R ~ L 2 ' 


or 



GM 
2 L 


Hence the period of the double star is 




Fig. 1.82. 
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(b) Unequal-mass double star 

Let O be the center of mass of the double star. Then, as in Fig. 1.82, 

M 2 L M\L 

A/ 1 -f- A /2 A /1 A /2 


For Mi, / = GM 1 M 2 /L 2 , the radius of circular motion is L, and the 
centripetal acceleration is ai = v 2 /l\. Hence 

Min? GM1M2 

h ~ L 2 ’ 


giving 


2 GM2 1 \ GM2 M2 
1 = L~ L = ~ L Mi + M 2 ' 


The rotational period of M\ is then 


Ti = 2 tt— = 2tt 

v\ 


M2L v^mTTa^) 
Mi + M 2 ~Mr7d, 


27rL 


G(Mi + M 2 ) 


Interchange of the subscripts 1 and 2 shows that this is also the period T 2 
of M 2 . 


M, 



Fig. 1.83. 


(c) Equal-mass equilateral-triangle triple star 
Let O be the center of mass of the triple star (Fig. 1.83). Geometry gives 
h = V3L/3. For Mi, the resultant of the gravitational forces due to the 
other two stars points towards O and has magnitude (2 GM 2 /Li 2 ) cos 30° = 
\[ZGM 2 jl?. If its speed is v, we have 

Mv 2 V3GM 2 
l\ ~ L 2 ’ 
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or 


VZGMl i 
L L 


GM 

L 


so the period of the triple star is 



u 


2v/3 rr~ 

3 nL ' V GM ' 


y 



Fig. 1.84. 


(d) Unequal-mass equilateral triple star 
Use coordinates as shown in Fig. 1.84. The coordinates of Mi, M 2 and M 3 
are (0,0), (L, 0) and (L/ 2, respectively, and the radius vector of the 

center of mass C is 


Tc = J ZW 


Mi + M 2 4- M 3 


1 \/3 ' 

Mji + -M31 H —— M3 j 

Z Z 1 


L 

Mi + M 2 + M 3 


M2 + -M3 


» + 


The attractive forces exerted by M 2 and M 3 on M\ are respectively 


GM\M 2 . 

f ,2 = —p-> 


and 


GM\ M 3 


*13 = 



so that the resultant force on Mj is 
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M 2 + ^)i+^M 3 j 


fl = fl2 + fl3 
_ GMi 

L 2 

This shows that f t is parallel to r c . Its magnitude is 

. GM X //M 2 + M 3 \ 2 3Mf GMi f7T 0 -77—77?“ 

fi = ( . - 2 — j + -/ = -^ v M 2 + M i + M ^3 • 

The radius of the circular orbit about the center of mass in which A/j 
moves is 

L 


Ri 


s]m 2 + Mi + M 2 M 3 


Mi -f- M 2 + M 3 
Then the equation of the motion of Mi is 

^ - (^r) y/M 2 + M 2 + M 2 M 3 
giving for the speed v x of M \, 


u? = -^M| + Mf + M 2 M 3 ^-j 

= G / M| + Mf + M 2 M 3 \ 

L \ Mi + M 2 + M 3 y 


+ M 2 + M 3 
Hence the rotational period of Mi is 

27rf?i 


Ti = 


Ui 

2ttL\ 


G{Mi + M 2 + Ms) ’ 
which is obviously also the period of M 2 and M 3 . 


1112 

A particle of mass m, charge q, and initial velocity v collides head-on 
with an identical particle initially at rest. What is the distance of closest 
approach between the two particles (in classical mechanics)? What is the 
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velocity of each particle at the instant of closest approach? What is the 
final velocity of each particle? Justify your answers. 

( Wisconsin) 

Solution: 

The relative velocity is zero when the two particles are at closest 
approach. Conservation of momentum then gives mv = 2mv' and v' = 
v/2 as the velocity of each particle at the instant of closest approach. 
Conservation of energy gives 


mv 2 

~ 2 ~ 


mv' 2 

2 


mv' 2 q 2 
+ ~ 2 ~ + 7 


and thus 

4 < 7 2 

v — - 

mv 2 

as the distance of closest approach. The final velocity of the incident particle 
is zero and that of the particle initially at rest is v. This can be seen from 
the symmetry of the problem. 


1113 

Two steel spheres, the lower of radius 2a and the upper of radius a, are 
dropped from a height h (measured from the center of the large sphere) 
above a steel plate as shown in Fig. 1.85. Assuming the centers of the 
spheres always lie on a vertical line and all collisions are elastic, what is the 
maximum height the upper sphere will reach? 

Hint: Assume the larger sphere collides with the plate and recoils before it 
collides with the small sphere. 

( Wisconsin) 

Solution: 

Let the mass of the smaller sphere be mi and that of the larger one 
m 2 - Then m 2 = 8m 1 . The landing velocity of the larger sphere is v 2 — 
72 g(h — 2a) and its velocity immediately after bouncing back from the 
steel plate is still v in magnitude. At this point, the descending velocity 
of the smaller sphere is v\ = \j2g{h — 2a) = V 2 - Let the velocities of the 
larger and smaller spheres after elastic collision be i >2 and v\ respectively 



Newtonian Mechanics 


193 


l 



Fig. 1.85. 


and take the upward direction as positive. Conservation of momentum and 
of mechanical energy give 

77121*2 — TUiVi = 77121*2 + 771x1*2 , 

m\v\ i m2!*! ni2i*2 2 mxi*x 2 

2 + 2 “ 2 + 2 ’ 

whose solution is 

v 2 = ^ g \/2s(h — 2a) , 

/ 23l*2 23 / ,, r 

7*1 = -g- = —y/2g{h - 2a) . 

Conservation of the mechanical energy of the smaller sphere thus gives the 
maximum height (measured from the steel plate) of the smaller sphere as 

,,*2 con 

H = 3a + = 3a + —(h - 2a) . 

2a 81 


1114 

A railroad flatcar of mass M can roll without friction along a straight 
horizontal track as shown in Fig. 1.86. N men, each of mass m, are initially 
standing on the car which is at rest. 
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(a) The N men run to one end of the car in unison; their speed relative 
to the car is V r just before they jump off (all at the same time). Calculate 
the velocity of the car after the men have jumped off. 

(b) The N men run off the car, one after the other (only one man 
running at a time), each reaching a speed V r relative to the car just before 
jumping off. Find an expression for the final velocity of the car. 

(c) In which case, (a) or (b), does the car attain the greater velocity? 

{CUSPEA) 



Fig. 1.86. 


Solution: 

(a) As there is no horizontal external force acting, the center of mass of 
the system consisting of the flatcar and N men remains stationary. Taking 
the x-axis along the track, we have for the center of mass, 


^cm 

Am 


_ Mx car -(- iVmx man 

M + Nm 

= 0 = Mx car + Nmx 


where x car and x man are respectively the velocities of the car and each 
man after the men have jumped off. Writing x car = V car and noting that 
2-man hear L)., we have 

MV C ar + Nm(y cat - V r ) = 0 , 


giving 


NmV r 
M + Nm 


(b) Consider the transition from n men to (n — 1) men on the car. Let V n 
be the velocity of the car when n men are left on it. The total momentum 
of the car with the n men is 


P n = MV n + nmV n . 
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When the nth man jumps off the car with a speed V r relative to the car, 
the momentum of the system consisting of the car and n men is 

P n - 1 = MV n -i + (n - l)mV n -i + m(V n -1 - V r ) . 

Momentum conservation P n -i = P n gives 

(M + nm)V n = (M + nm)V n _i - mV r , 


or 


Hence 


V n -1 =V n + 


mV T 


v n - s = v n + j2 


M + nm 
mV 


" M + (n- i+ l)m 

t=l ' 

As n = N, Vn = 0 initially, we have for s = N, 


_ mV T _ mV r 

0 M + (N - i + l)m ^ M + nm 

»=1 ' ' n=l 


(c) As 


N 1 
Eitt 


N 


n=l 


M + nm M + Nm 


the car in case (b) attains a greater final velocity. 


1115 

A projectile of mass m is shot (at velocity V) at a target of mass M, 
with a hole containing a spring of constant k. The target is initially at rest 
and can slide without friction on a horizontal surface (Fig. 1.87) . Find the 
distance Ax that the spring compresses at maximum. 

( CUSPEA ) 


M 


m 


-n-rrrrrrrf V / / TT7 / / 7 / / ) n / / / / / / / / 


Fig. 1.87. 



196 


Problems & Solutions on Mechanics 


Solution: 

At the instant the spring compresses at maximum, the projectile m and 
the target M move with the same velocity V e . Conservation of energy 

mV 2 mV 2 MV 2 k{ Ax) 2 
2 “ 2 "* 2 1 2 ’ 
and conservation of momentum 

mV ~ (m + M)V e 


give 


Ax 


mM 


k(m + M) 


V 


1116 

A heavy star of mass M and radius R moves with velocity V through 
a very dilute gas of mass density p. It pulls particles toward itself by its 
gravitational field and captures all of the atoms that strike its surface. 
Find the drag force on the star with the approximation that the thermal 
velocities of the atoms are negligible relative to |V| and the interactions of 
atoms with each other can be neglected. 

(CUSPEA) 


V 



Solution: 

In a frame moving with the star, gas atoms move with velocity —V 
toward the star from infinity. Under the influence of the star’s gravitational 
field, the trajectories of the gas atoms are as shown in Fig. 1.88. 
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Let b be the largest impact parameter for which a gas atom can just 
be captured by the star and v the velocity of the gas atom just before 
capturing. Conservation of angular momentum gives 

vR = bV , 


and conservation of energy gives 

v 2 GM _ V 2 

Y R ~ 2 ’ 

from which we obtain 



The drag force on the star is equal to the momentum absorbed per unit 
time: 


dP , nb 2 V At ■ p(-V) 

—— = lim --- 

dt At-.o At 



1117 

Consider a collection of point particles of mass m moving in circular 
orbits about a common center each with the same kinetic energy. If the 
only force present is the mutual (Newtonian) gravitational force, what is 
the particle density as a function of radius r from the center in order that 
the density remains constant in time? 

(Assume that the density is spherically symmetric.) 

( Columbia ) 

Solution: 

Let T be the kinetic energy of each particle. As it moves in a circular 
orbit of radius r under the action of the mutual gravitational forces, we 
have 

mv 2 GMm 
r r 2 


Thus 



GMm 
2 r 
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giving 


M(r) 


2 Tr 
Gm 


as the total mass of the particles which move in a sphere of radius r at the 
common center. As 

dM = 4nr 2 p(r)dr , 


we have 


p(r) = 
pai 
n(r) 


1 dM 


4tt r 2 dr 27ir 2 Gra ’ 

from which we obtain the particle density 

£_ = T 

m ' 2-Kr 2 Gm 2 


1118 

Given a system of N point-masses with pairwise additive central forces, 
use Newton’s second and third laws to demonstrate that the total angular 
momentum of this system is a constant. Does this calculation depend upon 
what point is chosen as the origin of coordinates? 

(UC, Berkeley) 

Solution: 

The angular momentum of a system of N point-masses about a fixed 
origin is by definition 

L = E r * x p< • 

i 

Newton’s second law F t = ^ then gives 

f = E r ,xF, = E r - *E f d = £E r iX £ij, 

* * i 

where is the force the jth mass exerts on the ith mass. For two masses 
i and j, Newton’s third law gives 

f = -f 

M-ij Lji , 

and so 

rj x iij -|- rj x = (Ti - tj) x f i:j = 0 , 
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since t* — rj is parallel to fi j. As the sum ^ 3 Y«( r » x f»j) is due to pairs 
of forces like fy and f )i, we have 


i.e. 


L = constant . 


As the origin in this proof is arbitrary, the conclusion is independent of the 
choice of the origin of coordinates. 


1119 

Two stars with masses M and m separated by a distance d are in circular 
orbits around the stationary center of mass. The stars may be approximated 
by point masses. In a supernova explosion, the star of mass M loses a mass 
AM. The explosion is instantaneous, spherically symmetric, and exerts no 
reaction force on the remnant. It also has no direct effect on the other star. 
Show that the remaining binary system is bound when AM < (M + to)/ 2 . 

{MIT) 



Fig. 1.89. 


Solution: 

Take the center of mass as the origin of a fixed frame and let r\, r2 
be the distance from the center of mass to M, to respectively before the 
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explosion. We have 


r\ + r 2 - d , 


md 

M + m’ 


Md 
M + m 


The angular velocity w of the circular motion of M satisfies 


Mr\ui 2 


GMm 

~~dP~ 


mr 2 u 2 


GMm 
~~d?~ ' 


or 


2 G(M + m) 

U d 3 

After M explodes a mass AM leaves the star. As the explosion exerts no 
reaction force on the remnant and has no direct effect on the other star, 
the total potential and kinetic energies of the two stars in a frame attached 
to the new center of mass are 

¥jr -G(M - AM)m 
V - d 

(M - AM)(riu;) 2 m(r 2 uj) 2 

1 = - o - + -, 


where To is the kinetic energy of the new system in the fixed frame if its 
total mass were concentrated at the center of mass. The momentum of the 
new system in the fixed frame (Fig. 1.89) is 


(M — AM + m)v = mr 2 w — (M — AM)nw = rjwAM , 


where v is the velocity of the center of mass of the new system, as the 
momentum of the original system mr 2 u) — Mr i<c = 0. Therefore, the total 
energy of the new system in the new center of mass frame is 
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T + V = m+ ^(M - AM)(riw) 2 + ^m(r 2 w) 2 

a l 2 


- J (M - AM + m) • jj —Vf} 2 , , 2 
2 (M — AM + m) 2 


(nw) 2 


GMm 1 , 2 1 . , 2 GmAM 

— + 2 MM + 2 m(r+ 


- iAJW(riw ) 2 - (AA/) 2 (riui ) 2 

2 2(M - AM + m) 


(AM) 


GMm GmAM 1 . 

- -AM(riw) — 2(M — AM + m) 


(nw) 

= Udr i“ 2 + *>u, 2 AM - iAM(r,w) 2 - 


“T 1 " 


Md — 2d AM 4- rx AM 4- 
driw 2 


n(A M ) 2 


M-AM 4- m 
(2AM - M - m)(AM - M) . 


i.e. 


2(M-AM + m) 

The condition for the new two-star system to be bound is T 4- V < 0, 
2AM < M 4- m, AM < M , 


or 

2AM > M + m , AM > M . 

As AM < M, the required condition is 

... M + m 
AM < —-— . 


1120 

The captain of a small boat becalmed in the equatorial doldrums decides 
to resort to the expedience of raising the anchor (m = 200 kg) to the top 
of the mast (s = 20 m). The rest of the boat has a mass of M = 1000 kg. 

(a) Why will the boat begin to move? 

(b) In which direction will it move? 



202 


Problems & Solutions on Mechanics 


(c) How fast will it move? 

( Chicago) 

Solution: 

(a) The vertical motion of the anchor causes a Coriolis force -2mw x v, 
where v is the velocity of the anchor and u> the angular velocity of the 
earth, and so the boat moves. 

(b) As u> points to the north and v is vertically upward, the Coriolis 
force points toward the west. Hence the boat will move westward. 

(c) As the total angular momentum of the boat and anchor with respect 
to the center of mass of the earth in an inertial frame is conserved, we have 

(M + m)r 2 w o = [Mr 2 + m(r + s) 2 ]w , 


where wo and u> are the angular velocities of the earth and the boat 
respectively, r is the radius of the earth, giving 

u) (M + m)r 2 

ojq (M 4- m)r 2 + 2 mrs 


or 


W — Uq 


-2 ms 


-2 ms 


coo (M + m)r + 2 ms (M + m)r 

Hence the relative velocity of the boat with respect to the earth is 

-2 msuo . _ 1fl _ 4 , 

u = rloj — wo) = —- = —4.9 x 10 m/s . 

M + m 


The negative sign indicates that the boat moves westward. 


1121 

A simple classical model of the CO 2 molecule would be a linear structure 
of three masses with the electrical forces between the ions represented by 
two identical springs of equilibrium length l and force constant k, as shown 
in Fig. 1.90. Assume that only motion along the original equilibrium line 
is possible, i.e. ignore rotations. Let m be the mass of O - and M be the 
mass of C ++ . 

(a) How many vibrational degrees of freedom does this system have? 

(b) Define suitable coordinates and determine the equation of motion 
of the masses. 
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(c) Seek a solution to the equations of motion in which all particles os¬ 
cillate with a common frequency (normal modes) and calculate the possible 
frequencies. 

(d) Calculate the relative amplitudes of the displacements of the parti¬ 
cles for each of these modes and describe the nature of the motion for each 
mode. You may use a sketch as part of your description. 

(e) Which modes would you expect to radiate electromagnetically and 
what is the multipole order of each? 

(MIT) 

m M m 

|*—'- 

O' C* 4 0" 

Fig. 1.90. Fig. 1.91. 

Solution: 

(a) The system has two vibrational degrees of freedom. 

(b) Let xi,X 2 and X 3 be the displacements of O', C ++ , and 0~ 
from their equilibrium positions respectively, as shown in Fig. 1.91. The 
equations of motion are 

mxi = k(x 2 — Xx) , 

Mx 2 = fc(x 3 - x 2 ) - k(x 2 - xi) = k(x 1 - 2x 2 + x 3 ) , 
mx 3 = -fc(x 3 - X 2 ) . 

(c) Let xi = Aicosoit, X 2 = j4 2 cosu>t and x 3 = vl 3 cosu;t in the 
equations above. We have 

(k — mw 2 )Ai — kA 2 = 0 , 

-kAi -I- (2k - Muj 2 )A 2 - kAz - 0 , 

—kAi + (k — rrujj 2 )Az — 0 . 

For A\, A 2 , Az not to be identically zero, we require 

k-mui 2 —k 0 

—k 2k — Mu> 2 —k = 0 , 

0 —kk — mu 2 


*1 *2 *3 

p* p >< p 
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which has solutions 


u 1 



W2 = 


(2m 4- M)k 


mM 


and u >3 = 0 . 


Angular frequencies uq and u >2 correspond to possible vibrations, while uj$ 
corresponds to the translational oscillations of the molecule as a whole. 

(d) Substituting w j and u >2 into the equations for A\, A 2 and A 3 , we 


find that relative amplitudes are 



for oq and 



for u> 2 , as 


depicted in Fig. 1.92. 



Fig. 1.92. 


(e) The u> 1 mode will not give rise to radiation because the center of 
the charges remains stationary in the oscillations. The ui 2 mode can give 
rise to dipole radiation, while quadruple and higher multipole radiations 
are possible for both u >2 and W 3 modes. 


1122 

Take a very long chain of beads connected by identical springs of spring 
constant K and equilibrium length a, as shown in Fig. 1.93. Each bead is 
free to oscillate along the x direction. All beads have mass m except for 
one which has mass mo < m. The mass of the spring is negligibly small. 

(a) Far from the “special” bead, what is the relation between the wave 
vector and the frequency of the resulting oscillation? 

(b) For a wave of wave vector k, what is the reflection probability when 
the wave hits the special bead? 

Hint for part (b): Try a solution of the form 



Newtonian Mechanics 


205 


m 


m 0 




! t t I ( t f ! t 

n= -4 -3 -2 -1 0 12 3 4 

Fig. 1.93. 


x n = Ae ikan + Be~ ikan 
x n = Ce ikan 

where A, B, and C are functions of time. 


for 

for 


n < 0 
n > 0 


( Chicago ) 


Solution: 

(a) For n ± 0, 

K K 

= [(•*•« — %n—l) "t" (x n — X n -(-i)] = (2x n X n +i X n _j) 

m m 

Setting x n = J 4e 1 ( fcon_u,t ) in the above, we obtain 

K IK 

-u^Xn =-(2 - e lka - e~ lka )x n =-[1 - cos (ka))x n , 

m m 


or 


2 2A\ .. 

(Jj = — 1 — cos(ko)| . 
m 


(b) Try a solution of the form 


— ! A^han n ^-ikan^ 0 -iwt f Qr 


x n = (/le* fcan -F Be- lkan )e 
x n = Ce i(fcan -“‘) 


for 


n < 0 , 
n > 0 . 


For n = 0, the above implies C = ^4 + B. Substituting the solution into the 
equation of the motion of the n = 0 bead, 

K 


x 0 =-(2x 0 - xi - x-i) , 

m 0 


we find 


o> 2 m 0 

K 


(A + B) — 2(A + B)-(A + B)e ,ka - Ae~ lka - Be 


Aka 
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or 


A = 


too 


0 ika 


-{ 


[m — mo m — mo 1 — cos(fca) 
im sin(fca) 


B 


-1 + 


(m — mo)[l — cos(fca)] 
Hence the reflection probability is 




B 

2 f 

A 

i 


m 


m \ 2 sin(A:a) 2 1 
— mo / 1 — cos (ka) J 


-l 


1123 

Three bodies of equal mass m and indicated by i = 1,2,3 are constrained 
to perform small oscillations along different coplanar axes forming 120° 
angles at their common intersection, as shown in Fig. 1.94. Identical 
coupling springs hold these bodies near equilibrium positions which are 
at a distance l from the intersection on each axis, that is, the equilibrium 
length of each spring is \/3/. The following questions can be answered 
without resorting to general analytic procedures. 



(a) Show that the equations of motion of the three bodies are represented 
by the coupled system 
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= -Kxi - k(xi + x 2 + x 3 ) , 
at* 

where X((t) + l indicates their respective distances from the intersection. 
(Specifically, both K and k equal 3/4 of each spring constant.) 

(b) Verify that one normal mode is totally symmetric: 

xi(t) = x 2 (t) = x 3 (t) , 

and determine its frequency. 

(c) Show that the remaining normal modes are degenerate and deter¬ 
mine their frequency. 

(d) Find a pair of real solutions {xi(t),x 2 (t),x 3 (t)} that represent 
orthogonal degenerate normal modes. 

(e) Find an alternative pair of complex conjugate solutions that repre¬ 
sent orthogonal degenerate normal modes. 

( Chicago ) 

Solution: 

(a) Let the constant of each spring be T) and consider particles i and j 
which are located at X{ and Xj from their respective equilibrium positions. 
The stretch of the spring between the two particles is (x, + Xj) cos 30°, so 
the potential energy of the system is 

U = y[( x x + x 2 ) 2 + (* 2 + * 3 ) 2 + (*3 + *i) 2 l ■ 

The force acting on the ith particle is then 


du_ 

dxi 



giving its equation of motion as 

miti = — Kxi - k(x i + i 2 + z 3 ) 

with K = k = ^p. 

(b) If x\ = x 2 = z 3 , all the three equations reduce to the uncoupled 
form 

mxi — —(K + 3 k)xi . 


The solution is 


Xi= a cos (ut -)- ip) 
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with 


U) 


-i 


K + 3k 


m 


(c) The remaining two normal modes are 
symmetric mode. They satisfy the condition 


orthogonal to the above 


x\ + x 2 + x 3 = 0 , 

for which the equations of motion reduce to the uncoupled form 

mxi - —Kxi . 


Setting Xi — bi cos(o/t + (p 1 ), we have 



l 


The frequency is the same for both modes, and hence they are degenerate. 

(d) The two orthogonal degenerate normal modes have amplitudes hi, 
62 , &3 satisfying bi = 0. Hence 

hi = 0 , 62 = —h 3 = c , 

hi = c, 62 = {>3 = - - 

give a pair of real solutions, where c is an arbitrary real number. 

(e) Alternatively, allowing complex amplitudes, 

hi = d, b 2 = de ± ^, h 3 = de* , 


where d is a real number, give a pair of orthogonal degenerate normal mode 
solutions. 


1124 

Three identical objects, each of mass to, are connected by springs of 
spring constant K, as shown in Fig. 1.95. The motion is confined to one 
dimension. 

At t = 0, the masses are at rest at their equilibrium positions. Mass 
A is then subjected to an external time-dependent driving force F(t) = 
/ cos(u)t), t > 0. Calculate the motion of mass C. 


( Princeton ) 
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H7V«Hb~MF1 


0 


x 


Fig. 1.95. 

Solution: 

Let xa, x b , %c be the coordinates of the three masses and a the relaxed 
length of each spring. The equations of motion are 

fcos(ojt) 4 - K(x B — xa — a) = tuxa , 

K(xc — xb — a) — K(xg - xa ~ a) = mx B , 

-K(xc — xb - o) = mxc ■ 

The above set of equations can be written as 

/ cos (ut) = m(x A +X B + Xc) , 

/ cos(wt) - 2aK = m(xA - xc) + K(xa — xc) , 

/ cos(o)t) = m(x A - 2 x B + xc) + 3K(x A - 2x B + xc) , 

or 

/ cos(u;t) = myi , (1) 

/cos(wt) — 2 aK — my 2 + Kyi , ( 2 ) 

fcos(u>t) = my 3 + 3Ky 3 , (3) 

with y x = x A + x B + x c , V 2 = x A - x c , y 3 = x A - 2x B + x c . It can be 
seen that y\, y 2 and y 3 are the three normal coordinates of this vibrational 
system. The initial conditions are that at t = 0, 

xa = 0 , x B = a, xc = 2 a , x A = x B = ±c = 0 , 

or 

Vi = 3 a, y 2 = -2a, y 3 = 0, ffi =& = »& = 0 . 

Equation (1) can be integrated, with the use of initial conditions, to give 

— , [1 - cos(wt)] + 3a . 
mu i z 


Vi = 
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To solve (2), we try a particular solution 

2/2 = M COS (ut) + B 2 

and obtain A 2 = K J m ji 1 B 2 = —2a. The general solution is 


2/2 = / cos wt ) -2 a + C 2 cos (u 2 t) + D 2 sin(ta 2 t) , 
K — mu.r 


where uj 2 = Initial conditions then give 

/ 


<72 = — 


, D 2 = 0 


K — mu 2 ' 

To solve (3), we try a particular solution 

2/3 = ^3 cos (tat) 

and obtain A 3 = f/(3K - mu 2 ). The general solution is 
/ cos(wt) 


2/3 = 


3 K — mu 2 


+ C 3 cos(ta 3 t) + D 3 sin(w 3 t) 


where ta 3 = \J~^- Initial conditions then give 

f 


° 3 '3 K - mu 2 ’ 

Therefore the solutions are as follows: 

/ 


O 3 = 0 . 


2/1 


2/2 


2/3 


mur 


-[1 — cos(tat)] 4- 3 a , 


/ 


K - mu 2 

f 


3K -mu 2 


[cos(tat) — cos(a> 2 t)] — 2a , 
[cos(taf) — cos(u; 3 t)] . 


The motion of C is a linear combination of yx, y 2 and i/ 3 : 
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2/1 2/2 , 2/3 o , / n / 

xc = j- y + T = 2 a+ w [1 “ cosM)] 

+ 2m(J-^j [c ° s(a,t) ~ COs( ^ )1 

+ 6m(a>| / -^) [c ° sM) ~ CQs(a;3t)] - 
Note that ui^ and uz are the normal frequencies of the system. 


1125 

A model of benzene ring useful for some purposes is a wire ring strung 
with 6 frictionless beads, with springs taut between the beads, as shown 
in Fig. 1.96. The beads each has mass m and the springs all have spring 
constant K. The masses have been numbered for the grader’s convenience. 
The ring is fixed in space. 

(a) Calculate, or write down by intuition, the eigenffequencies of the 
normal modes, indicating any degeneracies. In Fig. 1.97, picture each mode 
by drawing an arrow near each mass indicating the direction of motion and 
shading those masses at rest. 

(b) With what frequencies can the center of mass oscillate? 

(c) Which modes could be related to the modes of the real benzene 
molecule? 

Hint: Much algebra can be eliminated by considering the symmetries of the 
problem. 

( Princeton) 



Fig. 1.96. 


Fig. 1.97. 
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Solution: 

(a) Let ip n be the displacement of the nth bead. Its equation of motion 
is 

rriipn = K(ip n+ 1 - ip n ) - K(tp n - V’n-l) 

- K(ip n _! + ip n+1 - 2 ip n ) . 

Setting ip n = A n e ,UJt , we obtain 

itujj A n ~ K(A n —\ A n +i 2 ^ 4 n ) , 
or 


A n -i + eA n + A n+ i — 0, n — 1,2,... , 6 , 


where 


For the set of linear homogeneous equations to have a non-zero solution, 
the following determinant must vanish, i.e. 


e 1 0 0 0 1 
1 e 1 0 0 0 
0 1 e 1 0 0 
0 0 1 e 1 0 
0 0 0 1 e 1 
1 0 0 0 1 e 


e 6 - 6e 4 + 9e 2 - 4 = (e + l) 2 (e - l) 2 (e + 2)(e - 2) = 0 . 
Thus the solutions are 

£l =2, £<2 = —2, £3 = 1, 

£4 = 1> £5 = — 1. £6 = —1 ■ 

The corresponding eigenfrequencies are given by 


4 K 

) 

= 0, 

, 3 K 

m 

J m 

3 K 

2 K 

2 K 

1 



m 

s m 

0 m 
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It can be seen that modes 3 and 4 as well as modes 5 and 6 are degenerate. 
Substituting £\,£i ,... , £6 one by one into the set of equations A n -i+sA n + 
A n +1 = 0, we can find the ratios of amplitudes for each normal mode. The 
results are depicted in Fig. 1.98. The displacements of the six beads have 
the same magnitude in modes 1, 2, 3, and 5 except in modes 3 and 5 the first 
and fourth beads are stationary. Their directions are shown in the figure. 
Mode 2 corresponds to rotation of the system as a whole. In mode 4, the 
displacements of the second bead and the fifth bead are twice as large as 
those of the others, and in mode 6, the displacements of the third bead 
and the sixth bead are also twice as large as those of the others. These 
larger displacements are indicated by two arrows in the same direction in 
the figures. 




(b) It is seen from Fig. 1.98 that only in modes 5 and 6 can the center 
of mass oscillate with a frequency \Jk/m. 

(c) As the center of mass of a real benzene molecule cannot oscillate, 
only modes 1, 2, 3, and 4 can be related to the real benzene molecule. 


1126 

Consider a classical system of point masses m* with position vectors r^, 
each experiencing a net applied force Fj. 

(a) Consider the quantity Yli m^r, • r i( assumed to remain finite at all 
times, and prove the virial theorem 
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T = — 



r i 


where T is the total kinetic energy of the system and the bar denotes time 
average. 

(b) In the case of a single particle acted on by a central inverse-square 
law force, show that 


T = — 


V 

2 


where V is the potential energy. 


( SUNY , Buffalo) 


Solution: 

(a) Let Q(t) = m i*i ' r i- We have 


Q(t) = ^2 m i*i • ^ mjfj • rj 

t i 

= m i*i+ Y F< ■ r< • 

i i 


The time average of Q(t) is 


1 

T 



t • Vidt 


i.e. 

J[Q(r)-Q(0)] = 2T + ^F i -r i , 

i 

where r is the period if the motions are periodic with the same period, or 
r —* oo otherwise. In both cases, the left-hand side of the equation is equal 
to zero and we have 

2 T + 


as stated. 

(b) For a single particle acted on by a central inverse-square law force, 


F = 


C 

r 2 ’ 


or 


V = 


C 

r 
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where C is a constant. The virial theorem then gives 



1127 

Three masses mi,m 2 and m 3 , placed at the corners of an equilateral 
triangle of side s , attract each other according to Newton’s law of gravita¬ 
tion. Determine the rotational motion which leaves the relative separation 
of each mass unchanged. 

Hint: Write down the force in c.m. system on one of the particles. 

( Wisconsin ) 


y 



Fig. 1.99. 


Solution: 

In the Cartesian frame shown in Fig. 1.99, the three mass mj, m 2 , m 3 
have coordinates (0,0), (s, 0) and (|, respectively. The position of the 
center of mass C is 





Now consider the forces acting on mi. There are two attractive forces 
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Gm 1 m 2 . , 

*12 = - o - 1 and 


113 


Gm\m^ l i 


2 + 


due to m 2 and m 3 respectively. Their resultant is 


ft = f 12 + fi 


Gm\ 


13 


/ . rn 3 \ \/3 

(m 2 + T )i+—maj 



As fi is parallel to ro and both originate from the same point O, fi passes 
through the center of mass C. Thus mi is acted upon by a central force 
with center at C and hence mi moves in a circle about the center of mass 
C. The radius of this circular orbit is 

Ri = |r 0 | = ( - — ' S — - ) Jml + ml + m 2 m 3 . 

\mi + m 2 + m 3 / V 

2 

The linear velocity of mi is Uj given by = |fi|, or 

2 = ^tlf \ = — ( m 2 + m 3 + m 2l»3 \ 

1 mi s \ mj + m 2 + m3 / 

By permutation of the indices, the above result applies also to m 2 and m 3 . 
Hence the rotational motion which leaves the separation of each pair of 
masses unchanged is a circular motion of period 

s 

G(mi +m 2 + m3) 
which is the same for all three masses. 


2ttRi 

Vl 


— 2ns 


1128 

Two non-relativistic particles of equal energy and equal mass as shown 
in Fig. 1.100 collide almost head-on. In a coordinate frame (the center 
of mass frame) moving with velocity V, the particles appear to collide 
head-on. 

(a) Find V, the velocity of the center of mass frame. 

(b) Compare the total energy in the center of mass system to the original 
total energy. 
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/ 



I 


Fig. 1.100. 

Express your answers in terms of the velocity u and the collision angle 
9q. 

( Wisconsin ) 

Solution: 

Use the laboratory frame as shown in Fig. 1.100 and take the instant of 
the collision to be t = 0. The position vectors of mi and m 2 at t < 0 are 

ri = uti , 

r 2 = -tit(cos0<)i + sinfloj) . 

Then the position vector of the center of mass is 

miTi + m 2 r2 1*1 + r 2 

r c =---= —-— 

mi 4- m 2 2 

= ^ut[(l - cos0 o )i ~ sin^oj] 

a am-i = m 2 = m, say. 

(a) The velocity of the center of mass, i.e. of the center of mass frame, 
is 

V = r c = |[(1 - cos0 o )i - sintfoj] • 

(b) In the center of mass frame, the velocity of mi is 

Vi = ri - r c = ui - |[(1 - cos0 o )i - sintfoj] 

= ^[(1 + cos0 o )i + sin0 o j] , 


and the velocity of m 2 is 
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V 2 = r 2 - r c = — u[cos# 0 i -fsintfoj] — —[(1 — cos# 0 )i — sin#oj] 


'll 

= -- K 1 + cos #o)i + sin 6> 0 j] . 
The total energy of TOi and m 2 is then 


E 


, rnVf , mVf _ 1, 


+ 


2 2 2 
As the original total energy is 


mr( 1 + cos# 0 ) . 


^ TTl\U 2 7712U 2 9 

E = —A— + —— = mu 1 


the ratio of the two energies is 


E’ 1 + cos #0 
~E = 2 


1129 

A rocket is projected straight up and explodes into three equally massive 
fragments just as it reaches the top of its flight (Fig. 1.101). One of the 
fragments is observed to come straight down in a time ti, while the other 
two land at a time t 2 , after the burst. Find the height h(ti,t 2 ) at which 
the fragmentation occurred. 

( Wisconsin ) 



Fig. 1.101. 


Solution: 

The velocity and momentum of the rocket are zero when it reaches the 
top of its flight. Conservation of momentum gives, after the burst, 
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miVi + m 2 v 2 + m 3 V 3 = 0 . 


As 


mi = m 2 = m3, «i + u 2 + v 3 = 0 . 


As the second and third fragments land at the same time, the vertical 
components of v 2 and V 3 are the same. As Vi is vertically downward the 
vertical components of v 2 and V 3 are each —v\/2. Hence for the first and 
second fragments we have 

gt ? 

h — v\t\ + — , 


giving 


-vit 2 gt | 

2 + 2 


111 = 


h = 


9(tl - 1\) 

2ti + f 2 

gilt? t\ + 2f 2 
2 2ti +1 2 


1130 


A satellite of mass m moves in a circular orbit of radius J? with speed v 
about the earth. It abruptly absorbs a small mass 6m which was stationary 
prior to the collision. Find the change in the total energy of the satellite 
and, assuming the new orbit is roughly circular, find the radius of the new 
orbit. 

( Wisconsin) 

Solution: 


Before picking up the small mass, the satellite moves in a circular orbit 
so that 


mv 2 GMm 
= E? ’ 


giving Rv 2 = GM, where M is the mass of the earth. Hence its total energy 
is 



GMm 



R 
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After absorbing the stationary small mass 6m, the speed of the satellite 
changes to (considering the new orbit as roughly circular, although it is 
actually elliptic) 


mv 


m + 6m ' 


and its total energy becomes 

rv 1, f w 2 1 m 2 v 2 

E = -r(m + 6m)v 2 = --— 

2' 2 m + 6m 

Hence the energy loss due to the collision is 


-■ "» -) = 1 
2 \ 77i + 6m J 2 


mv 


6m 


rn + 6m 


« i v 2 6m . 

If the new radius is II' we also have 

R!v' 2 =GM = Rv 2 , 

giving 




1131 

For the system of 2 identical masses and massless springs shown in 
Fig. 1.102, calculate the period of oscillation if the masses are released 
from the initial symmetrical configuration shown. 

( Wisconsin ) 


K m ! K' J m K 


I X I 


1 X I 


Fig. 1.102. 
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Solution: 

Due to symmetry, the oscillations of the two masses are the same. 
Consider one of them and write down the equation of motion 

mx = -Kx - K'(x + x) = -(K + 2 K')x , 

where x is the displacement from the respective equilibrium position. Then 
the angular frequency of oscillation is 

IK + 2K' 

u = V-—- > 

V m 

and the period of oscillation is 

Note that generally speaking, there are two modes of linear vibration for this 
system corresponding to two normal modes. But the symmetrical initial 
condition determines that only one mode is excited. 


1132 

Consider the earth-moon system and for simplicity assume that any 
interaction with other objects can be ignored. The moon, which moves 
around the earth more slowly than the earth rotates, creates tides on the 
earth. A similar situation exists on Mars, but with the difference that one 
of its moons revolves about Mars faster than the planet rotates. Show that 
one consequence of tidal friction is that in one system the moon-planet 
distance is increasing, and in the other it is decreasing. In which one is it 
decreasing? 

( Wisconsin) 

Solution: 

For the earth-moon system, the frictional force caused by the tides 
slows down the rotational speed of the earth. However, the total angular 
momentum of the earth-moon system is conserved because the interaction 
between this system and other objects can be ignored. The decrease in the 
earth’s rotational angular momentum will lead to an increase in the angular 
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momentum of the moon about the earth (to be exact, about the center of 
mass of the system). The angular momentum of the moon is J = mR 2 to. 
As 


mRui 2 


GMm 

R? 


we have 

J = mR 2 = m\fGMR . 

Here we consider the center of the earth to be approximately fixed, so 
that R is the earth-moon distance. Then as J increases, R will increase 
also. Thus for the earth-moon system, the effect of tides is to increase the 
distance between the moon and the earth. 

For the Mars-moon system, the moon revolves about Mars faster than 
the latter rotates, so the frictional force caused by tides will speed up 
the rotation of Mars, whose rotational angular momentum consequently 
increases. As the total angular momentum is conserved, the angular 
momentum of the moon will decrease. The argument above then shows 
that the distance between Mars and its moon will decrease. 


1133 

Two mass points, each of mass to, are at rest on a frictionless horizontal 
surface. They are connected by a spring of equilibrium length l and constant 
K. An impulse I is given at time t = 0 to one of the mass points in a 
direction perpendicular to the spring. Assume that the spring always lines 
up along the connecting length l , i.e. there is no bending. 

(a) After a time t, what will be the total energy and total momentum 
of the two mass points? 

(b) What will be the velocity of the center of mass (including direction) 
and the total angular momentum about the center of mass? 

(c) What will be the maximum separation between the two mass points 
during the motion that follows the impulse? 

(d) What will be the maximum instantaneous speed achieved by either 
particle? Explain your answer. 


( UC, Berkeley ) 
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Solution: 

(a) On account of the conservation of momentum and of mechanical 
energy, the total momentum and total energy of the two mass points at 
time t are the same as those at time t = 0 just after the impulse is applied: 

„ T „ P 2 P 

P = I, E = —— = -— . 

2m 2 m 


(b) The system has total mass 2m, total momentum /, so that the center 
of mass has velocity 

I 

v c — - . 

2m 


Just after the impulse is given, the angular momentum of the system about 
the center of mass is L = By the conservation of angular momentum in 
the center of mass frame, L is the angular momentum about the center of 
mass at all later times. 

(c) Let Im denote the maximum separation required. Conservation of 
angular momentum and of mechanical energy 


“(t**) +m (£) + I ki,m - v =£> 

give 

2 mKllf - AmKUh + (2 mKl 2 - I 2 )l 2 M + I 2 l 2 = 0 , 

whose positive real root is the maximum distance between the two mass 
points during the motion that follows the impulse. 

(d) Let x denote the distance between the two masses. Conservation of 
mechanical energy gives 


1 „ 

tx ,\ 2 (x\ 2 

2 2m 

(2*0 + u) 



+ \K{x-l) 2 


P_ 

2m 


or 


— {x 2 tfi 2 4- x 2 ) + -K(x - l) 2 = constant , 

4 z 



224 


Problems & Solutions on Mechanics 


shows that when x = l, the kinetic energy of the two mass points, given 
by the first term on the left-hand side, is maximum. This is the case at 
t = 0. Also, at t = 0, only the mass that had been given the impulse has a 
velocity while the other mass is still instantaneously at rest. Thus the first 
mass achieves a maximum speed 


I 


vm = — 
m 


at time t = 0. 

The condition that x = l can be satisfied again from time to time. 
However, as the speed of the first mass will not be zero, the second mass 
cannot achieve this maximum speed. Therefore the maximum speed that 
can be achieved by the second mass is less than v m . 


1134 

A chain with mass/length = u hanging vertically from one end, where 
an upward force F is applied to it, is lowered onto a table as shown in 
Fig. 1.103. Find the equation of motion for h, the height of the end above 
the table (h is the length of chain hanging freely). 

( Wisconsin) 



Fig. 1.103, 


Solution: 

As this problem involves variable mass it is more convenient to work 
with momentum. Consider the change of momentum of the chain during a 
time interval t to t + At. If h and v are respectively the height and velocity 
of the freely-hanging portion of the chain at time t , its momentum is fihv 
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at t and /i(h — Ah)(v + Au) at t 4- At (see Fig. 1.104). As a portion Ah of 
the chain has reached the table and transferred a momentum « fiAhv to 
the latter during the interval, the momentum theorem gives 

p(/i — A h)(v + Av) + fiAhv - /j,hv ~ (g,hg — F)At , 

or, retaining only the first-order terms, 

fihAv — (fihg — F) At . 

With At —* 0, the above becomes 

p/it) = jihg — F . 

As v = —h, we have the equation of motion 



t f« Af 


Fig. 1.104. 


1135 

Use the rocket equation to find the rocket residual mass m (in terms of 
the initial mass) at which the momentum of the rocket is a maximum, for 
a rocket of mass m starting at rest in free space. The exhaust velocity is a 
constant vq. 

( Wisconsin) 

Solution: 

The equation of motion for a rocket, velocity v, in free space is 

mdv —v 0 dm 
dt dt 
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i.e. 


dv 


—no dm 


m 


Integrating, we obtain 


v — —Vq In 


• 

\m 0 J 


where mo is the rocket mass at firing. The momentum of the rocket is 

/ m \ 

P = mv = —mvn In — 

\m 0 J 


For it to be a maximum, we require 



Hence the rocket has maximum momentum when its residual mass is 


m 0 

m = — . 
e 


1136 

A rocket is fired straight up with no initial velocity. It is propelled by 
ejection of mass with a constant velocity of ejection u relative to the rocket 
and at a constant rate so determined that the initial acceleration is zero. 
Assuming constant acceleration due to gravity, 

(a) find the acceleration of the rocket as a function of time; 

(b) show how you would find the height of the rocket as a function of 
time. 

(It is not necessary to do the integrals.) 

( Wisconsin ) 

Solution: 

(a) Let v be the velocity of the rocket. The equation of motion is 
mdv udm 


As dm/dt = constant and m = mo, dv/dt = 0 at t = 0, the above gives 


dm mog 

dt u 
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at any time t after firing. Integrating we obtain 



The equation of motion now becomes 

( gt\dv m 0 g 2 t 

m 0 1 -h- = (m 0 - m)g = —- , 

\ u) at u 

or 

dv _ g 2 t 
dt u — gt ' 

which expresses the acceleration of the rocket as a function of time. 

(b) The velocity at time t is 

Further integration gives the height of the rocket as a function of time: 

h= f f-gt' + u In—-— dt 1 =—\gt 2 + u f In— ~—r. dt ' . 

Jo V u-gt'J 2 Jo u-gt' 


1137 

A bucket of mass M (when empty) initially at rest and containing a 
mass of water is being pulled up a well by a rope exerting a steady force P. 
The water is leaking out of the bucket at a steady rate such that the bucket 
is empty after a time T. Find the velocity of the bucket at the instant it 
becomes empty. 

( Wisconsin ) 

Solution: 

Let the total mass of the bucket and water be M'. Then 
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where rn is the initial mass of the water. As the leaking water has zero 
velocity relative to the bucket, the equation of motion is 


dt 


P-M'g, 


or 


dv 


P- M 
M' 




M + m — 


g) dt . 


The velocity of the bucket at the instant it becomes empty is 




Pdt 


M + m ■ 


PT 

r -gT=— In 
-t m 


/M + m\ 

V M ) 


gT. 


1138 

A rocket ship with mass Mq and loaded with fuel of mass mo takes off 
vertically in a uniform gravitational field as shown in Fig. 1.105. It ejects 
fuel with velocity U 0 with respect to the rocket ship. The fuel is completely 
ejected during a time To. 

(a) Find the equation of motion of the rocket in terms of dM/dt, Uo, g, 
and M, where M is the mass of the rocket at time t. 

(b) What is the velocity of the vehicle at the instant t 0 when all the fuel 
has been ejected, in terms of Mq, mo, g and to? 

{MIT) 


t 


mm 


^0 

I 


Fig. 1.105. 
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Solution: 

(a) Consider a rocket, having mass M and velocity V, in time interval 
At ejecting a mass AM at a velocity Uq relative to the rocket and gaining 
an additional velocity AV\ Taking the vertical upward direction as positive, 
we have by the momentum theorem 

(M - A M)(V + AV^) + (V + U 0 )AM - MV = -MgAt , 


i.e. 


Ay AM 

M At“ = ~ Uo ~Af~ Mg > 


or, in the limit At —* 0, 

dV dM 

- ~ u °-dT ~ M9 ■ 

(b) The equation can be rewritten as 

dV = -Uo-rr- - gdt . 
M 

Integrating we obtain 

y = -Uo In M - gt + K . 
As M = Mo + mo, V = 0 at t = 0, 

K = Uo ln(M 0 + m 0 ) . 
Hence when M - Mo at t = to, we have 

'M 0 + m 0 ' 


j 7 . ( M 0 + m 0 \ 


1139 

A droplet nucleates in uniform quiescent fog. It then falls, sweeping 
up the fog which lies in its path. Assume that it retains all the fog 
which it collects, that it remains spherical and experiences no viscous drag. 
Asymptotically, it falls with a uniform acceleration a: 

y(t) —> at, for large t . 


Find a. 


{MIT) 
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Solution: 

Let pi, p 2 be the densities of the droplet and fog respectively, R(t) 
be the radius and V(t) the velocity of the droplet, and assume that the 
buoyancy of the air can be neglected. Making use of the “rocket equation” 
in Problem 1138 , with 

M=^R 3 Pl , Uo = 0-(-V) = V , 
and the replacement 


V-*-V, 


we have 


or 


dM 

dt 


4 „ dV , d 

r Rih ii +v dt 


dM 

dt 


(I’* 3 "') 


nR 3 pi ) = -nR^pig , 


dV nrr dR _ 

R ~dI + * V ^~ R9 - 

The droplet sweeps out a cylinder itR?V in unit time so the rate of change 
of its mass m is 

dm 
dt 


giving 


= it (r'' 3 " 1 ) ’ = nR2v ^ 

V = ArfR , 


where rj — pi/ P 2 - We thus have 


477 RR + 12 i)R 2 = Rg . 

As for large t, V = at or R = ~, we set R = bt 2 +c, where b, c are constants, 
and substitute it in the differential equation. Equating the coefficients of 
t 2 and t° separately on the two sides of the equation, we have 


56776 — g = 0, 
For a consistent solution, we take 


(Srjb -g)c= 0 . 


b = 


567 ?’ 


c = 0 
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Hence V = ir/R = 8 rjbt = %t, i.e. the asymptotic acceleration is 



1140 

An hour glass sits on a scale. Initially all the sand (mass m) in the glass 
(mass M) is held in the upper reservoir. At t = 0, the sand is released. If 
it exits the upper reservoir at a constant rate dmjdt = A, draw (and label 
quantitatively) a graph showing the reading of the scale at all times t > 0. 

(MIT) 



Fig. 1.106. 


W 



Solution: 

Suppose all the sand falls to the bottom of the lower reservoir so that 
for all grains the falling height is h. A grain failing through this distance 
will acquire a velocity V = \/2gh when it reaches the bottom and the whole 
trip takes a time t\ = 

For the reading of the scale, consider the following four periods of time: 

Period 1: The time t = 0 when the sand is released, to the time <i when 
the sand begins to arrive at the bottom of the lower reservoir. The reading 
of the scale in this period is 


Wi = (M + m)g — Xtg, 0 < t < ti , 


where t\ = y/2gK. 
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Period 2: The time ti when the sand begins to arrive at the bottom, to 
the time 1 2 when all the sand has left the upper reservoir. In this period, 
the force on the scale consists of two parts: weight of the sand as given by 
the above equation with t = ti and a part due to the impulse of the sand 
on the bottom of the reservoir with magnitude 

= \s/2gh . 

Hence the scale reads 

W 2 = [(M + m)g - Atig] + A \/2gh = (M + m)g, h < t < t 2 , 
where t 2 = m/A. 

Period 3: The time f 2 when all the sand has left the upper reservoir to 
the time t 3 when all sand has reached the bottom. The scale reads 

W 3 — W 2 + A(f — t 2 )<7, f 2 < t < f 3 , 
where £3 = t 2 + ti. 

Period 4: The time after all the sand has reached the bottom. The 
reading of the scale is constant at 

W 4 = (M + m)g, t > t 3 . 

The reading of the scale is depicted in Fig. 1.107. 


1141 

A rocket of instantaneous mass m achieves a constant thrust F by 
emitting propellant at a low rate with high relative speed. The rocket 
directs its thrust always along the direction of its instantaneous velocity u. 
By so doing it moves from an initial radius ri (measured from the center of 
the earth) to a larger radius r 2 , remaining in the same plane and following 
a path roughly like a spiral. The starting radius n is close to the earth’s 
radius ro, where the gravitational acceleration is g, while r 2 2 > ro- The 
angular coordinate from the earth’s center is <f>. 

(a) Is the angular momentum of the rocket per unit mass a constant of 
the motion? Discuss. 
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(b) In terms of r, r 0 , r, and <p, derive expressions for the instantaneous 
velocity u and the gravitational acceleration g. 

(c) Derive expressions for f and <j> in terms of the quantities listed above. 

( Princeton) 

Solution: 

(a) Use polar coordinates (r, <j>) as given. The angular momentum of 
the rocket per unit mass is j = r 2 <j>. Although gravity is a central force, 
the rocket thrust is not. Hence the angular momentum is not a conserved 
quantity. 

(b) The instantaneous velocity of the rocket is 


u = u r e r + u v e r = re r + ripe v 


with magnitude 


u = \/r 2 + r 2 ip 2 . 
The gravitational acceleration g is 

GM 


3= o 
r 


As go = ~$r, it can be written as 


9 - 9o-j ■ 

T i 

(c) The equation of the motion of the rocket is 

du 

t = m S' 

where f = F -f mg, m = m(t), terms involving ^jjr having been neglected. 
As the thrust F is always parallel to u, its components are F r = F~, 
F v = F T ^-. The gravitational acceleration is g = —ge r . Hence the equation 
of motion has component equations 


l(f - r4> 2 ) = fr = 


mgorl 


m(r<j) + 2 r(f>) — — 


\jr 2 + r 2 4> 2 
Fr4> 


\Jr 2 + r 2 <j) 2 

from which the expressions for r and <j> can be obtained. 
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1142 

A rocket ship far from any gravitational field has a source of energy E 
on board. The ship has initial mass mi and final mass m 2 - 

(a) Find the maximum velocity v that the ship can achieve starting from 
rest. E, mi, and m 2 are fixed, but the exhaust velocity w (relative to the 
ship) may vary as a function of the instantaneous mass m of the ship. 

(b) What is the maximum velocity v that can be obtained if the exhaust 
velocity w is constrained to be constant? 

{Princeton) 


Solution: 

(a) Integrating the equation of motion for the rocket ship 
(Problem 1138) 


dv . . dm 

m— = , 


dt 


dt 


and taking account of the initial conditions v = 0, m = mi at t = 0, we 
have 


r dm . 

J mi m 


Hence the maximum velocity is 


r ^ Idm . 

J m, rn 


(b) If w is constant, the maximum velocity is 


1 m i 

^max U- In 

m 2 


1143 

A spherical dust particle falls through a water mist cloud of uniform 
density such that the rate of accretion onto the droplet is proportional to 
the volume of the mist cloud swept out by the droplet per unit time. If the 
droplet starts from rest in the cloud, find the value of the acceleration of 
the drop for large times. 


{Princeton) 
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Solution: 

Suppose the spherical dust particle initially has mass Mo and radius Re,. 
Take the initial position of the dust particle as the origin and the x-axis 
along the downward vertical. Let M(t) and R(t) be the mass and radius of 
the droplet at time t respectively. Then 


M(t) = M 0 + ~7r(f? 3 - R%)p , 


where p is the density of the water mist, giving 


dM 

dt 


, , dR 


The droplet has a cross section 7r R 2 and sweeps out a cylinder of volume 
TtR 2 x in unit time, where x is its velocity. As the rate of accretion is 
proportional to this volume, we have 


dM 

dt 


a-irRrx , 


a being a positive constant. Hence 


x = ^R. 


a 


The momentum theorem gives 


M(t + dt)x(t + dt) — M{t)x{t) = Mgdt . 

Using Taylor’s theorem to expand M(t + dt) and x(t + dt) and retaining 
only the lowest-order terms, we obtain 

■ dM 

x— —I- Mx = Mg . 
dt 

For large t, M(t) « ^irR 3 p, dM/dt « 3 MR/R, and the above becomes 


R + 


3 R 2 ag 


R 4 p 

For a particular solution valid for large t, setting 

R(t) - at 2 , 
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where a is a constant, in the above we obtain 



Thus for large t, 


x = — . 2 a t = — 

a 7 


Hence the acceleration for large times is gjl. 


1144 

Suppose a spacecraft of mass mo and cross-sectional area A is coasting 
with velocity vq when it encounters a stationary dust cloud of density p 
as shown in Fig. 1.108. If the dust sticks to the spacecraft, solve for the 
subsequent motion of the spacecraft. Assume A is constant over time. 

( Princeton ) 



Fig. 1.108. 


Solution: 

Suppose the dust offers no resistance to the spacecraft. Newton’s second 

law 

d(mv) _ Q 


or 


dv dm 

m Tt +v ~di = 0 ’ 


implies that mv — moVo■ Then as 


dm 

dt 


— pAv 


dm = pvAdt, 
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we have 

dv pAdt 

3 H -= 0 • 

moVo 

Integrating, we obtain 

4 - — + C , 

v 4 m o^o 

where C is a constant. If we measure time from the instant the spacecraft 
first encounters the dust, then v = vo at t = 0, giving C = Vq 2 . Hence the 
motion of the spacecraft can be described by 

J_ _ J_ 2 pAt 
v 2 v$ mo vq 


3. DYNAMICS OF RIGID BODIES (1145-1223) 

1145 

Two circular metal disks have the same mass M and the same thickness 
t. Disk 1 has a uniform density pi which is less than p?, the uniform density 
of disk 2. Which disk, if either, has the larger moment of inertia? 

(Wisconsin) 

Solution: 

Let the radii of the disks be and R 2 respectively. 

Since the disks have the same mass and thickness, we have piR 2 — p 2 $ 2 , 
or 

M = pi 

pi ' 

The moments of inertia of the disks are 

r MR 2 r MR% 

/l = V’ /2 = ~2 ’ 

so 

h = R± = P2 
h R\ Pi 

As pi < p 2 , h > h- Hence disk 1 has the larger moment of inertia. 
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1146 

Given that the moment of inertia of a cube about an axis that passes 
through the center of mass and the center of one face is Jo, find the moment 
of inertia about an axis through the center of mass and one corner of the 
cube. 

( UC, Berkeley) 

Solution: 

Use Cartesian coordinates with origin at the center of mass and the axes 
through the centers of the three pairs of faces of the cube. We have 

ill — Iyy I zz JO * 

Jr y = lyz ^zx 0 i 

The moment of inertia about an axis having direction cosines A, //, v is 
I — X IXX "b P Iyy + V IZZ 2 fj,l/ly z ~ 2l>XI zx — 2XflI x y 

— (A 2 + ft 2 + v 2 )I a ■ 

To find the direction cosines of a radius vector r from the origin to one 
corner of the cube, without loss of generality, we can just consider the 
corner with its x , y, z coordinates all positive. Then 

r = ai + aj + ak , 

where we have taken 2a as the length of a side of the cube. As |r| = \/3 a 
we have 



so that 

I = Io- 


1147 

A thin disk of radius R and mass M lying in the xy-plane has a point 
mass m — 5M/A attached on its edge (as shown in Fig. 1.109). The moment 
of inertia of the disk about its center of mass is (the 2 -axis is out of the 
paper) 
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MR 2 


1 0 
0 1 
0 0 


0 

0 

2 


y 




Fig. 1.109. 


(a) Find the moment of inertia tensor of the combination of disk and 
point mass about point A in the coordinate system shown. 

(b) Find the principal moments and the principal axes about point A. 

(c) The disk is constrained to rotate about the j/-axis with angular 
velocity w by pivots at A and B. Describe the angular momentum about A 
as a function of time and find the vector force applied at B (ignore gravity). 

(UC, Berkeley) 

Solution: 

(a) The contribution of a mass element Am at radius vector r = (x \, x 2 , 
£3) to the moments and products of inertia about the origin is 

Iij — Am(r 2 6ij - x t Xj) , 

where 6{j = 1 if i = j, 6ij = 0 if i ^ j. Thus the moment of inertia tensor 
of the point mass about A is 


5 MR 2 ( J 

4 l 0 



The moment of inertia tensor of the disk about A, according to the 
theorem of parallel axes, is 


MS 2 <1 ? 
— 1° 1 
* \0 0 
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Hence the moment of inertia tensor of the disk and point mass about A 


is 



-5 0\ 

6 0 
0 16/ 


(b) To find the principal axes and moments of inertia, solve the secular 
equation 


MR 2 

4 


10-7 -5 0 

-5 6-7 0 

0 0 I 6-7 


= 0 , 


or 


(16- 7 )(7 2 - 16 7 + 35) = 0 . 

The solutions are 


7 i = 16, 72 = 8 - i/29, 73 = 8 + \/29 . 


Hence the three principal moments of inertia about A are 


h = 4 MR 2 , 



h = 



MR 2 . 


The direction cosines (A, /x, u) of the principal axes corresponding to I\ are 
given by 


-6 -5 0\ /A\ 

-5 -10 0 /x = 0 , 

0 00 / \u) 


- 6 A - 5(i = 0 , 
-5A - 10/x = 0 , 


0u = 0 . 


The solution is A = /x = 0, v = arbitrary. As 

A 2 + /x 2 + v 2 - 1 , 

by definition, the direction cosines are 

A=0, fi = 0, v — 1 . 
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The principal axes for I 2 and J 3 have direction cosines given by 

/2±v/29 -5 0 \ /A\ 

[ -5 -2± V29 0 Lx 1=0 , 

\ 0 0 8±%/29 ) \v) 

(2 ± v / 29))A - 5/x = 0 , 

-5A 4- (-2 ± v^29)m = 0 , 

(8 ± \/29)ix = 0 , 


where the top sign is for I 2 and the bottom sign, I 3 . 
The solutions are 


A -2 ± y/29 ( 0.677 

H~ 5 ~ 1 -1.477 ’ 

Then as A 2 + /z 2 + u 2 = A 2 + /x 2 = 1, we have 


i/ = 0 . 


—cs-r'-t" 

W-C-’I'-CS 


We also require that the principal axes for I 2 and I 3 be orthogonal: 


A2A3 + /X2/13 + ^2^3 = 0 . 
We therefore take the principal axes as 


( 0 , 0 , 1 ) , 

(0.561,0.828,0) , 

(-0.828,0.561,0) . 

(c) The moment of inertia tensor I of the system of disk and mass 
point about the origin A found in (a) refers to a coordinate frame (x, y, z) 
attached to the disk. In this frame the angular momentum of the system 
rotating with angular velocity u> is 


L = Iw , 
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Consider a laboratory frame ( x',y',z') having the same y -axis as the 
rotating frame (x, y, z) such that the respective axes coincide at t = 0, 
as shown in Fig. 1.110. 


y'.y 



Fig. 1.110. 


As 

x' = xcos(wt) + zsin(u>t), y = y , 
z' = —xsin(wt) + zcos(u>t) , 

we can define a transformation tensor 

( cos (u/t) 0 sin(wt) \ 

0 10 
— sin(ujt) 0 cos(u >t)) 

so that a vector V is transformed according to 

V' = SV . 


Applying the above to the angular momentum vector, we find the angular 
momentum about A in the laboratory frame: 



= SL — 


MR 2 u) 


-5 cos (uit )' 
6 

5sin(u>t) 
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i.e. 


LL = 


-5 MR 2 w 


cos (ujt), 


K = 


3MR 2 u 5 MR 2 u . , . 

-O-- L z = -7- sm M) 


considering the disk alone. The y -axis is a principal axis of inertia and 
so rotation about it will not cause any force to be exerted on the pivots. 
Hence the forces on the pivots are due entirely to the rotating mass point. 
In the rotating frame the mass point suffers a centrifugal force of magnitude 
, which is balanced by forces exerted on the disk by the pivots. The 
forces on the pivots are reactions to these forces. Hence pivot B suffers 
a force of magnitude in the same direction as the centrifugal force 

on the mass point. In the laboratory frame this force rotates with angular 
velocity u>. 


1148 

Four masses, all of value m, lie in the xy-plane at positions (x, y) = 
(a, 0), (—a, 0), (0, +2 a), (0, -2a). These are joined by massless rods to form 
a rigid body. 

(a) Find the inertial tensor, using the x-,y-, 2 -axes as reference system. 
Exhibit the tensor as a matrix. 

(b) Consider a direction given by unit vector n that lies “equally 
between” the positive x-, y-, 2 -axes, i.e. it makes equal angles with these 
three directions. Find the moment of inertia for rotation about this axis. 

(c) Given that at a certain time t the angular velocity vector lies along 
the above direction n, find, for that instant, the angle between the angular 
momentum vector and n. 

( UC, Berkeley) 

Solution: 

(a) The elements of the inertial tensor are given by 
I%j = ^ ] rn n (r n 6jj x ni n ni ) 


r 


2 

n 


+ < 


+ X 


2 

ns ' 


where 
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As at least one of the coordinates of each mass is zero, x % x 3 = 0 so that 
Iij = 0 for all i =£ j- For i = j, because of symmetry we have 

In = 2 m(a 2 — a 2 ) + 2ro(4a 2 - 0) = 8 ma 2 , 

I 22 = 2 m(a 2 — 0) + 2m(4a 2 — 4a 2 ) = 2 ma 2 , 

I33 = 2 m(a 2 - 0 ) + 2m(4a 2 - 0) = 10 ma 2 . 

Hence the inertial tensor is given by the matrix 

( 8 ma 2 0 0 \ 

0 2 ma 2 0 J . 

0 0 10 ma 2 J 

(b) As the given direction makes the same angle with the axes, its 
direction cosines \,p,v are equal. The moment of inertia about this 
direction is then 


I = ^ 2 Ii 1 + p 2 122 + 1/2 1 33 ~ Ipvlis — 21/A/31 — 2 A/i/i 2 
= (8ma 2 + 2 muj 2 + 10ma 2 )X 2 
= 2Qrna 2 A 2 . 

The direction cosines are subject to the condition 
A 2 + p 2 + v 2 = 3A 2 = 1 , 


giving A 2 = 3 . Hence 


, 20 2 
I = —ma . 

O 


(c) The direction n is given by 


n = \ p = A 1 


At time T, u> is parallel to n: 


1 

u> = wn = Acu | 1 
1 


The angular momentum at this instant is given by 


L = Iu> , 
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or 


L = A ma 2 w 



with magnitude 

L = Xma 2 uj\/8 2 + 2 2 + 10 2 = 168Amo 2 w . 
The angle <fi between L and n is then given by 


cos <j> 


L • n 

~T~ 


\ 2 ma 2 (jj(8 + 2 + 10) 
Ama 2 w\/l68 


1 20 

75\/l68 


0.891 , 


i.e. 

</> = 27° . 


1149 

Due to polar flattening, the earth has a slightly larger moment of inertia 
about its polar axis than about its equatorial axis. Assume axial symmetry 
about the polar axis. 

(a) Show that the dominant terms of the gravitational potential above 
the surface of the earth can be expressed as 

C — A /a\ 2 ( 3cos 2 fl — 1 
Ma 2 lr/ V 2 

where C and A are the moments of inertia about the polar and equatorial 
axes respectively, M is the earth’s mass, a is the mean earth radius and r is 
the distance to the center of mass of the earth. The coefficient (C - A) /Ma 2 
is about 10 -3 . 

(b) What secular effect will the second term have upon a satellite tra¬ 
veling in a circular orbit around the earth? 

(c) If the normal to the plane of the satellite is inclined at an angle a to 
the polar axis of the earth, derive an expression for the magnitude of this 
effect by taking a time average over the circular orbit. 




(UC, Berkeley ) 
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Solution: 

(a) Choose the polar axis as the 2 -axis and the equatorial plane as 
the xy plane. Let a mass element dM of the earth have position vector 
r' = (x 1 , y', z 1 ) and let a satellite above the surface of the earth have position 
vector r = ( x,y,z ). Then the gravitational potential energy per unit mass 
of the satellite is 


U = - 


/ 

/ 


GdM r GdM 
|r — r'| J [r 2 — 2r • r' + r' 2 ] 5 


GdM r _ 2r • r' 
r r 2 



integrating over the entire earth. Taylor expansion gives, neglecting terms 
of order higher than (y ) 2 , 

rr' r' 2 3 (r • r') 2 

1 -I-1_ - !— 

r 2 2r 2 2 r 4 

As r is a constant vector and the earth is assumed to be a symmetrical 
ellipsoid, 

J r • r 'dM = r J r 'dM = 0 . 

Hence 




u = - 


GM 

r 


GM 

r 


G r [~3 (r • r') 2 
r 3 J 2 r 2 



dM 



3(xx' + yy' + zz') 2 - (x 2 + y 2 + z 2 )(x' 2 + y' 2 + z' 2 )' 
2 r 2 


dM . 


Due to the symmetry of the earth, the integrals of x'y ', y'z' and z'x' are 
all zero and we have 
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U = — 


GM 


5 / 


V 2 +yV 2 + ^V 2 ) 


/ 2 /2 . 2 /2 , 2 /2 i 2 f2 , 2 /2 , 2 ^ 2\1 

- (ary + ar 2 + y x 4- y*z + z x + z y *)\ 


dM 
2 r 2 


Now, the choice of the x- and y-axes is arbitrary (as long as they are in the 
equatorial plane), so that the integral of x' is equal to that of y'. Thus 


U = - 


GM 

r 


GM 

r 

GM 

r 


Gf I 

x 2 x' 2 + y 2 y' 2 + 2z 2 z' 2 - x 2 z' 2 - y 2 z' 2 - 2 z 2 x 12 ] 

r 3 J \ 

[ 2 r 2 

J 

Gf 1 

r (x 2 + y 2 )x' 2 - 2 z 2 x' 2 + (2z 2 - x 2 - y 2 )z' 2 ' 

dM 

r 3 J \ 

2 r 2 

G f (3x 2 — r 2 )(z' 2 — x' 2 ) 


r 3 J 

2r 2 



GM 



r 


G /3 z^ 
r 3 \2r 2 

G /3 z*_ 
r 3 \2r 2 


5 ) J[(z' 2 +y' 2 )-(x' 2 +y' 2 )}dM 

5) <'■ - '*> • 


(1) 


As I x = I y = A, I z = C, z = r cos 9, where 9 is the angle between r and 
the polar axis, the above can be written as 


U = — 


GM 

r 


C — A /ON 2 ( 3cos 2 8 
Ma 2 lr/ \ 2 



(b) Equation (1) can be written as U = Ui + U 2 - U\ = is the 

potential energy per unit mass the satellite would have if the earth were a 
perfect sphere. U 2 arises from polar flattening. It gives rise to an additional 
force per unit mass of the satellite of F = — VU 2 . As Vr = -, Vr~ 5 = 
Vr~ 3 = =§c, Vz 2 = 2zk, 


3 G(A - C) 
2 r 5 



r + 2zk 


Note that the first part in the square brackets is still a central force, albeit 
not of the inverse-square type. It does not change the magnitude and 
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direction of the angular momentum about the center of the earth; hence 
it has no effect on the plane of orbit, but only makes the satellite deviate 
from circular orbit slightly. The second part, 


Fa . , 


is not a central force; it makes the orbit plane precess about the z-axis. 

(c) As the motion of the satellite is very nearly a uniform circular motion 
with center at the origin, because of symmetry the integral of F 2 dt over a 
period of the circular motion is equal to zero, so that its average effect on 
the motion is zero. The torque caused by F 2 with respect to the center of 
the earth is 

3G(C-A), 

M = r x F 2 = -^- {-yzi + xzj) . 

Let the intersection of the orbital plane and the equatorial plane of the 
earth be the x-axis (Fig. 1.111). In the course of rotation, yz is always 
positive while the average value of zx is zero. So over one period, the 
average torque is directed in the -x direction. As the angular momentum 
vector lies in the ?/z-plane and is thus perpendicular to the average torque, 
the latter does not change the magnitude of the angular momentum. 


z 



Fig. 1.111. 


The angular momentum vector L has two components L y and L z . As 
the average torque, which is in the — x direction, is perpendicular to L z , it 
does not affect the latter. Hence it does not change the angle a between L 
and the z-axis. The result is that L will precess about the z-axis, describing 
a cone of semivertex angle a in a frame fixed to a distant star. As the 
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(x, y, z ) frame is fixed with respect to the orbit, the x-axis will rotate around 
the center of the earth in the equatorial plane. 

Let 9 be the angle between the position vector of the satellite and the 
x-axis. Setting 9 = 0 at time t = 0, we have 8 — uit, to being the angular 
velocity of the satellite. As y = r sin 9 sin a, z = r sin 9 cos a, the average of 
M over one period T = ~ is 

.3 G(C-A) [ T 
<M) = i-^ -yzdt 

i3G(C — A) sin(2a) f T . 2/ 

=-2?¥- J, ” M)< “ 

, 3G(C - A)sin(2a) 

4 r 3 


As (M) is perpendicular to the angular momentum L, this will cause the 
angular momentum vector to precess about the z-axis with angular velocity 


|(M)| _ 3G(C - A) sin(2a) 


4 r 5 w 


1150 

A flywheel in the form of a uniformly thick disk 4 ft in diameter weighs 
600 lbs and rotates at 1200 rpm. Calculate the constant torque necessary 
to stop it in 2.0 min. 

(Wisconsin) 

Solution: 

The equation of motion for the flywheel is 


19 = —M , 


where I is the moment of inertia and M is the stopping torque. Hence 

■ Mt 

9 = uj o- y • 


When the flywheel stops at time t, 8 — 0 and 
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M _ 1^0 

t 

With I = = 1200 lb ft 2 , u>o = 407r rad/s, t = 120 s, 

M = 400tt pdl ft = 39 lb ft. 


1151 

A structure is made of equal-length beams, 1 to 11, as shown in 
Fig. 1.112, hinged at the joints , G. Point A is supported rigidly 

while G is only supported vertically. Neglect the beam weights. A weight 
w is placed at E. Each member is under pure tension T or compression C. 
Solve for the vertical support forces at A and G and find the tension T or 
compression C in each member. 

( Columbia) 




Solution: 

Consider the structure as a whole. The equilibrium conditions for forces 
at A and G and for torques about A give 

Nax = 0 , 

Nay + N gy -W=0, 

AEW-AG- N G y = 0 , 


2W 

Ngy = t 


whence 


Nax = 0, Nay = -jp 
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Then let the tensions and compressions in the rods be as shown in 
Fig. 1.113. Considering the equilibrium conditions for joint A we have 

N ay - T\ sin 60° = 0 , 

C 2 -Ticos60° = 0 , 


yielding 




Consider the balance of vertical forces at B,C, D,G, F. We obtain by 
inspection of Fig. 1.113 


C 3 = 2\ = 


9 


t 5 = c 3 = ^w. 


9 


c 7 = n = 


9 


T u = 


Nqy 4n/3 


W, C 9 = T n = W . 


sin 60° 9 “ 9 

Then considering the balance of horizontal forces at B, C, E, F we have 


T 4 - (Ti + C 3 ) cos60° = 0 , 

C 6 - (C 3 + T s ) cos 60° - C a = 0 , 
Cio — (Cg — CV)cos60° — Cq = 0 , 
T s - (Tn + Cg) cos 60° = 0 , 


yielding 




c e = ^fw, c 10 = ^w, 


T ° = i r w 


1152 

A uniform thin rigid rod of mass M is supported by two rapidly rotating 
rollers, whose axes axe separated by a fixed distance a. The rod is initially 
placed at rest asymmetrically, as shown in Fig. 1.114. 

(a) Assume that the rollers rotate in opposite directions as shown in the 
figure. The coefficient of kinetic friction between the bar and the rollers is p. 
Write down the equation of motion of the bar and solve for the displacement 



252 


Problems & Solutions on Mechanics 




Fig. 1.114. 


Fig. 1.115. 


x(t) of the center C of the bar from roller 1 assuming x(0) — Xq and 
x(0) = 0. 

(b) Now consider the case in which the directions of rotation of the 
rollers are reversed, as shown in Fig. 1.115. Calculate the displacement 
x(t), again assuming x(0) = xo and x(0) = 0. 

( Princeton ) 



Fig. 1.116. 


Solution: 

(a) The forces exerted by the rollers on the rod axe as shown in Fig. 1.116. 
For equilibrium along the vertical direction we require 

Ni + N 2 = Mg, aN 2 = xM g , 

giving 

= Mg, N 2 = —Mg . 

The kinetic friction forces are 

fi — fi. — pN 2 , 

with directions as shown in the figure. Note that as the rollers rotate 
rapidly, a change in the direction of motion of the rod will not affect the 
directions of these forces. Newton’s second law then gives 
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Mx = fi-f 2 = - 2x) . 

a 

With 4 = 2 x - a, the above becomes 

£ = -^£, 

a 

which is the equation of motion of a harmonic oscillator. With the initial 
conditions 4 = 2i 0 - a, 4 = 0 at t = 0, the solution is 

4 = (2 xq - a) cos(u;f) , 

where 

“=/¥■ 

Hence 

x = (x° - cos(wt) + | • 

(b) With the directions of rotation of the rollers reversed, the friction 
forces also reverse directions and we have 

Mx = f 2 - fi , 


or 



a 

where 4 = 2x — a as before. The motion is no longer simple harmonic. With 
the same initial conditions, the solution is 

4 = (x° - ^ (e~ ut + e ut ) = { 2 x 0 - a) cosh(u;t) , 


x-(x 0 - coshM) + ^ , 

where w = yj Note that if xq ± 2 , the rod will move in one direction 
until it loses contact with one roller, at which time the equation ceases to 
apply. 


1153 

A torsion pendulum consists of a vertical wire attached to a mass which 
may rotate about the vertical. Consider three torsion pendulums which 
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consist of identical wires from which identical homogeneous solid cubes are 
hung. One cube is hung from a corner, one from midway along an edge, 
and one from the middle of a face, as shown in Fig. 1.117. What are the 
ratios of the periods of the three pendulums? 

{MIT) 





Fig. 1.117. 


Solution: 

In all the three cases, the vertical wire passes through the center of 
mass of the solid cube. As the ellipsoid of inertia of a homogeneous solid 
cube is a sphere, the rotational inertia about any direction passing through 
the center of mass is the same. Hence the periods of the three torsion 
pendulums are equal. 


1154 

Figure 1.118 shows a simple-minded abstraction of a camshaft with 
point masses m and 2 m fixed on massless rods, all in a plane. It rotates 
with constant angular velocity w around the axis OO' through the long 
shaft, held by frictionless bearings at O and O'. 

(a) What is the torque with respect to the mid-point of the long shaft 
exerted by the bearings? (Give magnitude and direction.) 

(b) Locate an axis, fixed in the plane of the masses, around which the 
thing could rotate with zero torque when the angular velocity is constant. 

( VC, Berkeley) 

Solution: 

Choose a coordinate system attached to the shaft with origin at the 
mid-point C of the long shaft, the z-axis along the axis OO' and the x-axis 
in the plane of the point masses, as shown in Fig. 1.119. 
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Fig. 1.118. 
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Fig. 1.119. 


The inertia tensor with respect to C is calculated using the formula 
Iij = - x ni x nj ), where r£ = x 2 nl + x\ 2 + x 2 n3 . As the masses 

n 

have coordinates 


we have 


1 = 


,o, 0 , 

m 

: (1,0-0 , 

,o,-0, 

m 

: (-1,0,1), 

6 ml 2 

0 

2 ml 2 \ 

0 

8 ml 2 

0 

2 ml 2 

0 

2 ml 2 1 


Considering the angular momentum J and torque M about C, we have 
w dJ d*J 

M = — = —-hw X J = U X J , 

at at 

where the star denotes differentiation with respect to the rotating coordi¬ 
nate system ( x,y,z ), as the angular velocity is constant. As 


Iu) = I 
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we find 


M=wxJ= 


i j k 

0 0 tJ 

2 ml 2 u 0 2 ml 2 ui 


2 ml 2 u> 2 j . 


The torque with respect to the mid-point of the shaft exerted by the 
bearings has magnitude 2 ml 2 ui 2 and is in the y direction. 

(b) Denote the axis in the xz-plane about which the torque is zero as 
the z'-axis and suppose it makes an angle 9 with the z-axis. As shown 
in Fig. 1.119, the x'-, y'- and z'-axes form a Cartesian frame, where the 
x'-axis is also in the xz-plane. In this frame, the angular velocity u> is 


lo = 



and 


Hence 


J = Iu> = 


( 6 ml 2 u sin 6 + 2ml 2 u cos 9 
0 

2 ml 2 u sin 6 + 2 ml 2 u cos 0 


M = «x J 


i j k 

= (jj sin 6 0 u cos 9 

ml 2 uj( 6 sin 9 + 2 cos 9) 0 2mPu;(cos 9 + sin 9) 

= 2ml 2 J 1 (sin 29 + cos 29)j 
For M = 0, we require that 


tan 29 — —1 , 

i.e. 9 = —22.5° or 67.5°. Note that the z'-axis, about which the torque 
vanishes, is a principal axis of inertia. As such it can also be found by the 
method of Problem 1147. 
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1155 

A coin with its plane vertical and spinning with angular velocity ui in 
its plane as shown in Fig. 1.120 is set down on a flat surface. What is the 
final angular velocity of the coin? (Assume the coin stays vertical; neglect 
rolling friction.) 

( Wisconsin) 



Fig. 1.120. 


Solution: 

The spinning coin is on a horizontal plane. As the forces acting on the 
coin, namely, the supporting force F and gravity P, both pass through the 
center of mass, the angular momentum of the coin about its center of mass 
is conserved. Hence the angular velocity is still w after it is set down on 
the surface. 


1150 

Human legs are such that a person of normal size finds it comfortable 
to walk at a natural, swinging pace of about one step per second, but 
uncomfortable to force a pace substantially faster or slower. Neglecting the 
effect of the knee joint, use the simplest model you can to estimate the 
frequency which determines this pace, and to find what characteristic of 
the leg it depends on. 

( Wisconsin) 

Solution: 

Consider the human leg to be a uniform pole of length l. In the 
simplest model, the swinging frequency of the leg should be equal to the 
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characteristic frequency of the pole when it swings about its end as a fixed 
point. The motion is that of a compound pendulum described by 


1 

3 


ml 2 0 — —^mgl sin# 


1 


or 


s+ 3 i s =° 


for 8 small. Then the frequency of swing is v 
l ss 0.4 m, v « 1 s -1 . 



If we take 


1157 

Cylinder C (mass 10.0 kg and radius 0.070 m) rolls without slipping on 
hill H as shown in Fig. 1.121. The string does not stretch and is wrapped 
around the cylinder C. 

(a) How far vertically upward does C move when the 2 kg mass moves 
down one meter? 

(b) What are the magnitude and direction of the acceleration? 

(c) What are the magnitude and direction of the force of static friction 
at the contact point PI 

( Wisconsin) 



Fig. 1.121. 
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Solution: 

(a) As the string is unstretchable, when the center of C moves up the 
inclined plane a distance Ax, the 2 kg mass will also drop Ax. However, 
as an additional length Ax of the string is also released in the process, 
the 2 kg mass will actually drop 2Ax. Thus when the 2 kg mass moves 
down one meter, C will move up the inclined plane 0.5 m, or vertically up 
0.5 sin 30° = 0.25 m. 

(b) The forces involved are shown in Fig. 1.121. The above effect means 
that for the 2 kg mass we have 

2 mx — mg — F . 

For the cylinder we have 

Mx = F + / — Mg sin 30° , 

16 = (F - f)R , 

where I — ^ MR 2 . Furthermore, as the cylinder rolls without slipping we 
also have 

x = R0 . 

The above equations give 

x = (~ 7Tl —\ g = -0.0435# = —0.426 ms -2 . 

Thus the acceleration has magnitude 0.426 ms" 2 and acts downward along 
the inclined plane. 

(c) / = 4 M(x + g) = 40 x 0.5745 = 23.0 N. Its direction is upward along 
the inclined plane. 


1158 

A uniform hoop of mass M and radius R hangs in a vertical plane sup¬ 
ported by a knife edge at one point on the inside circumference. Calculate 
the natural frequency of small oscillations. 

( Wisconsin ) 

Solution: 

The moment of inertia of the hoop about the supporting knife edge is 
/ = MR 2 + MR 2 = 2 MR 2 . 
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Fig. 1.122. 

Referring to Fig. 1.122, we have the equation of motion 

Id — -MgRsind , 


or 

16 = -MgR6 

for small oscillations. Hence the frequency is 

oj 1 I MgR 1 I g 

2tt V I 2n\2R 


1159 

An ultra-high speed rotor consists of a homogeneous disc of mass M, 
radius R and width 21. It is mounted on a shaft supported on bearings 
separated by a distance 2d as shown in Fig. 1.123. The two additional 
masses, of equal mass m, are arranged symmetrically so that the rotor 
remains in “static” balance. Find the time-varying force on the bearings if 
the rotor turns at angular velocity lj. 

( Wisconsin) 



Fig. 1.123. 
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Solution: 

In the rotating frame attached to the disk, the additional masses each 
suffers a centrifugal force tuRlo 2 , resulting in a torque T = 2 mRu> 2 l. This 
torque is balanced by a torque of the same magnitude but opposite in 
direction, supplied by the bearings which are separated by a distance 2 d. 
Hence the bearings each suffers a force l in the same direction 

as that of the centrifugal force on the nearer mass. In the fixed frame these 
rotate with angular velocity ui. 


1160 

A 100 m 2 solar panel is coupled to a flywheel such that it converts 
incident sunlight into mechanical energy of rotation with 1% efficiency. 

(a) With what angular velocity would a solid cylindrical flywheel of 
mass 500 kg and radius 50 cm be rotating (if it started from rest) at the 
end of 8 hours of exposure of the solar panel? 

Take the solar constant to be 2 cal/cm 2 /min, for the full time interval. 
(1 cal = 4.2 Joules) 

(b) Suppose the flywheel, whose axle is horizontal, were suddenly re¬ 
leased from its stationary bearings and allowed to start rolling along a 
horizontal surface with kinetic coefficient of friction /r = 0.1. How far will 
it roll before it stops slipping? 

(c) With what speed is the center of mass moving at that moment? 

(d) How much energy was dissipated in heat? 

{VC, Berkeley) 

Solution: 

(a) The kinetic energy of rotation of the flywheel is E = where 

I = jmfl 2 , giving 

[2E _ 1 2 x 0,01 x 100 x 10 4 x 8 x 60 x 2 x 4.2 
W ° “ V T _ y i x 500 x 0.5 2 

= 1136 rad/s . 

(b) Measure time from the instant the flywheel is released, when it is 
rotating with angular velocity u>q. After its release the only horizontal force 
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Fig. 1.124. 


on the flywheel is the frictional force as shown in Fig. 1.124. The equations 
of motion are 

Id) = —fR, mi) = f ■ 

At time f i when the flywheel stops slipping, let its angular velocity be uq. 
The boundary conditions are w = wo, « = 0 at t = 0, uj = uq, v = Vi = Ruo i 
at t = ti. The above equations integrate to give 


I(u) 1 — (do) — —fRtl , 
mv — mRjjJ i = ft\ . 


Note that these equations can also be obtained directly by an impulse 
consideration. Solving these we have 





u)qR 

3 P9 


as / = \mR 2 , / = firng. The distance covered by the flywheel before it 
stops slipping is 


5 = 



(go R ) 2 

18 fig 


= 18290 m 


(c) At ti the speed of the center of mass is 

vi = Ru)\ = = 189.3 ms _1 . 

3 

(d) At time 0 <t <ti, the equation of motion integrates to 


I(u) — wo) — —fRt , 
mv = ft . 


At 0 < t < ti, the flywheel both slips and rolls. Only the slipping part of 
the motion causes dissipation of energy into heat. The slipping velocity is 


v — Rjjj = 


3/t 


m 


Rvj o 
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and the total dissipation of energy into heat is 


Q = - 



(v — Ru)fdt 


3ft? 

2m 


+ Rwofti 


mR 2 ujQ 

6 


= 2.688 x 10 7 J . 


This can also be obtained by considering the change in the kinetic energy 
of the flywheel: 


Q = \lu o - + \ mv *) 

_ mR 2 8cJq m (Ruiq) 2 mR 2 ^ 

4 9~ " 7 9 6 


same as the above. 


1101 


A man wishes to break a long rod by hitting it on a rock. The end 
of the rod which is in his hand rotates without displacement as shown in 
Fig. 1.125. The man wishes to avoid having a large force act on his hand 
at the time the rod hits the rock. Which point on the rod should hit the 
rock? (Ignore gravity). 



( CUSPEA) 



Fig. 1.125. 


Fig. 1.126. 
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Solution: 

Let the point of impact be at distance x from the end O held by the 
hand and the reaction to the force acting on the hand as a result of the 
application of F be F', as shown in Fig. 1.126. Considering the motion of 
the center of mass C, we have 



J(F - F')dt = mv , 


where v is the velocity of C, u> the an|ular velocity about C immediately 
after the application of F, and / = z y|-, m being the mass of the rod. As 
O is to remain stationary, we require 



0 , 


or 

u>l 

v =- 

We also require F' « 0, so that 


J Fdt = mv, ^ ~ 2 ) f ’ 


which give 




1162 

The two flywheels in Fig. 1.127 are on parallel frictionless shafts but 
initially do not touch. The larger wheel has / = 2000 rev/min while the 
smaller is at rest. If the two parallel shafts are moved until contact occurs, 
find the angular velocity of the second wheel after equilibrium occurs (i.e. 
no further sliding at the point of contact), given that R\ = 2f?2, h = 16^2- 

( Wisconsin) 
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Fig. 1.127. 


Solution: 

Suppose the impulse of the interacting force between the two wheels 
from contact to equilibrium is J. Then the torque of the impulse acting on 
the larger wheel is JR\ and that on the smaller wheel is JR 2 . 

We have — u>[) = JRi, / 2 o >2 — JR 2 , where ao and uj[ are the 

angular velocities of the larger wheel before contact and after equilibrium 
respectively, and u) 2 is the angular velocity of the smaller wheel after 
equilibrium. As there is no sliding between the wheels when equilibrium is 
reached, 

UJ J Rl = U>2 i?2 • 

The above equations give 

“4 - ^^2 = l-6wi = 3200 rev/min . 


1163 

Two uniform cylinders are spinning independently about their axes, 
which are parallel. One has radius Ri and mass M\, the other R 2 and 
M 2 . Initially they rotate in the same sense with angular speeds 12 j and 
$22 respectively as shown in Fig. 1.128. They are then displaced until they 
touch along a common tangent. After a steady state is reached, what is the 
final angular velocity of each cylinder? 

( CUSPBA) 

Solution: 

Let uq, u >2 be the final angular velocities of the two cylinders respectively 
after steady state is reached. Then 



266 


Problems & Solutions on Mechanics 



U)iR\ = —CJ^Ri . 


Let J\ and Ji be the time-integrated torque 2 exerts on 1 and 1 on 2, then 


•h _ J 2 
R[~ R 2 ' 


J\ — 1 — Hi), *?2 — ^ 2(^2 — ^ 2 ) i 


Ii(u>i — fli) ^ 2(^2 — ^ 2 ) 

Ri R 2 

As / oc MR 2 , the last equation becomes 

MiRi(u)\ — fli) = MiRzioj? — O2) 1 


i.e. 


MiRiWi — M2R2W2 = M1R1Q1 — M 2 R 2^2 • 


Hence 


MjRifli — M2R2H2 
Ri(Mi M 2 ) 

M2R2^2 — AfiRjfii 
R2(Mi + M 2 ) 


1164 

Three identical cylinders rotate with the same angular velocity H about 
parallel central axes. They are brought together until they touch, keeping 
the axes parallel. A new steady state is achieved when, at each contact line, 
a cylinder does not slip with respect to its neighbor as shown in Fig. 1.129. 
How much of the original spin kinetic energy is now left? 
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(The precise order in which the first and second touch, and the second and 
third touch, is irrelevant.) 

( CUSPEA) 





Fig. 1.129. 


Solution: 

As there is no slipping, if SI 1 is the final angular velocity of cylinder 1, 
then cylinders 2 and 3 have final angular velocities — fi' and SI' respectively. 
Let / be the moment of inertia of each cylinder about its axis of rotation, 
Mij be the angular impulse imparted to the ith cylinder with respect to its 
axis of rotation by the jth cylinder. Newton’s third law requires that, as 
the cylinders have the same radius, 

M i:i = Mji. (i, j = 1,2,3; * / j) 


Dynamical considerations give 


I(Sl r - SI) = Mi 2 , 

( 1 ) 

I(-S1' - SI) = m 21 + m 23 , 

( 2 ) 

I{S}' - SI) — m 32 . 

(3) 


(1) + (3) - (2) gives 

I(3Sl' — SI) = 0 , 



The ratio of the spin kinetic energies after and before touching is 

T |(3 ISl' 2 ) fSl'\ 2 _ 1 

T ~ 5 (3/D 2 ) " [si) ~ 9 
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1165 

Find the ratio of the periods of the two torsion pendula shown in 
Fig. 1.130. The two differ only by the addition of cylindrical masses as 
shown in the figure. The radius of each additional mass is 1/4 the radius 
of the disc. Each cylinder and disc have equal mass. 

( Wisconsin ) 



Fig. 1.130. 


Solution: 

Let h and I 2 be the moments of inertia of the two torsion pendula 
respectively. If A is the restoring coefficient of each wire, then the equations 
of motion are IiO + AO = 0, I 2 0 + A6 = 0. Hence the angular frequencies of 
oscillation of the torsion pendula are Wi = \JA jl\ and u> 2 = \/~AjT 2 . For 
the first pendulum, I\ = MR 2 / 2, and for the second, 



Hence the ratio of the periods is 

T\ = o» = fh = / 2 \* 
T 2 wi V I 2 W 
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A long thin uniform bar of mass M and length L is hung from a fixed 
(assumed frictionless) axis at A as shown in Fig. 1.131. The moment of 
inertia about A is ML 2 /3. 



Fig. 1.131. 


(a) An instantaneous horizontal impulse J is delivered at B, a distance 
a below A. What is the initial angular velocity of the bar? 

(b) In general, as a result of J, there will be an impulse J' on the bar 
from the axis at A. What is J'? 

(c) Where should the impulse J be delivered in order that J' be zero? 

( Wisconsin) 


Solution: 

(a) Ja = I(uj — o»o), where u/q is the angular velocity of the bar before 
the impulse is delivered. As wo = 0, the initial angular velocity is 

Ja 3 Ja 

T ~ ML2 • 

(b) The initial velocity of the center of mass of the bar is v = uiL/2. So 
the change in the momentum of the bar is Mv = MujL/2. As this is equal 
to the total impulse on the bar, we have 


J + J' 


Mu)L 
2 “ 


Hence 


J' 


McjL 


-'-'GH 


2 
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Hence there will be no impulse from the axis if J is delivered at a point 
2L/3 below A. 


1167 

The crankshaft shown in Fig. 1.132 rotates with constant angular veloc¬ 
ity u). Calculate the resultant forces on the bearings. In a sketch show the 
directions of these reactions and the direction of the angular momentum. 
(Assume the crankshaft is made of thin rods with uniform density). 

( UC, Berkeley) 



— - b -- 





~7 

a 

m. 

T-*| 

1_ 



If&J. 

m 


Fig. 1.132. 


y 



Solution: 

Consider the motion in a frame attached to the crankshaft as shown 
in Fig. 1.133. As the rods are either parallel or perpendicular to the axis 
of rotation, the centrifugal force on each rod can be considered as that 
on a point of the same mass located at its center of mass. Let N denote 
the constraint force exerted by the bearing on each shaft. As there is no 
rotation about the z-axis, we require that the moments of the forces about 
O should balance: 

rtt _ T 1} , 9 36 , 9 , CL ty 

2b • N 4- - • pb ■ aw = — • pb ■ aw * + 2 b ■ pa ■ -or , 

giving 

where p is the mass per unit length of the rods. The reactions on the 
bearings are equal and opposite to N as shown in Fig. 1.131. In a fixed 
frame these forces are rotating, together with the crankshaft, with angular 
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velocity oj about the axle. The angular momentum of the crankshaft is 
given by 



where / is the moment of inertia tensor about O with elements 
Iij = ^ ] Am n (r Sij XiXj) . 

n 

As all z = 0, I zx = 0. Furthermore it can be seen that Ixx 0) lyx < 0. 
Hence the angular momentum L has direction in the rotating coordinate 
frame as shown in Fig. 1.133. Note that gravity has been neglected in the 
calculation, otherwise there is an additional constant force acting on each 
bearing, (2a + b)pg in magnitude and vertically downward in direction in 
the fixed frame. 


1168 

Two equal point masses M are connected by a massless rigid rod of 
length 2 A (a dumbbell) which is constrained to rotate about an axle fixed 
to the center of the rod at an angle 0 (Fig. 1.134). The center of the rod 
is at the origin of coordinates, the axle along the 2 -axis, and the dumbbell 
lies in the x 2 -plane at t = 0. The angular velocity a; is a constant in time 
and is directed along the 2 -axis. 

(a) Calculate all elements of the inertia tensor. (Be sure to specify the 
coordinate system you use.) 

(b) Using the elements just calculated, find the angular momentum of 
the dumbbell in the laboratory frame as a function of time. 

(c) Using the equation L = rxp, calculate the angular momentum and 
show that it is equal to the answer for part (b). 

(d) Calculate the torque on the axle as a function of time. 

(e) Calculate the kinetic energy of the dumbbell. 

(( 7 ( 7 , Berkeley) 

Solution: 

(a) Use a coordinate frame xyz attached to the dumbbell such that the 
two point masses are in the xz-plane. The elements of the inertia tensor 
about O, given by ‘m n (r 2 5 i j - Xj xj), are 
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X 



Fig. 1.134. 


I xx = 2MA 2 cos 2 0, I yy = 2MA 2 , I zz = 2MA 2 sin 2 0 , 

J xy = = 0, / 2X = —2MA 2 cos 0 sin 0 = —MA 2 sin 2 0 . 


Thus 


( 2MA 2 cos 2 0 0 — M>l 2 sin 20 \ 

0 2MA 2 0 

-MA 2 sin 20 0 2MA 2 sin 2 0 / 


(b) Use a laboratory frame x'y'z' such that the z'-axis coincides with 
the z-axis of the rotating frame in (a) and that all the respective axes of 
the two frames coincide at t = 0. The unit vectors along the axes of the 
two frames are related by 

( ej \ / cosu >t sin u>t 0 \ /e' x \ 

e 2 I = I — sincjt cosuit 0 I { e' 2 I . 

e 3 / V 0 0 1 / \es/ 

Then the inertia tensor in the laboratory frame is 

( coswf -sin 0 \ 

sinwt cos u/t 0 1 

0 0 1 ) 


/ 2MA 2 cos 2 0 

0 

-MA 2 sin 20 \ 

/ COS UJt 

sin uit 

°\ 

0 

2 MA 2 

0 1 

1 — sinwf 

cos ujt 

0 

V —MA 2 sin 20 

0 

2MA 2 sin 2 0 1 

V o 

0 

1 / 


Hence the angular momentum of the dumbbell in the laboratory frame is 

( 0 \ / — sin 20 coso;f \ 

0 J = MA 2 ui I —sin 20 sin cot 1 . 
w) \ 2 sin 2 0 ) 


L = I' 
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(c) The radius vectors of Mi and M 2 from O are respectively 

ri = A(sin 0, 0 , cos 0) , 
r 2 — A(— sin 9, 0, — cos 0) 

in the rotating frame. Using the transformation for the unit vectors we 
have 

r 1 = Afsin &(e[ cos ujt + e' 2 sin oot) + cos 6\ 

= A(sin 9 cos tot, sin 0 sin tot, cos 0) , 

T 2 = A(— sin 0 cos tot, - sin 0 sin tot, — cos 6) 

in the laboratory frame. The angular momentum of the system in the 
laboratory frame is 

L = ^ r x p = Mr x (u> x r) = ^ M\r 2 to - (r • u»)r] 

- 2MA 2 toe' 3 

- MA 2 to cos 9{e\ sin 0 cos tot + e 2 sin 0 sin tot + e 3 cos 0) 

+ M A 2 ui cos 9(-e[ sin 0 cos wt — e 2 sin 0 sin tot - e!, cos 0) 

= MA 2 to(-e[ sin 20 cos tot - e 2 sin 20 sin tot+ e 3 2 sin 2 0) , 

same as that obtained in (b). 

(d) The torque on the axle is 

t = -j- — MA 2 to 2 [sin 20 sin tote', — sin 20 cos tote' 2 ] . 
at 

(e) As to = (0,0, to) the rotational kinetic energy of the dumbbell is 

T= = MA 2 W 2 sin 2 0. 

2 


1169 

A squirrel of mass m runs at a constant speed Vo relative to a cylindrical 
exercise cage of radius R and moment of inertia I as shown in Fig. 1.135. 
The cage has a damping torque proportional to its angular velocity. Neglect 
the dimensions of the squirrel compared with R. If initially the cage is at 
rest and the squirrel is at the bottom and running, find the motion of 
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the squirrel relative to a fixed coordinate system in the small oscillation, 
underdamped case. Find the squirrel’s angular velocity in terms of its 
angle relative to the vertical for arbitrary angular displacements for the 
undamped case. Discuss any design criteria for the cage in this case. 

( Wisconsin ) 



Fig. 1.135. 



Solution: 

In a fixed coordinate frame, define 8 as shown in Fig. 1.136. For the 
squirrel, the equation of motion is 

mR8 = / — mg sin 6 , 


and for the cage the equation of motion is 

If = -fR - kip , 


where / is the friction between the squirrel and the cage and fc is a constant. 
In addition, as the squirrel has a constant speed Vo relative to the cage, we 
have 

R(0 -<p) = V 0 , 

which means ip = 9, ip = 8 — Making use of these and eliminating / 
from the equations of motion give 

(I + mR 2 )9 + k9 + mgRsin9 = . 

it 

For small oscillations, 0<1 and the above reduces to 
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A particular solution of this equation is 

e = m 

mgR 2 

while for underdamping the general solution for the homogeneous equation 
is 

6 = e~ bt (Asinu)t + B cos ut) , 


where 


b = 


" fr 


mgR 


2(1 + mR?)' ~ \ I + mR 2 

Hence the general solution of the above equation is 
kVo 


— b 2 . 


e = 


mgR 2 


+ e bt (A sin wt + B cos ivt) . 


Using the initial condition that at t = 0, 6 = 0, = 0, = 0, 9 = we 

find 


0 = 


kV 0 kV 0 


cos ut + 




mgR\ . 

—— sin ujt 

uK ) 


mgR 2 mgR? [ 

For the undamped case (k = 0), the differential equation is 


bt 


(I + mR?)6 + mgR6 — 0 

or > 88 ^ = If. 

(I + mR?)d,0 2 = —2 mgR6dO , 

which integrates to 



using the initial condition for 8. Hence 



mgR 2 
/ + mil 2 


/ + mi ? 2 


We require / + miZ 2 » A: for the undamped case to hold. Hence the cage 
should be designed with a large moment of inertia. 
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1170 

A thin square plate with side length a rotates at a constant angular 
frequency ui about an axis through the center tilted by an angle 9 with 
respect to the normal to the plate. 

(a) Find the principal moments of inertia. 

(b) Find the angular momentum J in the laboratory system. 

(c) Calculate the torque on the axis. 

( UC, Berkeley) 


x' 



r 

Fig. 1.137. 


Solution: 

(a) Take origin at the center O of the square. For a coordinate frame 
attached to the square, take the plane of the square as the xy-plane with the 
x- and y-axis parallel to the sides. The 2 -axis, which is along the normal, 
makes an angle 6 with the z'-axis of the laboratory frame about which the 
square rotates, as shown in Fig. 1.137. We also assume that the x z- and 
z'-axes are coplanar. 

Then by symmetry the x-, y- and 2 -axes are the principal axes of inertia 
about O, with corresponding moments of inertia 

r r ma 2 r _ ma 2 

Jxx — lyy — ^2 ’ * zz ~ ’ 

where m is the mass of the square. 

(b) The angular momentum J resolved along the rotating frame coor¬ 
dinate axes is 
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/ J x \ ( 0 0 \ /wsin 9\ / sin 9 \ 

U = o # o o = a o . 

\ J z/ \ o o V^cos ej \^ WCOS 0y 

We can choose the laboratory frame so that its y'-axis coincides with the 
y-axis at t = 0. Then the unit vectors of the two frames are related by 


{ e x = cos 9 cos u)te x i + cos 9 sin u)te y > + sin 9e z - , 
e y = — sin cjte x > +cosu>te y < , 
e z — — sin 6 cos u>te x > — sin 9 sin u>te y i + cos 9e z > . 


Hence the angular momentum resolved along the laboratory frame coordi¬ 
nate axes is 


( 


JX 1 
Jyl 

Jz' 


) 


( cos 9 cos ust —sin ut 
cos 9 sin wt cos ut 

sin# 0 


— sin0cosa;t\ 


— sin 9 sin uit 




( !! j^u;sin0' 


cost 


9 ) \tnf ucos 0 / 


(sin 9 cos 9 cos cot'' 
2 

= - 2i2_ w sin 0 cos 9 sin ut 

V J^«(l + cos 2 9) ) 

(c) The torque on the axis is given by 


M = 



+WXJ=wxJ 


u> sin 6 0 u> cos 9 

^H^wsin# 0 2 ^pu;cos 9 


ma 2 • o n 

= —sin 9 cos oe v . 

12 v 

The torque can be expressed in terms of components in the laboratory 
frame: 

2 

M = ——w 2 sin 9 cos 8 ( — sin wte x > + cos u)te V ') . 

This can also be obtained by differentiating L in the laboratory frame: 
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1171 

A thin flat rectangular plate, of mass M and sides a by 2a, rotates with 
constant angular velocity u) about an axle through two diagonal corners, 
as shown in Fig. 1.138. The axle is supported at the corners of the plate 
by bearings which can exert forces only on the axle. Ignoring gravitational 
and frictional forces, find the force exerted by each bearing on the axle as 
a function of time. 

( Princeton ) 


x' 



Solution: 

Use a coordinate frame attached to the plate with the origin at the 
center of mass O, the y-axis along the normal, and the z-axis parallel to 
the long side of the rectangle, as shown in Fig. 1.138. Then the x-, y- and 
z-axes are the principal axes with principal moments of inertia 

T _ Ma 2 5Ma 2 4 Ma 2 

xx ~ ~JT’ lyv ~~ 12 ’ izz = ~vT ' 

Let, z' denote the axis of rotation and a the angle between the z- and 
z'-axes. The angular momentum of the plate is 

-"(:i:)C r )-“(. T ) 

\ 0 0 4 J \oj cos a j \ 4 cos a f 


The torque on the axle of the plate is then 



Newtonian Mechanics 


279 


T = 




+uxL=uxL 


Ma 2 w 2 

12 


®x 

sin a 
sin a 


c v 

0 

0 


e* 

cos a 
4 cos a 


Ma 2 w 2 

4 


cos a sin ae v 


Ma 2 w 2 
10 Gy ’ 


as sin a = cos a = Let Na, N b be the constraint forces exerted 
by the bearings on the axle at A, B respectively. Rotate the coordinate 
frame Oxyz about the y-axes so that the z and z'-axis coincide. The new 
coordinate axes are the x'-axis, y'-axis which is identical with the y-axis, 
and z'-axis shown in Fig. 1.138. As the center of mass is stationary, we 
have 

Nax' + Nbx' = 0 , ^Ay' + Nsy' = 0 . 


Considering the torque about O we have 


N B x'd — NAx'd — 


Ma 2 w 2 

10 


NAy'd — N By ,d = 0 , 


where d = \AB 


^■a. The above equations give 


NAy' = N By' = 0 

Ar Ma 2 w 2 Maw 2 

Ax ' ~ ~ 2 oT = ToVH - ’ 

_ Ma 2 w 2 _ Maw 2 
Bx ' ~ 20 d ~ ~ 10\/5 ‘ 


These forces are fixed in the rotating frame. In a fixed coordinate frame 
they rotate with angular velocity w. In a fixed frame Ox"y"z" with the 
same z'-axis and the x"-axis coinciding with the x'-axis at t = 0, 


Nax" 


Nbx" 


Maw 2 

-cos U)t, 

10\/5 

Maw 2 

- -p=- cos wt 

10>/5 


Nav" 


Maw 2 

Rh/5 


N By" = 


Maw 2 
lOv^ 


sinwt , 

sinwt . 
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1172 

A homogeneous thin rod of mass M and length b is attached by means 
of an inextensible cord to a spring whose spring constant is k. The cord 
passes over a very small and smooth pulley fixed at P. The rod is free to 
rotate about A without friction throughout the angular range — tt <6 < tt 
(Fig. 1.139). When c = 0 the spring has its natural length. It is assumed 
that b < a and that gravity acts downward. 

(a) Find the values of 6 for which the system is in static equilibrium, 
and determine in each case if the equilibrium is stable, unstable or neutral. 

(b) Find the frequencies for small oscillations about the points of stable 
equilibrium. 

(Note: line PA is parallel to g). 

(SUNY, Buffalo) 



Solution: 

(a) Take the direction pointing out of the paper as the positive direction 
of the torques. The torque about point A due to gravity is 


j Mgb . 

L g = -——sine , 


and that caused by the restoring force due to the spring is Ljt = kc b sin#i, 
where #i is the angle formed by the rod with the rope, or, using the sine 
theorem 


c o 
sin 9 sin 6 \ ’ 

Lfc = kba sin 6 . 

For equilibrium, we require L g + Lk = 0, or ka sin# = sin 9. 
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i) If ka = Mg/2, the equilibrium condition is satisfied for all 6 and the 
equilibrium is neutral. 

ii) If ka < Mg/2, the equilibrium condition is satisfied if 6 — 0 or 6 = it. 
Consider the equilibrium at 6 = 0. Let 9 = 0 ± e, where e > 0 is a small 
angle. Then 

L = L k + L g ^Tb(^j--ka\e. 


Thus 


L < 0 for 9 = +e, 

L > 0 for 9 = -e . 

Hence L tends to increase t in both cases and the equilibrium is unstable. 
For the equilibrium at 6 = -k ± e, we have 

Then 


L<Ofor0 = 7r-e, 
L>Ofor0 = 7r + e. 


In the case L tends to reduce e and the equilibrium is stable. 

iii) If ka > Mg/2, the situation is opposite to that of (ii). Hence in this 
case 0 = 0 is a position of stable equilibrium and 9 = ir is a position of 
unstable equilibrium. 

(b) Take the case of ka > Mg/2 where 6 = 0 is a position of stable 
equilibrium. Let 6 = e where e is a small angle. The equation of motion is 


b 



sine 


Mb' 2 . 

—e 


or for small oscillations 


b(2ka - Mg)e + 


2Mb 2 .. „ 

e = 0 


Hence the frequency of oscillation is 


1 IZ(2ka - Mg) 

2tt V 2 Mb 
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Similarly in the case ka < Mg/2, the frequency of small oscillations about 
the position of stable equilibrium at 8 = 7r is 

1 j3(Mg - 2 ka) 

* ~ 2tt V 2Mb ' 


1173 

A thin ring of mass M and radius R is pivoted at P on a frictionless 
table, as shown in Fig. 1.140. A bug of mass m runs along the ring with 
speed v with respect to the ring. The bug starts from the pivot with the 
ring at rest. How fast is the bug moving with respect to the table when it 
reaches the diametrically opposite point on the ring (point X)2 

(MIT) 



Fig. 1.140. 


Solution: 

The moment of inertia of the ring with respect to the pivot P is 
I = MR 2 + MR 2 = 2 MR 2 . 

When the bug reaches point X, its velocity with respect to the table is 
v — 2 Ruj and the angular momentum of the ring about P is 

J = 2 MR 2 ui , 

where w is the angular velocity of the ring about P at that instant. 
Initially the total angular momentum of the ring and bug about P is zero. 
Conservation of angular momentum then gives 

2MR 2 oj — 2mR(v — 2 Ruj) = 0 , 
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R(M + 2m) ' 

The velocity of the bug at point X with respect to the table is 


v — 2 Rlj = 


Mv 

M + 2m 


1174 

A cone of height h and base radius R is constrained to rotate about its 
vertical axis, as shown in Fig. 1.141. A thin, straight groove is cut in the 
surface of the cone from apex to base as shown. The cone is set rotating 
with initial angular velocity ujq around its axis and a small (point-like) bead 
of mass m is released at the top of the frictionless groove and is permitted 
to slide down under gravity. Assume that the bead stays in the groove, and 
that the moment of inertia of the cone about its axis is I 0 . 

(a) What is the angular velocity of the cone when the bead reaches the 
bottom? 

(b) Find the speed of the bead in the laboratory just as it leaves the 
cone. 

{MIT) 



Fig. 1.141. 


Solution: 

(a) As the total angular momentum of the system is conserved, the 
angular velocity a) of the cone at the time when the bead reaches the bottom 

satisfies the relation 
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Hence 


I 0 u) 0 = (/o + mR 2 )w . 
Iqujo 


LJ = 


Io + mR 2 ' 

(b) As the energy of the system is conserved, the velocity v of the bead 
when it reaches the bottom satisfies 


^ o + m Q h = \ mv2 + 


with 


2 2.2 2 , d2 2 

v = + v ± = nj| 4- R u> , 

where V|| is velocity of the bead parallel to the groove and v±_ is that 
perpendicular to the groove. Thus 

\ mv t\ = \ IqUJ o + m 9 h ~ \ IoUj2 ~ . 


giving 

v\ = / 0 Wq - 


2 (J 0 + mR 2 ) I 2 w 2 


+ 2 gh= r J °-^ +2 gh. 


m (J 0 + mR ?)2 ' 7 0 + mR? 

Hence the velocity of the bead when it reaches the bottom is 
v = t> x i + U||j 
IqWqR 


Iq^R 2 
Io 4- mR? V Iq + mR? 


r 1 + 


+ 2c/ft j , 


i and j being unit vectors along and perpendicular to the groove respec¬ 
tively, with magnitude 


U 


IqUIqR A 
o + mR 2 ) 


’ Joc^FP 
+ J 0 + mR 2 + 9 


This speed could have been obtained directly by substituting the expression 
for u) in the energy equation. 


1175 

A thin uniform disc, radius a and mass m, is rotating freely on a 
frictionless bearing with uniform angular velocity ui about a fixed vertical 
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axis passing through its center, and inclined at angle a to the symmetry 
axis of the disc. What is the magnitude and direction of the torque, and of 
the net force acting between the disc and the axis? 

( Columbia ) 


z' 



Solution: 


Take a coordinate frame Oxyz attached to the disc with the origin at 
its center O, the z-axis along the normal to the disc, and the x-axis in the 
plane of the z-axis and the axis of rotation z ', as shown in Fig. 1.142. The 
x-, y- and z-axes are the principal axes of the disc with principal moments 
of inertia 

I x = ^ma 2 , I y - ^ma 2 , h = ^ mfl2 • 

The angular momentum about O is 

( \ma? 0 0 \ /u>sina\ 

0 ima 2 0 ( 0 

0 0 \ma 2 J \wco&a) 


— -ma 2 (tj sinae x + 2wcosae.) . 
4 


Hence the torque is 
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M = 




+wxL=uxL 


(u;sinae x +wcosae 2 ) x - ma 2 u> (sin aej + 2cosae 2 ) 


1 2 

= — -ma oj sin a cos ae n . 

4 y 

The torque is in the plane of the disc and is perpendicular to the plane 
formed by the normal to the disc and the axis of rotation. It rotates with 
the disc. As the center of mass of the disc is stationary, the net force on 
the disc is zero. 


1176 

A moon of mass m orbits with angular velocity ui around a planet of 
mass M. Assume m <C M. The rotation of the moon can be neglected 
but the planet rotates about its axis with angular velocity it. The axis of 
rotation of the planet is perpendicular to the plane of the orbit. Let I — 
moment of the inertia of the planet about its axis and D — distance from 
the moon to the center of the planet. 

(a) Find expressions for the total angular momentum L of the system 
about its center of mass and for the total energy E. Eliminate D from both 
these expressions. 

(b) Generally the two angular velocities u> and SI are unequal. Suppose 
there is a mechanism such as tidal friction which can reduce E if oj ^ 0, 
but conserves angular momentum. By examining the behavior of E as a 
function of ov, show that there is a range of initial conditions such that 
eventually w — fl and a stable final configuration obtains. 

Famous examples of this effect occur in the orbits of the moons of 
Mercury and Venus. (However, it is the lighter body whose rotation is 
relevant in these examples.) 

( Princeton) 

Solution: 

(a) As M > m, the position of the planet can be considered to be fixed 
in space. The total angular momentum about the center of mass and the 
total energy of the system of moon and planet are then 
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L = ID + mD 2 u> , 


_, * *^2 2 GMm 

E= 2 m +2 mD “ -~D~ 


1 


Considering the gravitational attraction between the two bodies we have 

GMm 


D 2 


= mDu> 2 , 


or 


£> 


-(3 


GMj 3 


Substituting this in the above gives 


r / G 2 M 2 \* 

L = Jfi + m ( - 1 , 

£1 = i/fi 2 - ~^{GMui)^ . 

& i 

(b) As angular momentum is to be conserved, d.L — 0, giving 

dtt mD 2 


(1) 


du> 


3 1 


For a configuration to be stable, the corresponding energy must be a 
minimum. Differentiating (1), we have 

dE = Jfidfi - ~{GM)*u)-*du 


_ mD 2 
3 

d 2 E _ 2mD 
dw 2 “ 3 


(D - a>)dw , 


.dD mD 2 (dCl \ 


mD 2 (mD 2 


+ 1 


_ 

u; ) 


9 V I 

Hence for the configuration to be stable, we require that 


O « u> , 
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and furthermore that 

mD 2 4fl 

—r~ + 1 > — • 

I U) 

This latter condition can be satisfied by a range of initial conditions. 


1177 

A pendulum consists of a uniform rigid rod of length L , mass M, a bug 
of mass M/3 which can crawl along the rod. The rod is pivoted at one end 
and swings in a vertical plane. Initially the bug is at the pivot-end of the 
rod, which is at rest at an angle Oo (8 0 <tc 1 rad) from the vertical as shown 
in Fig. 1.143, is released. For t > 0 the bug crawls slowly with constant 
speed V along the rod towards the bottom end of the rod. 

(a) Find the frequency u of the swing of the pendulum when the bug 
has crawled a distance l along the rod. 

(b) Find the amplitude of the swing of the pendulum when the bug has 
crawled to the bottom end of the rod (l — L). 

(c) How slowly must the bug crawl in order that your answers for part 
(a) and (b) be valid? 

( Wisconsin ) 



Fig. 1.143. 


Solution: 

(a) When the bug has crawled a distance l, the moment of inertia of the 
rod and bug about the pivot is 
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/ = ^ML 2 + ^Ml 2 = ^M(L 2 + Z 2 ) . 
The equation of motion of the pendulum is 

= —Mg^ sin# - ^Mglsind , 


or 


\m{L 2 +l 2 )8 + \mIW = 

«J «J 


-Mg sin 6 


(H) 


For small oscillations it becomes 

2 tie 


8 + 


+ M? = o. 


L 2 + Z 2 L 2 +l 2 


If the bug crawls so slowly that the change in Z in a period of oscillation is 
negligible, i.e. Z = v C Iuj, we can ignore the second term and write 


8 + 


g(2l "I - 3L) 
2(L 2 + Z 2 ) 


8 = 0 


Hence the angular frequency of oscillation to is 


uj = 


g(2l -t- 3 Li) 
2{L 2 + 1 2 ) ' 


(b) Consider the motion of the bug along the rod, 


where / is the force exerted on the bug by the rod. As the bu| crawls with 
constant speed, Z = 0. Also for small oscillations, cos 6 « 1 - \. The above 
gives 

Mg Mg 2 M18 2 

f = 1- + T” ■ 

The work done by / as the bug crawls a distance dl is then 


dW = -fdl = ~^j-dl + y - 18 2 ^ dl , 


which is stored as energy of the system. The first term on the right-hand 
side is the change in the potential energy of the bug, while the second term 
is the change in the energy of oscillation E of the system, 
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m (go 2 ,, 2 


W dl . 


dE = Y 


Under the condition Z Zw, l hardly changes in a period of oscillation and 
can be taken to be constant. For each Z, when we consider a full period, the 
kinematic quantities in the above equation can be replaced by their average 
values _ 

Now, in single harmonic oscillations the potential and kinetic energy are 
equal on average, so that 

T = \ f(L* + l >)0>= f , 

V = ^1^(1 - coifl) + ^(1 - ^d) 

Z tS 




M(L 2 + Z 2 )’ 


Mg{3L + 2l) ' 

Substituting these in the energy equation we have 


IE _ (_l _ l\ 

E V3L + 2Z L 2 + l 2 J ’ 

, „ 1, f 3L + 2l\ r , 

\nE= - In )+ K ’ 


where K is a constant. Initially, l = 0, E = E 0 , i.e. 




+ K , 


and we thus have 




E 0 2 L 3 ( L2 + 12 ) 
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When l = L, 


i.e. 


Eq 2 6 



6 is equal to the amplitude when 6 = 0 i.e. T = 0 and E = V. When 
l = L, the amplitude 0 max is given by 


When / = 0, we have 

Then as E = v/ffibi the above expressions give 





»o • 


(c) We have neglected the radial velocity of the bug as compared with 
its tangential velocity: l Ioj. This is the condition that must be assumed 
for the above to be valid. 


1178 

A uniform rod of mass m and length l has its lower end driven sinu¬ 
soidally up and down as shown in Fig. 1.144 with amplitude A and angular 
frequency oj. It is a fact that for suitable choices of the parameters m, l, A 
and o’, the pendulum will undergo oscillations around the statically unstable 
position 0 = 0. (The motion is confined to the plane of the diagram.) 

(a) List all the components of all forces on the rod. 

(b) Is the angular momentum of the rod conserved? 

(c) Is the linear momentum of the rod conserved? 

(d) Is the energy of the rod conserved? 

(e) Find the components of the acceleration of the center of mass as 
functions of time expressed in terms of 9(t). 
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(f) Write down the equation of angular motion of the rod in terms of 
the forces on it. 

(g) Use (e) and (f) to find an equation of motion for 6(t). 

YOU ARE NOT ASKED TO SOLVE THIS EQUATION OF MOTION, 
BUT TO INTERPRET IT: 

(h) Qualitatively, what kind of motion is predicted when A = 0? 

(i) Physically, how is it that oscillations about the upright position can 
occur? 

(Hint: how do you expect the frequency of the 0 motion to be related 
to a;?) 

( Wisconsin) 



l 

Fig. 1.144. Fig. 1.145. 


Solution: 

(a) The forces on the rod are the gravity mg, and the components f x , 
f v of the force / exerted by the moving pivot. 

(b) The angular momentum of the rod is not conserved. 

(c) The linear momentum of the rod is not conserved. 

(d) The energy of the rod is not conserved. 

(e) Use a moving coordinate frame O'x'y' as shown in Fig. 1.145 with 
the axes parallel to the corresponding axes of the fixed frame Oxy, and the 
origin O' moving along the j/-axis such that its radius vector from O is 

r 0 = Acoswtj . 

Then the radius vector of the center of mass of the rod is 
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l l 

r = r 0 + - sin 6i 4- - cos0j 


= ^ sin Qi + ^ 


A cos ujt + - cos 9 
£ 


)j, 


whence 


dr 

dt 

d?r 

dt 2 


^0cos0i — ^.Aa>suuj£ + ^9sin9^ j , 


^(9 cos9 — 9 2 sin 0)i - ( Alj 2 cos ut + ^-9sin9 + \-9 2 cos 9 



The last equation gives the x and y components of the acceleration of the 
center of mass. 

(f) (g) Let x', y 1 be the coordinates of the center of mass of the rod in 
the moving frame. Then 


x — x\ y = y 1 + A cos ut , 


and hence 


x — x 1 . 


Newton’s second law gives 


y — y' - Aw 2 cos wt . 


mi' = mx = f x , 

my' = my + mAw 2 cos wt = f y + mAw 2 cos cot . 


Thus to apply Newton’s second law in the moving frame, a fictitious force 
mAu> 2 cos wtj' has to be added. 

Consider the rotation of the rod in the moving frame about the origin 
O'. We have 


-ml 2 9 = mg ■ j- sin# — mAw 2 cos wt • ^ sin 9 , 
o Z Z 


or 

3 

9 = —(g — Aui 2 cos u)t) sin 9 . 

(h) If A = 0, the motion is just that of rotation of a rod under the action 
of gravity, there being no difference between the moving and fixed frames. 

(i) Suppose the rod oscillates about the upright position 9 = 0. Then 
0 « 0 and the equation of angular motion becomes 
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3 

9 4- —(Aw 2 cos wt — g)6 = 0 . 

Thus, if A 0 the torque of the fictitious force may sometimes act as 
restoring torque. For a certain interval of time we may have Aw 1 cos u>t—g > 
0 and oscillations about the upright position may occur. 


1179 

A yo-yo of mass M lies on a smooth horizontal table as shown in 
Fig. 1.146. The moment of inertia about the center may be taken as ~MA 2 . 
A string is pulled with force F from the inner radius B as indicated in 
Fig. 1.147. 




(a) In what direction will the yo-yo roll if 6 = 0, n/2, 7r? 

(b) For what value of 0 will the yo-yo slide without rolling independent 
of the roughness (coefficient of friction) of the table or the magnitude of F? 

(c) At what angle 9 will the yo-yo roll, independent of the smoothness 
of the table? 

( Columbia ) 

Solution: 

Assume that the yo-yo is at rest before the application of the force F. 

(a) As there is no friction acting on the yo-yo, the direction of rolling is 
only determined by the direction of the torque of the applied force F about 
its center. The direction of rolling is shown in Fig. 1.147 for 0 = 0, 7 t/ 2 or 

7T. 

(b) The friction acting on the yo-yo is / = jiN, where N is the normal 
reaction of the table, as shown in Fig. 1.146. The yo-yo will slide without 
rolling if 
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FB = uNA. 

The acceleration a of the center of mass of the yo-yo is given by 

F cos# — piN = Ma . 


Thus 


cos# = 



If this condition is satisfied, # is independent of fi. It still depends on F 
unless a = 0, i.e. no motion. 

(c) Let the acceleration of the center of mass of the yo-yo and its angular 
acceleration about the center be a and a respectively. We have (Fig. 1.146) 


F cos 8 — f = Ma , 
fA - FB = ^ MA 2 a . 

For rolling without slipping, a = —Aa. Eliminating a and a gives 

f= ^{ B '\ Ac0Sd ) ' 

As 

/ < t*N = — F = sin#) , 


for the yo-yo to roll without slipping irrespective of the smoothness of the 
table, i.e. independent of /z, we require 


sin# = 


Mg 

F ’ 


cos# 


2 B 
A ’ 


or 


tan# = 


A Mg 
2B F 


Thus we require that, first of all, 2 B < A , Mg < F. Then two values of #, 
one positive and one negative, with the same | sin #| are possible. 


1180 

A bowling ball of uniform density is thrown along a horizontal alley with 
initial velocity vq in such a way that it initially slides without rolling. The 
ball has mass m, coefficient of static friction \x 8 and coefficient of sliding 
friction with the floor. Ignore the effect of air friction. 
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Compute the velocity of the ball when it begins to roll without sliding. 

( Princeton ) 

Solution: 

When the bowling ball slides without rolling the friction / = pjmg gives 
rise to an acceleration 

a= -= -Hd9 ■ 

m 

The moment of / gives rise to an angular acceleration a given by 

fR — ^ MR 2 a , 

as the ball has a moment of inertia | mR 2 about an axis through its center, 
R being its radius. Suppose at time t the ball begins to roll without sliding. 
We require 

Rat — vq + at , 


giving 


The velocity 


v 0 2mvo _ 
t= Ra- a ~ If ~ 
of the ball when this happens is 


2uo 

7 Hd9 ' 


v = v Q + at - Vo - Hdgt 



1181 

A coin spinning about its axis of symmetry with angular frequency u> is 
set down on a horizontal surface (Fig. 1.148). After it stops slipping, with 
what velocity does it roll away? 

( Wisconsin ) 

Solution: 

Take coordinates as shown in Fig. 1.149. Before the coin stops slipping, 
the frictional force is / = /zmg, where /z is the coefficient of sliding friction. 
Let x c be the x coordinate of the center of mass of the coin. The equations 
of motion of the coin before it stops slipping are 

mx c = —prog , 

Id = —fimgR , 



Newtonian Mechanics 


297 





Pig. 1.148. 


y 



where m and R are respectively the mass and radius of the coin, and 
I = \mR9. Integrating and using initial conditions x c = 0, 9 = w at 
t = 0, we have 


x c ) 


0 = u> — 


2 ngt 
R 


When the coin rolls without slipping, we have 


x c = —OR ■ 


Suppose this happens at time t, then the above give 

—figt = —u >R + 2 figt 


or 


uiR 


At this time, the velocity of the center of mass of the coin is 


x 


c — 




which is the velocity with which the coin rolls away without slipping. 


1182 

A wheel of mass M and radius R is projected along a horizontal surface 
with an initial linear velocity Vo and an initial angular velocity u>o as shown 
in Fig. 1.150, so it starts sliding along the surface (ojq tends to produce 



298 


Problems & Solutions on Mechanics 


rolling in the direction opposite to Vo). Let the coefficient of friction 
between the wheel and the surface be p. 

(a) How long is it till the sliding ceases? 

(b) What is the velocity of the center of mass of the wheel at the time 
when the slipping stops? 

( Columbia ) 





Fig. 1.150. 


Solution: 

(a) Take the positive x direction as towards the right and the angular 
velocity 6 as positive when the wheel rotates clockwise. Assume the wheel 
has moment of inertia \MR? about the axle. We then have two equations 
of motion: 


Mx — —fiMg , 

\MR 2 0 = nMgR . 

Making use of the initial conditions x c = Vo, 0 C = — u>o at t = 0 we obtain 
by integration 


x = Vo - ngt , 


9 — — u>o + 


2 ngt 
R 


Let T be the time when sliding ceases. Then at T 


x = R0 , 


or 

Lo — 9-9^ = —Rwq + 2 ngT , 
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giving 

j, _ Vp + Blo 0 

(b) The velocity of the center of mass of the wheel at the time when 
slipping stops is 

x = Vo — ngT = -(2Vo - Rioo) ■ 


1183 

A thin hollow cylinder of radius R and mass M slides across a frictionless 
floor with speed Vo- Initially the cylinder is spinning backward with angular 
velocity w 0 = 2Vo /R as shown in Fig. 1.151. The cylinder passes onto a 
rough area and continues moving in a straight line. Due to friction, it 
eventually rolls. What is the final velocity V/? 

(MIT) 



Fig. 1.151. 


Fig. 1.152. 



Solution: 

Suppose the cylinder enters the rough area at time t = 0 and starts to 
roll without slipping at time t = to- At 0 < t < to the equations of motion 
of the cylinder are (Fig. 1.152) 


, .AV 


dco 

IR = , H 


with / = MR 2 . Integrating we obtain 



300 


Problems & Solutions on Mechanics 


or 


giving 


M(V f - Vo) = - [° fdt , 
Jo 

I[uf - (-Wo)] = R f fdt , 
Jo 

I(u}f+oj 0 ) = MR(Vo-Vf) . 


The cylinder rolls without slipping at t = to, when Vf = ujfR. We are also 
given u>oR = 2Vq. The last equation then gives 

V, = -lvo- 

Hence the cylinder will eventually move backward with a speed | Vq. 


1184 

Calculate the minimum coefficient of friction necessary to keep a thin 
circular ring from sliding as it rolls down a plane inclined at an angle 6 with 
respect to the horizontal plane. 

( Wisconsin ) 


y 



Solution: 

Use coordinates as shown in Fig. 1.153 and write down the equations of 
motion for the ring: 


mx = mg sin 8 — f, lip = fR 
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where m and R are the mass and radius of the ring respectively, I ~ mR 2 
is the moment of inertia of the ring about its axis of symmetry and / is the 
static friction on the ring. The above equations combine to give 

x + Rifi = g sin 0 . 


The condition for no sliding is Rg> — x, or Rg> = x, giving 

it = -gsiad . 


Hence 


/ = mg sin 9 — mx = — mg sin 9 . 


The normal reaction of the inclined plane is N = mg cos 9, and for no 
slipping we require / < (iN , or 


-mg sin 9 < gmg cos 9 , 


i.e. 


- tan# < 


n. 


Hence the minimum coefficient of friction necessary to keep the ring from 
slipping is fi — | tan 9. 


1185 

A solid uniform cylinder of mass m, radius R is placed on a plane 
inclined at angle 9 relative to the horizontal as shown in Fig. 1.154. Let g 
denote the usual acceleration due to gravity, and let a be the acceleration 
along the incline of the axis of the cylinder. The coefficient of friction 
between cylinder and plane is p. 

For 6 less than some critical angle 9 C , the cylinder will roll down the 
incline without slipping. 

(a) What is the angle 9 C 1 

(b) For 9 < 9 C , what is the acceleration a? 

( CUSPEA) 

Solution: 

Let / denote the frictional force and a the angular acceleration about 
the axis of the cylinder. The equations of motion are 
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Fig. 1.154. 


mg sin 9 — f = ma , 
fR = la , 


with 

/ = \mr? . 
2 


(a) If there is no slipping, we require a = Ra , f < g,N, where N, the 
normal reaction of the inclined plane, equals mg cos 9. The equations of 
motion give 

/ = -rngsmO . 

Hence we require 

pmg cos 9 > -mg sin 6 , 

O 


or 


3 p. > tan 9 . 


Let tan 9 C = 3/z. Then we require tan 9 < tan 9 C for no slipping. Therefore 
the critical angle is 9 C — arctan 3/x. 

(b) For 6 < 6 C , the cylinder rolls without slipping and the above gives 


/ 2 

a = gsin#-= -<?sin# . 

m 3 


1186 

A wheel of radius r, mass m, and moment of inertia I = mR 2 is pulled 
along a horizontal surface by application of a horizontal force F to a rope 
unwinding from an axle of radius b as shown in Fig. 1.155. You may assume 
there is a frictional force between the wheel and the surface such that the 
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wheel rolls without slipping. In the expression / = mR 2 the quantity R is 
a constant with dimensions of length. 

(a) What is the linear acceleration of the wheel? 

(b) Calculate the frictional force that acts on the wheel. 

( Wisconsin) 

Solution: 

Let x be the displacement of the center of mass of the wheel along the 
horizontal direction and 6 the angular displacement of the wheel from an 
initial direction through its center of mass. 

(a) The equations of motion of the wheel are (Fig. 1.155) 

mx = F — f , 

19 = Fb + fr . 



Fig. 1.155. 


The constraint for no sliding is x = r9 or x = r9. Hence 

mR 2 .. /r , ... 

- x = Fb + (F — mx)r , 


or 


.. _ F{b + r)r 
X m(R 2 + r 2 ) ’ 

which is the linear acceleration of the wheel, 
(b) The frictional force is 


/ = F — mx 

(b-l-r)rl F(R 2 — br) 

R 2 + r 2 J “ R 2 + r 2 


= F 
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1187 

A flat disc of mass m = 1.8 kg and radius r = 0.2 m lies on a frictionless 
horizontal table. A string wound around the cylindrical surface of the disc 
exerts a force of 3 Newtons in the northerly direction (Fig. 1.156). Find 
the acceleration (magnitude and direction) of the center of mass a and the 
angular acceleration a about the center of mass. Is a = ral Explain. 

( Wisconsin ) 


f 


B 



A 


Fig. 1.156. 


Solution: 

The equations of motion are 


/ = ma , 
fr = la , 


where / = mr 2 /2, giving 


a = — = 1.7 m/s , 
m 

2 f 

a = — = 17 rad/s . 
mr 


The direction of a is the same as that of /. It is seen that a ^ ar. This is 
because as the disc lies on its flat surface the two motions are not related 
even though they are due to the same force. 


1188 

A wheel of radius R and moment of inertia / is mounted on a frictionless 
axle at O. A flexible, weightless cord is wrapped around the rim of the 
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Fig. 1.157. 

wheel and carries a body of mass M which begins descending as shown in 
Fig. 1.157. What is the tension in the cord? 

( Wisconsin) 

Solution: 

Let F be the tension in the cord, x the position of the center of mass 
of the body and 6 the angular velocity of the body as shown in Fig. 1.157. 
We have the following equations: 

19 = FR , 

Mx = Mg — F , 
x = R0 , 

which yield 

F _ M 9l 
I + MR 2 ' 


1189 

Two uniform discs in a vertical plane of masses Mj and M 2 with radii 
Ri and R 2 respectively have a thread wound about their circumferences, 
and are thus connected as shown in Fig. 1.158. 

The first disc has fixed frictionless horizontal axis of rotation through 
its center. Set up the equations to determine the acceleration of the center 
of mass of the second disc if it falls freely. 
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Fig. 1.158. 


(You need not solve the equations.) 

(Wisconsin ) 

Solution: 

Let F be the tension in the thread, x\ the distance of the center of mass 
of disc 2 from that of disc 1, and 6\, 0 2 the angular velocities of the discs, 
as shown in Fig. 1.158. We have the equations of motion 

M 2 x = Mig - F , 
hOi = FRi , 

I2®2 ~ FR.2 , 

where I\ = m\R\/2, / 2 = m 2 f? 2 /2. W 2 also have the constraint 

x — R\0\ + H 2 0 2 , 
or 

x = Ri&i + R2&2 ■ 

From the four equations the unknowns 6\, 6> 2 , x and F can be determined. 

1190 

A yo-yo of mass M is composed of 2 large disks of radius R and thickness 
t separated by a distance t with a shaft of radius r. Assume a uniform 
density throughout. Find the tension in the massless string as the yo-yo 
descends under the influence of gravity. 

( Wisconsin ) 
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Solution: 

Let the density of the yo-yo be p, then its moment of inertia and mass 
are respectively 

1 = 2 ■ ^-ntpR 4 + ^7rfpr 4 , 

z z 

M = 27 rtpR 2 + ntpr 2 , 

whence 



The equations of motion of the yo-yo are 


Mx = Mg — F , 

18 = Fr , 

where F is the tension in the string. We also have the constraint x = rd. 
Prom the above we obtain 

IMg (2fl 4 + r 4 )Mg 

I + Mr 2 2f? 4 + 4 R 2 r 2 + 3r 4 ' 


1191 

A sphere of mass M and radius R (I = |Mf? 2 ) rests on the platform 
of a truck. The truck starts from rest and has a constant acceleration A. 
Assuming that the sphere rolls without slipping, find the acceleration of 
the center of mass of the ball relative to the truck. 

( Wisconsin ) 




Fig. 1.159. 



308 


Problems & Solutions on Mechanics 


Solution: 

Let Oxy and O'x'y' be coordinate frames attached to the truck and 
fixed in space respectively with the x- and z'-axes along the horizontal as 
shown in Fig. 1.159. Denoting O'O = £, we have for the center of mass of 
the sphere 

x 1 = x + £, or x' = z + £ . 

As the force acting on the sphere is the friction /, Newton’s second law 
gives, writing A for £, 

/ = Mx' = Mx + MA , 


or 

Mx = f -MA . 

Thus in the moving frame there is a fictitious force F = —MA acting on the 
sphere through the center of mass, in addition to the friction /. Considering 
the torque about the center of mass, we have 

18 = fR 

with I = | MR 2 . We also have the constraint for no slipping, z = -R9, or 
z = -R6. These three equations give z = -|A, which is the acceleration 
of the center of mass of the sphere relative to the truck. 


1192 

Referring to Fig. 1.160, find the minimum height h (above the top 
position in the loop) that will permit a spherical ball of radius r (which 
rolls without slipping) to maintain constant contact with the rail of the 
loop. (The moment of inertia of a sphere about the center is |mr 2 .) 

( Wisconsin ) 

Solution: 

Conservation of mechanical energy requires that the kinetic energy of 
the sphere at the top position in the loop is equal to the decrease mgh in 
potential energy as it falls from the initial position to this position. The 
kinetic energy of the sphere is composed of two parts: the translational 
kinetic energy of the sphere and the rotational kinetic energy of the sphere 
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about its center of mass. Let m, T, v, u> be respectively the mass, kinetic 
energy, velocity of the center of mass, and angular velocity about the center 
of mass of the sphere. Then 

T = imu 2 + i/w 2 

with I = \mr 2 . As the sphere rolls without slipping, v — ujr and 
m 1 / 2 2 oU 2 \ 7 2 

T = H + 5 mr ?J = T6 m ” ' 

In the critical case, the force exerted by the loop on the sphere is zero when 
the latter reaches the top of the loop. In other words, the centripetal force 
needed for the circular motion of the sphere is supplied entirely by gravity: 

mu 2 

~R =m9 ' 

whence v 2 = Rg and 

m 7 „ 

T = — mi?<7 = mgh . 

Hence h = 7J?/10 is the minimum initial height required. 


1193 

A sphere of radius b is at rest at 9 = 0 upon a fixed sphere of radius 
a > b. The upper sphere is moved slightly to roll under the influence of 
gravity as shown in Fig. 1.161. The coefficient of static friction is > 0, 
the coefficient of sliding friction is ft = 0. 
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(a) Briefly describe and explain the sequence of sphere motions in terms 
of rolling, sliding and separation. 

(b) Write the equation of constraint for pure rolling of the upper sphere 
on the lower sphere. 

(c) Write the equation of motion in terms of 9 and 9 for the part of the 
motion where the sphere rolls without slipping. 

(d) Find a related equation between 9 and 9. 

(e) Solve this equation for 9(t), assuming 0 < 9(0) <«C 9(t). You may 
wish to use the relation 

J sin (!) '4/ 

(MIT) 


Fig. 1.161. 

Solution: 

(a) At first the upper sphere rolls without slipping, the angular velocity 
becoming larger and the normal pressure on it smaller with increasing 6. 
When the condition for pure rolling is not satisfied, the sphere begins to 
slide and finally when the centripetal force is not large enough to maintain 
the circular motion of the upper sphere, it will separate from the lower 
sphere. 

(b) Suppose initially 0,A,0',B are on the same vertical line. As the 
upper sphere rolls by an angle its center has traveled through a path 
OO'O, as shown in Fig. 1.161. Hence the condition for pure rolling is 



(a + b)9 = b(p . 
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(c) The equations of motion of the upper sphere are 
m(a + b)9 = mg sin 9 - /, 

2 o 

lip = -mtfip = fb , 

5 

where / is the static friction on the sphere. When the sphere rolls without 
slipping, we have from (b) 

(a + b)6 = bip . 


Then the equations of motion give 

x _ 5g sin 6 
7(a + b) ' 


(d) As 


the last equation gives 


6 = 


1 d9 2 

2 d6 ’ 


• 2 = lOg cos 0 
7(a 4- b) 


With 0 = 0 at (9 = 0, K= Hence 

p2 _ 10g(l -COS0) 

7(o + b ) 


(e) As 

dQ _ /lOg(l — cos0) I 20g . 6 

dt ~\j 7(a + b) = y 7(o + 6) Sin 2 


we have, with Oq = 0(0) at t = 0, 


or 



tan | \ 
tan j 


In 


= at 
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where a = y 7^1+6)' Hence 

Oo\ 

*) ’ 

valid for the part of the motion where the sphere rolls without slipping. 


9 = 4 arctan 


e at tan 


1194 

A sphere of mass m, radius a, and moment of inertia |mo 2 rolls without 
slipping from its initial position at rest atop a fixed cylinder of radius b (see 
Fig. 1.162). 

(a) Determine the angle 0 max at which the sphere leaves the cylinder. 

(b) What are the components of the velocity of the sphere’s center at 
the instant it leaves the cylinder? 

( Wisconsin) 



Fig. 1.162. 


Solution: 

(a) The forces on the sphere are as shown in Fig. 1.162. The equations 
of motion for the center of mass of the sphere are 

m(a + b)0 = mg sin 9 — f , 
m(a + b)9 2 = mg cos 9 — N , 


and that for the rotation of the sphere is 


( 1 ) 

( 2 ) 
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The condition for it to roll without slipping is 

(a + b)9 = a<p, or (a + b)9 = a(p . (4) 

Prom (3) and (4), we found 

2 

/ - -m(a + b)9 . 

5 

Substitution in (1) gives 

•• 5 o sin 9 

6= 7{a + b) ' 

As 6 = 9 = 0 at £ = 0 and 9 = \ , it gives 

■ 2 10g(l — cos#) 

V ~ 7(a + b) 

Substitution in (2) gives 

N = mg cos 0 - ~mg( 1 — cos 9) = mg 

After the sphere leaves the cylinder, N = 0. We assume that the coefficient 
of friction is large enough for the period of both rolling and slipping which 
occurs before the sphere leaves the cylinder to be negligible. Then at the 
instant N becomes zero, 6 = 9 max given by 

/) - 10 
COS v max — ^ . 

(b) At that instant the velocity of the center of the sphere has magnitude 
v = (a + b)9 = + b ) , 

and is parallel to the tangential direction of the cylinder at the point where 
9 — 9 majc . 


/17 cos 0 10\ 

V 7 ~YJ • 


1195 

In Fig. 1.163, the ball on the left rolls horizontally without slipping at 
speed V toward an identical ball initially at rest. Each ball is a uniform 
sphere of mass M. Assuming that all the frictional forces are small enough 
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to have a negligible effect during the instant of collision, and that the 
instantaneous collision is perfectly elastic, calculate: 


(a) The velocity of each ball a long enough time after the collision when 
each ball is again rolling without slipping. 

(b) The fraction of the initial energy transformed by the frictional forces 
to thermal energy. 

The moment of inertia of a sphere of mass M, radius R about its center 
is |MR 2 . 


( CUSPEA) 



Fig. 1.163. 


Solution: 

(a) Before the collision 

Vi=V, V 2 = 0, lji = '—j w 2 = 0. 

During the collision, as friction can be neglected, the forces with which 
the balls interact are directed through the centers so that the angular 
momentum about the center of each ball is conserved. Thus 

j / n 

LJl = {JJ \, = U , 

As the collision is elastic, conservation of translational momentum and that 
of kinetic energy then require 

V{ = 0, V’ = v 1 = v. 

In the above, single primes denote quantities immediately after the collision. 
After some time, the balls again roll without slipping. Let the quantities 
at this time be denoted by double primes. The positive directions of these 
quantities are shown in Fig. 1.164. 

The angular momentum of each ball about some fixed point in the plane 
of motion is conserved. Consider the angular momentum of each ball about 
the point of contact with the horizontal plane. 
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For ball 1, 


MRV{ + Iu[ = MRV” + Iu>" , 


or 


giving 


For ball 2, 



MRVi + IJ 2 - MRVZ + I0J2 , 




Fig. 1.164. 
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(b) The initial and final energies of the system are 

-\^l 

Wf = \M(V{' 2 + T 2 " 2 ) + + o 


= ^M 


v ( 12 + vp + 7 {V” 2 + V 2 " 2 ) 

o 


2 5 49 


Hence the loss of energy is 




and the fractional loss is ||. 


1196 

A small homogeneous sphere of mass m and radius r rolls without sliding 
on the outer surface of a larger stationary sphere of radius R as shown in 
Fig. 1.165. Let 6 be the polar angle of the small sphere with respect to a 
coordinate system with origin at the center of the large sphere and 2 -axis 
vertical. The smaller sphere starts from rest at the top of the larger sphere 
(0 = 0 ). 

(a) Calculate the velocity of the center of the small sphere as a function 
of 9. 

(b) Calculate the angle at which the small sphere flies off the large one. 

(c) If one now allows for sliding with a coefficient of friction n, at what 
point will the small sphere start to slide? 

( Columbia ) 

Solution: 

(a) As the sum of the kinetic and potential energies of the small sphere 
is a constant of the motion when it rolls without sliding, we have 
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1 12 

-mt) 2 4- - • -mr 2 ■ (p 2 4- mg(R + r) cos 6 — mg(R + r) 
2 2 5 


with v = r<p = (R + r)Q, whence 


6 — 


(10 (1 - cos 6)g 


7 (R + r ) ' 

The velocity of the center of the small sphere is 


v = (R + r)0 = J y (i? + r)(l - cos 6)g . 

(b) At the moment of flying off, the support force on the small sphere 
N = 0. Prom the force equation 


mg cos 6 — N = 


mv 


R + r ’ 


we find the angle 6 C at which the small sphere flies off the large sphere as 
given by 

io 

COS0 c = — . 


Thus 


6 C — arccos 


© 


Note that this derivation applies only for sufficiently large coefficient of 
friction. 
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(c) When the small sphere rolls without sliding, we have 
mg sin 8 — f = mi) , 

, 2 2 .. 
fr = -mr ip , 

5 

v = (R + r)8 = rp , 

where / is the frictional force on the sphere. Prom these we find 

2 

/ = -^mgsmO . 

At the moment when the sphere starts to slide, the frictional force is 


/ = fiN , 


2 . / mv 2 

-mg sin0 = p 1 mg cost/ — 

Then, using the expression for v from (a), we have 
2 sin 8 — 17pcos0 - 10/x . 


) 


Solving this we find that the angle 6 S at which the small sphere starts to 
slide is given by 


cos 6 a 


170/i 2 ± V / 756p 2 ~+4 
289m 2 + 4 


However, we require that 0 C > 6 S , or cos 8„ > cos 0 C . Where this can be 
satisfied by the value of /x, we generally have to take the upper sign. Hence 


8 S = arccos 


170/i 2 + V 756 0 Z + 4 
289m 2 + 4 


1197 

A spherical ball of radius r is inside a vertical circular loop of radius 
(R+r) as shown in Fig. 1.166. Consider two cases (i) rolling without sliding 
(ii) frictionless sliding without rolling. 
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(a) In each case what minimum velocity v\ must the sphere have at the 
bottom of the loop so as not to fall at the top? 

(b) For a 10% smaller V\ and the sliding case, where on the loop will 
falling begin? 

( Columbia ) 



Fig. 1.166. 


Solution: 

(a) For rolling without sliding, R8 = rip. Hence 



v 

r 


where v is velocity of the center of the ball. In order that the ball does not 
fall at the top of the loop, the force N t the loop exerts on the ball at the 
top must be such that 




mv 2 
~R 


— mg > 0 . 


Thus we require that 

v 2 > Rg ■ 

The minimum velocity v t that satisfies such condition is vf = Rg and the 
corresponding kinetic energy is 

1 o 1 2 o 2 ? 2 

Tt = g mv t + 2 ' 5 mr ' W = id™ 1 ’ 

At the bottom of the loop, if the ball has the required minimum velocity 
iii, we have 


T b = T t + V t , 
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giving 


7 7 

\a mv ' = w mv * + 2mR9 ’ 


2 2 20 27 

v? = + y-% = y Rg ' 


127 „ 

«i = \]Y Ra ' 

(ii) For sliding without rolling, we still require that v 2 > Rg at the top 
of the loop, i.e. the minimum velocity at the top is given by 

v? = Rg , 

and the corresponding kinetic energy is 

T t = \mvf . 


Thus we have 


giving 


+ 2mgR , 


Vi = 5Rg , 


t>i = yfbRg . 

(b) Suppose falling begins at 0. At that moment the velocity v of the 
center of the ball is given by 

^m(0.9tii) 2 = ^rrai 2 + tng(R — RcosO) , 


N — mg cos 9 = 


N = 0 . 
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These equations give 

3Rgcos9 = 2 Rg — 0.81i>i = —2.05 Rg , 


cos 6 - —0.683 , 


or 


6 = 133.1° . 


1198 

A uniform plank of length 2a is held temporarily so that one end leans 
against a frictionless vertical wall and the other end rests on a frictionless 
floor making an angle 6 = 9 0 with the floor. When the plank is released, it 
will slide down under the influence of gravity. 

(a) Find the expression (as an integral if you like) for the time that it 
will take for the plank to reach a new angle 9. 

(b) At what value of 9 will the upper end of the plank leave the wall? 

( Columbia ) 


/ 

* 


■> x 



Fig. 1.167. 


Solution: 

(a) As no friction is involved mechanical energy is conserved, which 
gives 
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2 •- 

- a6 2 = g(sin#o — sin#) (1) 

or 

9 = -y|^(sin0o - sin#) . 

Note that the factor |ma 2 is the moment of inertia of the plank about a 
horizontal axis through its center of mass, and that the negative sign is to 
be used for # as # decreases as t increases. 

Thus 



(b) Take coordinates as shown in Fig. 1.167. The center of mass of the 
plank has horizontal coordinate 

x = a cos 9 . 

Thus 

x — -a(6 2 cos $ + 6 sin 6) . 

The forces on the plank are as shown in Fig. 1.167. At the instant the plank 
ceases to touch the wall, N\ = mx = 0, i.e. 

0 2 cos 6 = —0 sin 0 . 


Differentiating (1) we have 


9 — —- cos 9 . 

4 a 

Substituting this and (1) in the above we have 


sin 9 = 2(sin 9o — sin 9) , 


or 


i.e. 


sin 9 = - sin 9 0 , 

O 


9 = arcsin 



being the value of 9 when the upper end of the plank leaves the wall. 
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1199 

A thin uniform stick of mass m with its bottom end resting on a fric¬ 
tionless table is released from rest at an angle 9 o to the vertical (Fig. 1.168). 
Find the force exerted by the table upon the stick at an infinitesimally small 
time after its release, 

(UC, Berkeley) 



Fig. 1.168. 


Solution.* 

As there is no friction, the forces acting on the stick are the normal sup¬ 
port N and the gravity mg as shown in Fig. 1.168. Within an infinitesimal 
time of the release of the stick, the equations of motion are 


N — mg = my , 

^NLsm9 0 = ^mL 2 # , 

where y is the vertical coordinate of the center of mass and ^mL 2 is the 
moment of inertia about a horizontal axis through the center of mass of the 
stick. As 

y = ^LcosO, 

y = ~\-L{9 2 cos# + #sin#) = -^L#sin#o , 

£i A 

as initially 

6 = 0, 9 = # 0 - 


Hence 
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N = mg + my 

= mg — ^ mL6 sin da 
= mg - 3 N sin 2 0 O , 


or 


N = 


mg 

1 + 3 sin 2 Oq 


1200 

Two long uniform rods A and B each 1 m long and of masses 1 kg (A) 
and 2 kg (B) lie parallel to each other on a frictionless horizontal plane 
(x,y). Rod B is initially at rest at y = 0, x = 0 to x = 1 m. Rod 
A is moving at 10 m/s in the positive y direction, and it extends from 
x = (-1 + f)mtoi = £m,(e«lm)as shown in Fig. 1.169. Rod A 
reaches y — 0 at t = 0 and collides elastically with B. Find the subsequent 
motion of the rods, ignoring the possibility of subsequent collisions. Check 
for equality of energy before and after collision. 

( Columbia) 

y 


y 



Fig. 1.169. Fig. 1.170. 


Solution: 

Let I be the impulse rod A exerts on rod B during the collision. Its 
direction is the direction of the motion of A, i.e. the positive y direction. 
Let vai wa, vs, ubi be the velocity of the center of mass and the angular 
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velocity about the center of mass of A and B respectively, as shown in 
Fig. 1.170. Denoting the masses of A, B by m A ,m B respectively, we have 

-I = m A (v A - 10) , 

2 1 - i2 mAUjA ’ 

/ = TUbVb , 

1 , 1 

-/ = -tubujb ■ 

The condition of elastic collision means that the relative velocity of the 
points of collision remains the same in magnitude but reverses in direction: 

( v B + - (v A - )^j A j = 10 . 

The above equations give 

5 m A m B 10 

I =-= — Ns , 

m A + m B 3 

in 1 20 / 

VA ~ 10 “ ~ = T m/s - 
m A 3 

uj a = - = 20 rad/s , 

m A 


VB 


1 5 / 
-- = o m / S > 

m B <1 
6/ 


u) B =-= 10 rad/s 

m B 

for the subsequent motion. The energy of the two rods before collision is 


Ei = - ■ 1 • 10 2 


50 J 


and after collision is 

„ 1 2 1 2 1 1 2 1 1 2 

Ef = 2 m AV A + 2 m BVB + 2 ■ mAU, A + 2 ■ 

225 300 T 

9 + 12 ~ 50 J ~ Ei ’ 

Hence the equality of energy holds. 
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1201 

A billiard ball of radius R and mass M is struck with a horizontal cue 
stick at a height h above the billiard table as shown in Fig. 1.171. Given 
that the moment of inertia of a sphere is |MR 2 , find the value of h for 
which the ball will roll without slipping. 

( Wisconsin) 



Fig. 1.171. 


Solution: 

Suppose that / is the impact force on the ball exerted by the stick and 
that it acts for a time At causing a change of momentum of the ball of 
MAv and a change of its angular momentum about the center of mass of 
I Aw. We have the equations of motion 

MAv = fAt , 

I Aw = f(h - R)At 

with I = | MR 2 , which yield 

. 2R 2 Aw 
V ~ 5{h-R) ' 

As the ball is at rest initially, the velocity of its center of mass and the 
angular velocity after impact satisfy 

2 R 2 w 

V ~ 5 (h - R) ‘ 

The ball will roll without slipping if v = Rw. Hence we require 

5 (h -R) = 2R, 


or 
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1202 

A uniform solid ball of radius a rolling with velocity v on a level surface 
collides inelastically with a step of height h < a, as shown in Fig. 1.172. 
Find, in terms of h and a, the minimum velocity for which the ball will 
“trip” up over the step. Assume that no slipping occurs at the impact 
point, and remember that the moment of inertia of a solid sphere with 
respect to an axis through its center is § Ma 2 . 

(Wisconsin) 



Fig. 1.172. 


Solution: 

Let a> and a/, J and J' be the angular velocity of the ball with respect 
to its center of mass and its angular momentum about the point of impact 
A before and after collision with the step, respectively. We have 


2 7 

J = mv(a — h) + -ma m - -mva 
5 5 


mvh 


as v = am for rolling without slipping, and 


V — ^ ma 2 + ma 2 j a/ — ^ 


mc?bJ 


as the center of mass of the ball is momentarily at rest after the collision. 
Conservation of angular momentum requires 


7 7 

-ma 2 w' = -mva — mvh , 
5 5 


yielding 


5h 


v 
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In order that the ball can just trip up over the step, its kinetic energy must 
be sufficient to provide for the increase in potential energy: 


i/V 2 = mgh , 


where I' = | ma 2 +ma 2 = |ma 2 is the moment of inertia of the ball about 
a horizontal axis through A. Hence the minimum velocity required is given 
by 


7 2 

!o ma 



= mgh , 


yielding 


ay/70gh 
7a —Oh 


1203 

A parked truck has its rear door wide open as shown in the plane view 
in Fig. 1.173(a). At time t = 0 the truck starts to accelerate with constant 
acceleration a. The door will begin to close, and at a later time t the door 
will be passing through the position shown in Fig. 1.173(b) such that the 
door makes an angle 6 with its original orientation. You may assume that 
the door has mass m uniformally distributed along its length L. 

(a) Using 9 and its time derivatives to describe the motion, write down 
dynamic equations relating the two components, Fy and F ±, of the force 
exerted on the door at the hinge to the kinematic quantities. Fy is the 
component of the force parallel to the door in the plane of the diagram and 
Fj is the component perpendicular to the door. 

(b) Express 9 = d?6/dt 2 , Fy and F± in terms of 6, m, L and a. 

(c) Write down, but do not attempt to integrate, an expression for the 
total time elapsed from the start of acceleration to the closing of the door. 

(MIT) 
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(a) (b) 

Fig. 1.173. 


(c) 


Solution: 

(a) In a frame attached to the accelerating truck, the center of mass 
of the door has components of acceleration \L6 perpendicular to the door 
and —\L0 2 parallel to the door. The directions of F|| and F±_ are as shown 
in Fig. 1.173(c). In this frame a fictitious force —ma acting at the center 
of mass is included in the equations of motion: 

F± — ma cos 9 = — i mL9 , 

F|| - ma sin 9 — \-mL9 2 , 

a 

\LF ± = imL-j , 

where j$mL 2 is the moment of inertia of the door about an axis perpen¬ 
dicular to the top edge of the door through the center of mass. 

(b) The above equations give 

•• 3a cos 9 

f*x = !macos 6 . 

4 

As 9 = integrating the expression for 9 and noting that 9 — 9 = 0 
initially we have 

■ 2 3a sin 9 

9 = —IT' 


3 5 

Fh = masin# + -masm9 = -masm9 . 
z z 


whence 
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(c) As 


d6 1 3a sin 9 
dt~\ L 


the total time elapsed from start of acceleration to the closing of the door 
is 

\f — . ~~ z d6 . 

V 3asm0 



1204 

Consider a solid cylinder of mass m and radius r sliding without rolling 
down the smooth inclined face of a wedge of mass M that is free to move 
on a horizontal plane without friction (Fig. 1.174). 

(a) How far has the wedge moved by the time the cylinder has descended 
from rest a vertical distance /i? 

(b) Now suppose that the cylinder is free to roll down the wedge without 
slipping. How far does the wedge move in this case? 

(c) In which case does the cylinder reach the bottom faster? How does 
this depend on the radius of the cylinder? 

(UC, Berkeley) 



Solution: 

(a) Let £ be the distance of the center of mass of the cylinder from 
its initial position. In a fixed coordinate frame, let x be the horizontal 
coordinate of the center of mass of the wedge. The horizontal component 
of the velocity of the cylinder in the fixed frame is x — £ cos 6. As the total 
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momentum of the system in the x direction is conserved, we have, since the 
system is initially at rest, 

Mx + m(x - £ cos 9) = 0 , 


giving 


(M -f m)x - micosO . 


Without loss of generality we set £ = x = 0 at t = 0. Integration of the 
above then gives 

(M + m)x = cos 9 . 


When the cylinder has descended a vertical distance h, it has moved a 
distance £ = and the wedge has moved a distance 


x = 


M + m 


cos 9 — 


mh 

M + m 


cot 9 . 


(b) If the cylinder is allowed to roll, conservation of the horizontal 
component of the total linear momentum of the system still holds. It follows 
that the result obtained in (a) is also valid here. 

(c) Conservation of the total mechanical energy of the system holds 
for both cases. As the center of mass of the cylinder has velocity (x - 
£ CO8 0, —£ sin 9) and that of the wedge has velocity (x, 0), we have for the 
sliding cylinder, 

-m[(± — icos 9) 2 + i 2 sin 2 9\ + ^Mi 2 = mg£ sin 9 , 

At At 


and for the rolling cylinder, 

i m[{x — i cos 9) 2 + i 2 sin 2 9\ + ]rhp 2 4 - \mx 2 = mg£ sin 9 

At At At 

with I = |mr 2 , 9 ? = £ for rolling without sliding. As 


the above respectively reduce to 

2(M + to) +171 sin2 = sin 9 ’ 


4(M + mj + m ( 1 + ^ sin 2 #)]£ 2 = sin 9 . 
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These equations have the form £ = b\f£. As £ = 0 at t = 0, integration 
gives t = | y/l. Hence for the same £ = , t oc |. As 

3 M + m(l + 2sin 2 6) - 2(M + msin 2 6) — M + m > 0 , 

the sliding cylinder will take a shorter time to reach the bottom. 


1205 

A stepladder consists of two legs held together by a hinge at the top 
and a horizontal rope near the bottom, and it rests on a horizontal surface 
at 60° as shown in Fig. 1.175. If the rope is suddenly cut, what is the 
acceleration of the hinge at that instant? Assume the legs to be uniform, 
identical to each other, and neglect all friction. 

( UC, Berkeley) 


e 

e 



Fig. 1.175. 


Fig. 1.176. 


Solution: 

Consider the instant when the horizontal rope is suddenly cut. 

By symmetry the forces which the two legs exert on each other at the 
hinge A are horizontal and the acceleration of A, a^, is vertically downward. 

Consider one leg of the stepladder. The forces acting on it are as shown 
in Fig. 1.176. Let l be the length of the leg and a<? the acceleration of its 
center of mass C at the instant the rope is cut. We have 
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mg — N = macy , 


F = ma Cx . 

l-Nl cos 60° - -Fl sin 60° = 16 
2 2 

with I = or 

N - \/3F = imZ6> . 

The velocity of A in terms of the velocity of C are given by 

&a = &c ~ ^Wsin60°, ju = yc + -i0cos6O° . 
z z 

Hence a ,4, which is in the y direction, has components 

0 = acx ~ W , 

4 

a a — dCy + • 

Consider now the acceleration a b of point B. At the instant the rope is 
cut it has only a horizontal component. Thus ob # = 0, i.e. 

a c v - \l6 cos60° = ac v - tM = 0 . 

The above consideration gives 


•• 1 

acx = -j-W, acv = • 


Using these in the equations of motion for C we find 


9 = 


3ff 
41 ’ 


which gives the acceleration of the hinge as 



directed vertically downward. 
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1206 

A particle of mass m and speed v collides elastically with the end of a 
uniform thin rod of mass M as shown in Fig. 1.177. After the collision, m 
is stationary. Calculate M. 

{MIT) 



Fig. 1.177. 


Solution: 

Let v c be the velocity of the center of mass of the rod and ui the angular 
velocity of the rod about the center of mass. Conservation of momentum 
and that of energy of this system give 

mv = Mv c , 

\mv 2 = ~Mv 2 + hu 2 

with / = l being the length of the rod. Conservation of the angular 

momentum of the system about a fixed point located at the center of the 
rod before collision gives 

-Imv = Iuj . 

2 

The above equations give 

M = 4m . 


1207 

A uniform thin cylindrical rod of length L and mass m is supported 
at its ends by two massless springs with spring constants k\ and In 
equilibrium the rod is horizontal, as shown in Fig. 1.178. You are asked 
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to consider small-amplitude motion about equilibrium under circumstances 
where the springs can move only vertically. 

(a) First consider the special case k\ = k 2 - Find the eigenfrequencies of 
the normal modes and describe the corresponding normal mode motions. 
Here you might well be guided by intuitive reasoning. 

(b) Now consider the general case where k\ and are not necessarily 
equal. Find the normal mode eigenfrequencies. 

( Princeton ) 



mg 


Fig. 1.178. 


Solution: 

(a) Let yi and tj 2 be the vertical displacements from the equilibrium 
position of the two ends of the rod as shown in Fig. 1.178. As the displace¬ 
ment of the center of mass C is + y 2 ), its equation of translational 
motion is 

2 m (yi + 2/2) = -fcij/j - k 2 yi ■ 

For small-amplitude rotation about the center of mass, we have 

19 = - ^L{kiyi - k 2 y 2 ) 

with I = ^ mL 2 , 8 « p or fci = k 2 = k, the equations of motion 

reduce to 
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Hence there exist two normal modes. 

(i) Symmetric mode 

Vs =yi+ 2/2 

with eigenfrequency lo, = ■ This mode corresponds to vertical har¬ 

monic oscillation of the rod as a whole. 

(ii) Asymmetric mode 

Va = yi - 2/2 

with eigenfrequency u/ a = This mode corresponds to harmonic 

oscillation about a horizontal axis perpendicular to the rod and through 
its center of mass. 

(b) For the general case ki ^ k 2 , let y\ = A\e ,ut , y 2 = A 2 e twt , where uj 
is the eigenfrequency of oscillation. The equations of motion now give 

+ {^2 ~ \ rmj2S j A 2 = 

(¥ ” 5“') A ' + (§"’ ~ IJ f) A * = 0 

For a non-zero solution we require 


ki — Irmuj 2 k 2 — hmuj 2 
2 1 


Iw 2 1 


Lfci \hk 2 - '-4- 


- 0 , 


i.e. 


w 


- (i + jmi) 


(ki T k 2 )uj 2 T Lk\k 2 — 0 , 


m 2 w 4 — 4m(/ci + k 2 )uj 2 + 12fcifc 2 = 0 . 
Solving for uj 2 we obtain the eigenfrequencies 


11 

m 


(ki + k 2 ) ± yjikl-kibt + k 2 ) 


Note that for ki = k 2 = k, this expression gives u> 
agreement with (a). 



in 
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1208 

A rigid wheel has principal moments of inertial h = h ^ h about 
its body-fixed principal axes xi, £2 and x 3l as shown in Fig. 1.179. The 
wheel is attached at its center of mass to a bearing which allows frictionless 
rotation about one space-fixed axis. The wheel is “dynamically balanced”, 
i.e. it can rotate at constant u ^ 0 and exert no torque on its bearing. 
What conditions must the components of uj satisfy? Sketch the permitted 
motion(s). 

(MIT) 


*3 



Fig. 1.179. 

Solution: 

Setting Ii = I 2 = I in Euler’s equations 


JlWl + (I 3 ~ — 0 ) 

( 1 ) 

I 2 W 2 + (?i — 13)^1 W 3 = 0 , 

( 2 ) 

IaW3 + (I 2 ~ Ii)w2<*>i — 0 > 

(3) 


we see that (3) can be readily integrated to give 

u ?3 — constant = Q , say . 


We then rewrite (1) and (2) as 
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which are the conditions that must be satisfied. Differentiating these 
equations gives 



where a = The general solution is 

ail = u 0 cos (at 4- e), a >2 = ai 0 sin(at + e) . 

Hence the total angular velocity has magnitude 

u - ijn 2 + aij + ai| = sjii 2 + aiy , 

which is a constant. As 013 = D is a constant the total angular velocity 
vector o> makes a constant angle 6 with the xa-axis as shown in Fig. 1.179. 
Furthermore the plane of oi and x .3 rotates about the X 3 -axis with an 
angular velocity a, or a period 

2ir 27r/ 

= {h - i)n ' 

The motion, which is the only one allowed, is sketched in Fig. 1.179. 


1209 

A rigid body is in space. All external influences (including gravity) are 
negligible. 

(a) Use Newton’s law to show that angular momentum is conserved; 
mention any assumptions made. 
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(b) Suppose the center of mass of the body is at rest in an inertial frame. 
Must its axis of rotation have a fixed direction? Justify your answer briefly. 

( UC, Berkeley) 

Solution: 

(a) The angular momentum of a rigid body about a fixed point O is 
defined as 

n 

L = ^ r< x mii-j , 

i 

where 1 % is the radius vector from O of a particle mi of the rigid body, 
which consists of n particles. As there are no external forces, only internal 
forces act, and according to Newton’s second law 

n 

rn«r. = F b . 

where is the force acting on mi by particle mj of the rigid body. 
Consider 

n n n 

x m<fi = x F w . (1) 

* * 

By Newton’s third law, the internal forces F^ occur in pairs such that 

Fy = , 

both acting along the same line joining the two particles. This means that 
the double-summation on the right-hand side of (1) consists of sums like 

r « x F a + fj x F ji . 

As shown in Fig. 1.180, each such sum adds up to zero. Hence 

n 

Y r< x mfj = 0 . 

r 

Then 

n n 

l = y^ x m *i + y^, r « x = o, 

i i 


or 


L = constant . 
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Fig. 1.180. 


That is, the angular momentum of a rigid body about an arbitrary point 
is conserved. 

(b) The above argument holds also for a point fixed in an inertial frame, 
so that the angular momentum L of the body about the center of mass is 
a constant vector in the inertial frame. However, the angular velocity u> of 
the body about the center of mass need not be in the same direction as L. 
Only when the axis of rotation is along a principal axis of the body is u> 
parallel to L. Hence, in general the axis of rotation is not fixed even though 
the direction of L is. 


1210 

The trash can beside the Physics Department mailboxes has a conical¬ 
shaped lid which is supported by a pivot at the center. Suppose you tip the 
cone of the lid and spin it rapidly with spin velocity u> about the symmetry 
axis of the cone (Fig. 1.181). Does the lid precess in the same or opposite 
sense to the spin direction of u>? Document your answer with appropriate 
formula and vector diagram. 

( Wisconsin ) 

Solution: 

The torque of gravity about O is 

M = OC x mg . 


In a fixed frame we have 



OCL 

L 


x mg = 


OC 

—mg x L = 


w p xL, 
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Fig. 1.181. 


Fig. 1.182. 


where Thus L and hence the axis of symmetry of the lip 

precess with angular velocity ui p — oc ™£ about the vertical axis in a sense 
opposite to that of the spin, as shown in Fig. 1.182. 


1211 

A rigid square massless frame contains 4 disks rotating as shown in 
Fig. 1.183. Each disk has mass m, moment of inertia Jo, and rotational 
velocity wo- The frame is horizontal and pivots freely about a support at 
one corner. What is the precession rate? 

{MIT) 




Fig. 1.183. 


Fig. 1.184. 
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Solution: 

The angular momentum of each disk about its axis of rotation is IqWq 
with directions as shown in Fig. 1.184. The total angular momentum of the 
system about the pivot has magnitude L = 2\/2/oa>o and a direction along 
OC, C being the center of mass of the system. Note that L is horizontal 
as the frame is horizontal. The torque due to gravity is 


_ D L 

M = OC x 4mg = —-= — x 4mg 
\/2 L 


Hence 


where 


dL ,, 2 \/2Dm 

— = M =---g x L = ft x L , 

dt L/ 


a = - 


2\/2Dmg _ Dm 
‘2 \/2I()US() I o^'o 


is the precessional angular velocity. Hence the precession has a rate 
and is anticlockwise when seen from above. 


1212 

We consider an ideal free gyro, i.e. a rotationally symmetric rigid body 
(with principal moments of inertia I\ = I 2 < h) s ° suspended that it can 
rotate freely about its center of gravity, and move under the influence of 
no torque. Let u >(t) be the instantaneous angular velocity vector, and let 
L(t) be the instantaneous angular momentum. Let the unit vector u(f) 
point along the symmetry axis of the body (associated with the moment of 
inertia 1 3 ). These vectors are in an inertial frame with respect to which the 
body rotates. Derive expressions for L(f), u;(t), and u(f) in terms of initial 
values u 0 = u(0) and co 0 — <*;(0). 

( UC, Berkeley) 

Solution: 

Let t — 0 be an instant when L, u> and the axis of symmetry of the 
gyro, u, are coplanar. Use a fixed coordinate frame Oxyz with origin at 
the center of mass of the gyro which at t = 0 has the 2 -axis along the 
angular momentum vector L and the y-axis perpendicular to the angular 
velocity o>o- Also use a rotating coordinate frame Ox'y'z' attached to the 
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gyro such that the z'-axis coincides with the axis of symmetry and the 
x'-axis is in the plane of z'- and 2 -axes at t = 0. The relation between the 
two frames is shown in Fig. 1.185, which also defines the Eulerian angles 
9, ip, ip. Note that initially the y'- and y-ax.es coincide and ipo — <po — 0. 

As seen from Fig. 1.185, the angular velocity u >(t) of the gyro can be 
expressed in the rotating frame in terms of the Eulerian angles as 

w x , = 9 sin ip — ip sin 9 cos ip , 
uiy / = 6 cos ip + sin 9 sin ip , 
ui z i = <fi cos 9 + ip . 

Since the x 1 -, y'- and z'-axes are principal axes, L can be expressed as 

L = I\UJ x ti' 4- Iiuiy'j 1 + l3U/ z 'k' (1) 

for Jj = I 2 • As there is no torque acting on the gyro, L = constant and is 
along the 2 -axis. Furthermore, the Euler equation 


gives for I x — / 2 , 


I3UJZ' — ( I\ — I^UJx'tnJy' — 0 


ui z r = constant = wqz' 


As 


we have 


L = yjI x (oj x , + ) 4- q z , = constant , 


w x' + u y' — constant = ujq x , + uJq v , = 


since w o„- = uj 0y = 0. Hence 

L = + IWm k . 

It can also be expressed in terms of the Eulerian angles as (Fig. 1.185) 
L = —L sin 9 cos ipi' + L sin 9 sin ip)' + L cos 9k' 


in the rotating frame. Comparing this with (1) we find 


L cos 9 = I 3 U 0 Z' i 

showing that cos 9 = constant = cos 6 0 , say, and thus 9 = 0, Furthermore, 
—L sin 9 cos ip = Iiu>x' = — 1\ sin 9 cos ip , 
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giving 


Similarly, 


<p = — = constant. 


LcosO = I 3 u z , = I 3 (ip cos 6 + ip) , 


giving 


LcosO LcosO ( I 3 \ LcosO ( I 3 \ 

” ~h ~ ~ V h ) — = i 1 ” h ) ^ 


constant 


What the above means is that the motion of the free, symmetric gyro 
consists of two steady motions: a spin of angular velocity ip about the axis 
of symmetry and a precession of angular velocity ip about the constant 
angular momentum vector L. 


i 



Fig. 1.185. 


2 



Consider now the unit vector u(f), which is along the axis of symmetry, 
in the fixed frame (Fig. 1.185): 

u(t) = sin 0 cos tpi + sin 0 sin ipj + cos 0k . 

As 0 = 0o and at t = 0, ip = 0, we have 

u(0) = sin0oi + cos0ok , 


and, as p = ipt, 


u(t) = «ox cos(ipt)i + u 0x sin(y>t)j + u 0z k . 

Consider the angular velocity u>. In the rotating frame, we have for 
time t 
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to = (-0sin0ocos0,0sin0 o sin0,0cos0o + ip) , 
as 6 = 0o, 6 = 0, and for time t — 0 

u> 0 = (-0sin0 o ,O,0cos0 o + ip) = (w Ox ',0,w O2 ') . 

Thus 

w = (lo 0x i cos ip, -u> 0x ' sin ip, u> 0z ') 

with 

w = • 

Hence u> has a constant magnitude. It makes an angle a with the z-axis 
given by 

U) z U3 ■ L 

cosa - — = —— 
u> ojL 

= — (0 sin 2 0 O cos 2 0 + 0 sin 2 0 O sin 2 0 + 0 cos 2 0 O + ip cos 0 O ) 
u> 

0 + 0 COS 00 

LU 

which is a constant as 0,0, w are all constants. It makes an angle fi with 
the z'-axis given by 

_ v z > w ■ k' 0 cos 0o+0 

cos p = — =-= --- , 

0 > u w 

which is also a constant. In the fixed frame, 

w = (0 sin 0 cos <p — 0 sin 0 sin 0 sin <£> — 0 cos i p, ip cos 0 + 0) 

= (0 sin 0o cos (p, ip sin 0o sin ip, ip cos 0o + 0) 

as 0 = 0 O , 0 = 0. At t = 0, <£ = ip = 0 so that 

w 0 = (0sin0 0 ,0,0cos0 O + 0) . 

Hence 

w(t) = wos cos(0£)i + u 0x sin(0t)j + w 0z k . 



346 


Problems & Solutions on Mechanics 


The precessions of u about L and u are depicted in Fig. 1.186. Note that 
u itself precesses about L. 


1213 

Let Ii,h, h be the principal moments of inertia (relative to the center 
of mass) of a rigid body and suppose these moments are all different with 
h > h > h- If the body in free space is set to spin around one of the 
principal axes, it will continue spinning about that axis. However, we are 
concerned about the stability. What happens if the initial spin axis is very 
close to, but not exactly aligned with, a principal axis? Stability implies 
that the spin axis never wanders far from that principal axis. One finds 
that the motion is in fact stable for the principal axes corresponding to 
1 1 and J 3 , the largest and the smallest moments of inertia. Explain this 
analytically using Euler’s equations. 

( GUSPEA) 

Solution: 

Let wi,w 2 ,W 3 be the components of the angular velocity along the 
principal axes. Then, using Euler’s equations for zero torque 


— U/ 2 lt> 3(/2 — I3) = 0 , 

F 2 W2 — UI 3 U>i(I 3 — /l) = 0 , 

/3W3 — WiU>2(Ii — I2) = 0 , 

we consider the following cases. 

(i) Suppose initially u; directs almost parallel to the x-axis, i.e. u)\ 3 > 
w 2 ,W 3 - If W 2 , W 3 remain small in the subsequent rotation, the motion is 
stable. As |o>| = constant and w = + w 2 + wf « oq, we can take u>\ 

to be constant to first order. Then 

.. _ uji(I 3 — Ii) . _ o>i (/ 3 - h)(Ii - I 2 ) 

U2 — -=--W 3 — --—-- U>2 , 

i 2 r 2 i 3 

.. u\(h - / 2 )(/ 3 — h) 
w 3 = -7-7-w 3 . 

As I\ > / 2 , ? 3) the coefficients on the right-hand side of the above are both 
negative and the equations of motion have the form of that of a harmonic 
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oscillator. Thus u)-i and a >3 will oscillate about same equilibrium values and 
remain small. Hence the motion is stable. The same conclusion is drawn if 
u> is initially almost parallel to the 2 -axis. 

(ii) If ui initially is almost parallel to the y-axis. The same consideration 
gives 


u>i - 


- 


uUh - h)(h - h) 
hh 

Cjj(h - J a )(J a - I 3 ) 
hh 


u i 


a>3 


As h > h, h > h, the coefficients on the right-hand side are both positive 
and the motion is unstable at least in first-order approximation. 


1214 

A spherical ball of mass m, radius R and uniform density is attached 
to a massless rigid rod of length l in such a way that the ball may spin 
around the rod. The ball is in a uniform gravitational field, say that of 
the earth. Supposing the ball and the rod rotate about the 2 -axis without 
nutation (i.e. 6 is fixed), the angular velocity of the rod and ball about 
the 2 -axis is oj, and the ball spins about the rod with angular velocity 12. 
Give the relation between u and f2 (you may assume R/l <C 1 though this 
is not necessary for the form of the solution). Does the ball move in a 
right-handed or a left-handed sense about the 2 -axis? 

( Columbia ) 


2 



Fig. 1.187. 
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Solution: 

The orientation of the ball can be described in terms of the Eulerian 
angles 0, tp, ip (Problem 1212). As there is no nutation, 0 = 0. The angular 
momentum of the ball about the origin O (Fig. 1.187) is 


L = -mR ip >e r + IsinO ■ <pml sin 0e z 
5 

2 

= -mR 2 Cle r + ml 2 sin 2 6 u>e z 
5 

in cylindrical coordinates. As e z is fixed, 6 is a constant, we have 
dL 2 „ de r 

di = Z mRn -dT= M ’ 


where M is the torque due to gravity. As 


dfi 

= 6 e.g + tp sin 0 e v = ui sin 0e v , 


the above becomes 


Hence 


2 

-mii 2 flw sinfle^ = le r x mg(—e z ) = Irng sin 6 e v . 
5 


5 lg 


2 R?Sl ' 

As ip = u> >0, the ball moves in a right-handed sense about the z-axis. 


1215 

A gyroscope at latitude 45° N is mounted on bearings in such a way that 
the axis of spin is constrained to be horizontal but otherwise no torques 
occur in the bearings. Taking into account the rotation of the earth, show 
that an orientation with the axis of spin along the local north-south is 
stable and find the period for small oscillations of the spin axis about this 
direction. Assume that the rotor can be approximated by a thin circular 
ring (i.e. the spokes and other parts are of negligible mass). (In working 
out this problem it is simpler when writing the angular velocity of the rotor 
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z.z' 



about the x-axis (Fig. 1.188) to lump together the spin term and the term 
due to rotation of the earth). 

(UC, Berkeley) 

Solution: 

Use an inertial frame Ox'y'z' fixed with respect to a distant star which, 
at the instant under consideration, has the origin O at the center of mass 
of the rotor, the z'-axis pointing vertically up and the x'-axis pointing 
north, and a rotating frame Oxyz attached to the earth with the same 
z-axis but with the x-axis at that instant along the spin axis of the rotor 
as shown in Fig. 1.188. Denote the spin angular velocity by w, and the 
moments of inertia about the x-, y-, z-axes, which axe the principal axes of 
the gyroscope, by C, A, A respectively. The angular momentum then has 
components 

(Cw, 0, Ad) 


in the rotating frame, and 

(Cut cos 6 , Cui sin 6 , A8) 

in the fixed frame. Note that the z component which is the same in both 
frames is contributed by the precession. In the fixed frame, the earth’s 
rotational angular velocity at latitude A = 45° N has components 

D(cos45°,0,sin45°) = -^=(1,0,1) . 

v2 
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Also, the only torques are those that constrain the spin axis to the hori¬ 
zontal so that 

M,'= 0 . 


As 



/<£L \ 

( ~r~ ) -f-D x L = 0 , 
\ dt J rot 


its 2 component is 


A0 + 


CcjSI sin 8 

V 2 


= 0 , 


or 


A8 + 


CujCI 

^77 


8 = 0 


for small 8. Note that for fl x L we have resolved the vectors in the fixed 
frame. The last equation shows that the spin axis oscillates harmonically 
about the local north-south direction with angular frequency 


u> 



and the orientation is stable. The period is 


T 


2t r 0 [y/2A 

cj “ CuM ' 


If the rotor is approximated by a thin circular ring of mass M and radius 
R, we have 


C = MR 2 , 


^ v V^ufi 


1216 

A thin disk of mass M and radius A is connected by two springs of 
spring constant k to two fixed points on a frictionless table top. The disk is 
free to rotate but it is constrained to move in a plane. Each spring has an 
unstretched length of l 0 , and initially both are stretched to length l > l 0 in 
the equilibrium position, as shown in Fig. 1.189. What are the frequencies 
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Fig. 1.189. 



of the normal modes of oscillation for small vibrations? Sketch the motion 
for each mode. 

{Princeton) 

Solution: 

The motion of the disk is confined to the vertical plane. Let the 
displacement of the center of mass from equilibrium be x and the angular 
displacement be 6, as shown in Fig. 1.190. To first order in 6, the restoring 
forces are 

Fi = k(l + x - l 0 ), F 2 — k(l - x - Iq) . 

The equations of motion are then 

Mx = F 2 — Fi = —2 kx , 


or 


.. 2k 

x + —x = 0 , 
M 


and 

Id = (F 2 + F\)A sin tp , 

where I — \MA 2 and <p is given by 

sin(7r — ip) _ sin 6 
l + A + x l + x 


( 1 ) 
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or 


i.e. 


a . «(!-!„)(! +,4), 


9 + 


MIA 


-6 = 0 . 


Equation (1) gives the angular frequency for linear oscillation, 

[2k 

^1 = \/ TT • 

V M 

Equation (2) gives the angular frequency for rotational oscillation, 


U)2 — 


-4 


4k(l - l 0 )(l + A) 
MIA 


( 2 ) 


The normal mode frequencies of small oscillations are therefore 

U>2 

2tt’ 2tt ’ 

and the motions of the two normal modes are as shown in Fig. 1.191. 


e- o 


Fig. 1.191. 


1217 

A simple symmetrical top consists of a disk of mass M and radius r 
mounted on the center C of the massless cylindrical rod of length l and 
radius a as shown in Fig. 1.192. The top is rotated with large angular 
velocity ui(t) and is placed at an angle 0 to the vertical on a horizontal 
surface with a small coefficient of friction. Neglect nutation and assume 
that the rate of slowing of u(t) is small in one period of procession. 

(a) Describe the entire subsequent motion of the top. 

(b) Compute the angular frequency of the (slow) precession. 
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2 



Fig. 1.192. 


(c) Estimate the time required before the axis of the top becomes 
vertical. 

( UC, Berkeley) 


Solution: 


(a) The motion of the top consists mainly of three components: 

(1) spinning with angular velocity w about its axis of symmetry, 

(2) a slow procession $2 about the vertical axis due to gravity, 

(3) motion of the axis of symmetry to come to the vertical gradually 
due to the effect of the frictional torque. 

(b) Use two coordinate frames with origin O as shown in Fig. 1.192: a 
fixed frame Oxyz with the 2 -axis along the upward vertical, and a rotating 
frame Ox'y'z' with the z'-axis along the axis of symmetry in the same 
direction as the spin angular velocity u>, both the x- and x'-axes being 
taken in the plane of the z- and z'-axes at the instant under consideration. 
We have 


d\j \ / dL \ 

^ / fix V dt J rot 


+ HxL, 


Under the condition that the spin angular velocity u> is very large, the total 
angular momentum can be taken to be approximately 


L = I 3 uj k' . 


Further, as w does not change appreciably in a period of precession, 
(-jf)rot ~ 0. We then have 
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(§)„ =nxL = r c xMg 

with 

ft = fi(- sin 0,0, cos 0) , 

L = (0,0, I$ui) 

in the rotating frame, and 

r c= (°,°4) • 

g = < 7 (sin 0 , O,cos0) . 

In the fixed frame, the above gives 

I^ojQ sin 0 = ^Mlg sin 6 , 
i.e. 

_ Mlg _ lg_ 

~ 2I3U r 2 u ’ 
as 

h = ^Mr 2 . 

(c) When the axis of symmetry makes an angle 6 with the vertical, 
the frictional force / on the contact point of the rod with the ground is 
approximately pMg. Actually only the left edge of the bottom end touches 
the ground. The frictional force is opposite to the slipping velocity of the 
contact point and has the direction shown in Fig. 1.192. This force causes 
an acceleration of the center of mass C of the top and generates a torque 
about C at the same time. Neglecting any specific condition of the rod, we 
can take the torque about C as approximately 

r « pMg ■ iij . 

This torque changes the magnitude of the angle 9 and causes the axis of 
symmetry to eventually become vertical. 

When the axis is vertical, the bottom of the rod contacts the ground 
evenly so that the frictional force is distributed symmetrically. The total 
torque about C due to friction is then zero. Actually the torque of the 
frictional force about the z'-axis (relating to the z' component of L) does 
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not vanish altogether, but as the rod is so thin the torque is quite small 
and causes u> to decrease only slowly. We have for the frictional torque 
approximately 


dLp 

dt 


= 5 v M gii , 


i.e. 


-OI 3 U = -nMgl , 


or 


which gives 


dd _ figl 
dt r 2 u 



r 2 u) r 2 u) 

-do = -Ae. 


figl 


/igl 


1218 

A heavy symmetrical top with one point fixed is precessing at a steady 
angular velocity fl about the vertical axis z. What is the minimum spin to' 
about its symmetrical axis z' {z' is inclined at an angle 6 with respect to the 
2 -axis)? The top has mass m and its center of gravity is at a distance h from 
the fixed point. Use the coordinate systems indicated in Fig. 1.193, with 
the axes z, z', x and x' in the same plane at the time under consideration 
and assume I\ = h- 

(. SUNY, Buffalo) 


z 



Fig. 1.193. 
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Solution: 

Referring to the Eulerian angles defined in Problem 1212, the torque 
due to gravity is in a direction perpendicular to the a: 2 -plane and in the 
rotating frame Ox'y'z' attached to the top has components 

mgh sin 8 sin ip, mgh sin 0 cosip, 0 . 

Euler’s equations, which apply in the rotating frame, are, for I\ = I 2 , 

hw x ‘ - (h - h)u y 'UJz' = mghsin 8 sinip , 

Iidjyi — (I 3 — Ii)u) x ’uj z > = mgh sin 8 cos ip , 

/ 3 ih z < = 0 . 

The angular velocity vector u> in the rotating frame has components 

—0 sin 0 cos ip, <p sin 8 sin ip, cos 6 + ip 

as 6 = 0. So writing il for <p and noting that (p = 0 for steady precession, 
the first Euler’s equation becomes 

fl 2 (ii - I 3 ) cos8 — CII 31 P + mgh = 0 , 

giving 

, ; mgh + (7i — / 3 )fi 2 cos 8 

m -- 

However for H to be real we require that 

/fu/ 2 — 4(/j — l 3 )mgh cos 8 > 0 , 
or 

w # > — y4(/i — l 3 )mgh cos 8 . 

h 


1219 

The game of “Jacks” is played with metal pieces that can be approxi¬ 
mated by six masses on orthogonal axes of length l with total mass M, as 
shown in Fig 1.194. 

(a) If you spin the jack around one of the axes so that there is a steady 
precession around the vertical (Fig. 1.195) what is the relation between the 
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spin velocity s, the precession rate, and the angle 6 between the vertical 
and the rotation axis of the jack? 

(b) What must the spin velocity be for the jack to spin stably around a 
vertical axis (i.e. 6 = 0)? 

( Princeton ) 


+ 

Side view 



Top view 



Fig. 1.194. 


Fig. 1.195. 


Solution: 

Use fixed frame Oxyz and rotating frame Ox'y'z' as in Problem 1212 
with O at the point of contact with the ground and the latter frame attached 
to the jack. The 2 -axis is along the upward vertical and the 2 '-axis is along 
the axis of spin as shown in Fig. 1.195. The moments of inertia about the 
x'-, y'- and 2 '-axes are 

h — h = 4 ml 2 + 6 ml 2 = 10m/ 2 , 

I 3 = 4 ml 2 , 


with m = . 

(a) In the rotating frame, the torque due to gravity has components 
6 mgl sin 6 sin ip, 6 mglsin 6 cosxp, 0 , 

and the angular velocity u> has components 

6 sin ip — ip sin 6 cos ip, 9cosij) + <psin 6 smip, ip + <p cos 6 . 


Euler’s equations then give 
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5 <J) x i —3 cj y /u) z > = — sin#sini/>, 
5ciy + 3tiyuy = ~ sin 0 cos ip, 


4iiv = 0 . 


( 1 ) 

( 2 ) 


The last equation gives 

w z > — ip + <p cos 6 = s + Cl cos # = constant . 
where Cl is the precession rate. 

(b) If the spin axis is nearly vertical, 9 ~ 0 and we take the approxima¬ 
tions sin# « 9 , cos# « 1. Then sin^ x (1) + costp x (2) gives 


5# + 2f2s - 3 fl 2 




0 


with Cl = ip, s — tp. Hence for stable spin at # — 0 we require 


2Cls - 3fl 2 - y > 0 , 


or 


3g 

l 

3f l 3 g 

s> Y + mi 


1220 

A propeller-driven airplane flies in a circle, counterclockwise when 
viewed from above, with a constant angular velocity y with respect to 
an inertial frame. Its propeller turns at a constant angular velocity dip/dt 
clockwise as seen by the pilot. 

(a) For a flat, four-bladed propeller, what relations exist among the 
moments of inertia? 

(b) Find the magnitude and direction of the torque that must be applied 
to the propeller shaft by the bearings to maintain level flight in a circle. 

{UC, Berkeley) 

Solution: 

(a) Take a fixed frame Oxyz at the instantaneous position of the center 
of the propeller with the z-axis pointing vertically up and a rotating frame 
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z 



Fig. 1.196. 


Ox'y'z' fixed to the propeller such that the x'-axis is along the spin axis, 
and the z'-axis is along a propeller blade, the a;-axis being taken to coincide 
with the x'-axes at the instant under consideration, as shown in Fig. 1.196. 
The rotating coordinate axes are then the principal axes with moments of 
inertia 

h = h = I , 

and I\ = 21 by the perpendicular axis theorem. The angular velocity has 
components in the rotating frame of 

i>, xsin^, *cos ip , 

where tj) = ipt. Euler’s equations of motion 


hu x . — (I 2 — l3,)w v 'Vz' — M X I , 

— ( I3 — Il)u> z 'LO x l = My I , 

— (/1 — — M z l 

then give for the torque M exerted on the propeller shaft 

M x .= 0 , 

as ip = constant and I2 = I3, 

M y > = 2Iipx cos (ipt) , 

M z > = -2Iipxsin(ipt) , 


as x = constant. Hence 

M = 2Iip X 
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and as 


M x , = 0 , 

M y i = M cos ip , 
M x t = —M sin ip , 


M is in the plane of the propeller and has a direction along the y -axis of 
the fixed frame. 


1221 

A perfectly uniform ball 20 cm in diameter and with a density of 5 g/cm 3 
is rotating in free space at 1 rev/s. An intelligent flea of 10 -3 g resides in 
a small (massless) house fixed to the ball’s surface at a rotational pole as 
shown in Fig. 1.197. The flea decides to move the equator to the house by 
walking quickly to a latitude of 45° and waiting the proper length of time. 
How long should it wait? Indicate how you obtain this answer. 

Note: Neglect the small precession associated with the motion of the flea 
on the surface of the ball. 

( Princeton ) 


i _ 

u 



Fig. 1.197. 


z 



Solution: 

After the flea moves to a position of latitude 45°, the angular velocity u> 
no longer coincides with a principal axis of the system. This causes the ball 
to precess. As the mass of the flea is much smaller than that of the ball, 
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the center of mass of the system can be taken to be at the center of the ball 
0. Use a fixed frame Oxyz with the 2 -axis along the original direction of uj 
and a rotating frame Ox'y'z' attached to the ball with the z'-axis through 
the new position of the flea, with both the x- and x'-axes in the plane of 
the z- and z'-axes at t = 0 as shown in Fig. 1.198. As the system is in free 
space, there is no external force. We assume that the flea moves so quickly 
to the new position that u» remains the same at t = 0 as for t < 0. 

The rotating axes are the new principal axes. Let the corresponding 
moments of inertia be 7i, I 2 and I 3 with Ii — I 2 for symmetry. Euler’s 
equations are then 


I\U X < — (II - l3)Uy'W Z > = 0 , 

(1) 

IlU>y> ~ ( I3 — Il)u> z >U x l = 0 , 

( 2 ) 

I 3 u) z > — 0 . 

( 3 ) 


Equation (3) shows that 


Ia j l1 o>o z <. Its solution is 


uv = constant = wo z > 
Equations (2) and (3) then give 

Cj x l + = 0 

I . -I 

with fl 

1 “ 1 

u x > = A cos (fit + (j >) , 

where A and <t> are constants. Equation (2) then gives 

(jj y , = A sin(Slt + 4>) . 

Initially, has components in the rotating frame 


u> u 

VQx' — — ) ^Oy' = 0) W Qz > = ~j= 


These give 






Hence at time t, o» has components 
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Ll) x i = C0s(flt + 7 T) , 

v2 

ay = —7= sin(flt + 7r) , 

v2 

tO 


>/2 ' 


Thus, both the magnitude and the z' component of to are constant, and 
the angular velocity vector to describes a cone in the rigid body with axis 
along the z'-axis. In other words, to precesses about the z'-axis with an 
angular rate 


Q = 


Is — Ii to 

h V2 ' 


For the equator at be at the flea house, the angular velocity to must be 
midway between the x'- and z'-axes, i.e. 


to 



uy - 0, 


to 



This means that fit = tt, or that the time required is 


V2 7T 

h 

y/2n 2 MR 2 

w 

h-h 

to 5 mR 2 


2\/2tt 

5tom 



4v/2 


tt x 10 6 = 6 x 10 6 s 


1222 

A horizontal bar of mass m and length 2a hangs by 2 parallel strings of 
length 2a attached to its two ends. The rod is suddenly given an angular 
velocity to about a vertical axis through its center. Calculate 

(a) the distance h to which the bar rises, 

(b) the initial increase in tension in each string. 

( Wisconsin) 

Solution: 

Use a fixed coordinate frame as shown in Fig. 1.199 with origin at the 
center of the bar, the z-axis vertically upward and the r-axis along the 
initial direction of the bar. 
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Fig. 1.199. 

(a) Take the xy-plane as the reference level for potential energy. The 
total mechanical energy of the bar at t = 0 at which instant it is given an 
angular velocity uj is 


E=-I^ = 


ma 2 (jj 2 


as I = |ma 2 . When the bar is at its highest position h, it has only a 
potential energy mgh. Conservation of mechanical energy then gives 

rngh = \ma 2 u> 2 , 

6 


(b) Due to symmetry, the bar is always horizontal during the motion 
while it rotates about the 2 -axis. Let the height of the bar be z and the 
angle it makes with the x-axis be 9 at time t. Assume the strings to be 
unstretchable then the distance between a point of support A' and the 
corresponding end of the bar A is constant. The coordinates of A and A! 
are respectively (acosfl,asin#,z) and (a,0,2a). Thus 

a 2 (l - cos0) 2 + a 2 sin 2 9 -I- (2a — z) 2 = 4a 2 , 


z 2 — 4az + 2a 2 (l — cos#) = 0 . 
Differentiating twice with respect to time we obtain 

z 2 + zz — 2az 4- a 2 6 sin 9 + a 2 9 2 cos 9 — 0 , 


z = --[z 2 + a 2 9 sin 9 + a 2 9 2 cos 0] 

2 a - z 
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At t = 0, 9 = 0, z = 0, i = 0, 6 = u, we have z = \au 2 . Thus the vertical 
force on the bar is increased by mz = ^mau) 2 . As this is shared equally by 
the two supporting strings the initial increase in the tension of each string 
is 

AT = -mi: = - mau.> 2 . 


1223 

A uniform rod of length 2a and mass M is rotated with constant angular 
velocity w in a horizontal circle of center B and radius b. The rod is hinged 
at A so that it can move freely only in the vertical plane containing it. The 
angle between the vertical and the rod is 0 as shown in Fig. 1.200. The 
earth’s gravitational field is in the vertical direction. 

(a) Compute the kinetic and potential energies of the rod as a function 
of 0, 6 and u. 

(b) Find a general expression for the possible equilibrium positions of 
the rod. 

(c) Solve the expression found in part (b) by a graphical technique to 
find the equilibrium positions in each quadrant of 6 between 0 and 27 t. 

(d) Which of these equilibrium positions are stable? Unstable? For each 
quadrant of 6 how does the existence of the equilibrium position(s) depend 
on the parameters ui, b and a? 

(e) For each quadrant of 9 make a force diagram to verify qualitatively 
the existence and nature of the equilibrium positions. 

(MIT) 



Fig. 1.200. 


Fig. 1.201. 
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Solution: 

Use a coordinate frame Ox'y'z' such that the origin O coincides with 
B, the z'-axis is along the axis of rotation of angular velocity w and the 
z'-axis is in the vertical plane containing the z'-axis and the rod. 

(a) In this rotating frame the kinetic energy of the system is 

T = \ia& 2 = ^ • ^too 2 • 0 2 = ^ma 2 0 2 . 

2 2 3 3 

The potential energy consists of two parts, a centrifugal potential and 
a gravitational potential. In the rotating frame, a fictitious centrifugal 
force mw 2 i' must be introduced on every mass point m, corresponding 
to a potential -|mrV. For the entire system this fictitious centrifugal 
potential is -^I z >w 2 , where I z > = \ma 2 sin 2 6 + m(b + as'm0) 2 . As the 
gravitational potential is mga cos 9, we have 


U = --m 


-a 2 sin 2 9 + (b + a sin#) 2 


w 2 + mga cos 9 


(b) For equilibrium, ^ = 0, which gives the equation for possible 
equilibrium positions of the rod, 


-tow 


cos 9 — mga sin 0 = 0 , 


or 


-f ^asin#^ • a 

aw 2 (b 4 . \ 

tan 9 = -I —I— sin 9 ) . 

9 \a 3 J 


(c) Let the left-hand side of the above equation be f\ and the right-hand 
side be / 2 and draw these curves in Fig. 1.201. The equilibrium positions 
are given by their intersections. It can be seen that one equilibrium position 
occurs in each of the second and fourth quadrants of 0. In the third 
quadrant, f\ = tan 9 is positive, and 


as sin 9 is negative. It is seen that only if / 2 is positive and sufficiently large 
can there be one or two equilibrium positions, otherwise there will be none, 

(d) For an equilibrium position to be stable, we require that 
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at that position. As 

dV _ 
<16 ~ " 

we require that 


-mw 


^6 + ^asin#^ 


a cos 6 — mga sin 6 , 


d 2 V 4 3 2 , , 

= --ma'w (cos 6 - sin 2 #) + mabw 2 sin 6 - mga cos 6 

ma cos 2 6 ( 4 


sin 6 V 3 
ma cos 2 6 


sin# 


au> 2 sin 0 tan 2 6 + bw 2 tan 2 6 + boj 2 
(—g tan 3 6 + bJ 2 ) > 0 


for an equilibrium position 6 to be stable. 

When 0 is in the second quadrant [f ,7r], as sin# > 0, tan 0 < 0, we have 


d 2 V 

d6 2 


> 0 


and the equilibrium is stable. 

When 0 is in the fourth quadrant [^,2ir], as sin 6 < 0, tan# < 0, we 
have 


d 2 V 

d6 2 


< 0 


and the equilibrium is unstable. 

When 6 is in the third quadrant [tt, we write 


d 2 V 

d6 2 


ma cos 2 6 ( 4 
sin# 


-aw 2 sin 6 tan 2 6 + bw 2 sec 2 6 


maw 2 

sin# 


( 



maw 2 
| sin#| 



as sin# < 0. Then if b < |a|sin#| 3 , the equilibrium is stable, and if 
b > |a|sin#| 3 , the equilibrium is unstable. 
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(e) The force diagram for each equilibrium situation is shown in 
Fig. 1.202, where (i), (ii) and (iii), are for the second, third and fourth 
quadrants respectively, with T and F denoting the support force by the 
hinge and the fictitious centrifugal force. By considering a small deviation 
60 from equilibrium, we see that (i) is stable and (iii) is unstable, while for 
(ii) the situation is more complicated; whether it is stable or not depends 
on the relative values of the parameters. 


4. DYNAMICS OF DEFORMABLE BODIES (1224-1272) 


1224 

A string is stretched between two rigid supports 100 cm apart. In the 
frequency range between 100 and 350 cps only the following frequencies 
can be excited: 160, 240, 320 cps. What is the wavelength of each of these 
modes of vibration? 

( Wisconsin) 

Solution: 

As the two ends of the string are fixed, we have nX = 2L, where L is the 
length of the string and n an integer. Let the wavelengths corresponding 
to frequencies 160, 240, 320 Hz be A 0 , Ai, A 2 respectively. Then 


nAo — (n + l)Ai — (n + 2)A2 — 200 , 
160A o = 240 Ai = 320A Z • 
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Hence n = 2, and 

A 0 = 100 cm , Ai = 67 cm , A 2 = 50 cm . 


1225 

(a) Give the equation which relates the fundamental frequency of a 
string to the physical and geometrical properties of the string. 

(b) Derive your result from Newton’s equations by analysing what 
happens to a small section of the string. 

( Wisconsin) 



Fig. 1.203. 

Solution: 

(a) Let oj be the fundamental frequency of a string of length /, linear 
density p and tension F. The equation relating F, l and p is 



(b) Consider a small length A l of a string along the x direction undergo¬ 
ing small oscillations and let F \, F 2 be the tensions at its two ends, as shown 
in Fig. 1.203. For small oscillations, and Ad is a second-order small 
quality. Furthermore as there is no x motion, we can take the ^-component 
of the net force on A l to be zero. Thus 
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f x = F-z cos(d + Ad) - Fi cos 8 
fa (F 2 — Fi ) cos 8 — F 2 A9 sin 6 
» F 2 ~ Fi = 0 , 


or F 2 fa F\. Then 


f v = Fsm(8 + A 8) - FsinO « F^^-AO 


d8 


„ o d0 A „dd . 

- Fcos9—Ax « F—Ax . 
dx dx 


For small 8 , 


dx ’ 


dd _ d 2 ?/ 
dx dx 2 


and the above becomes 


by Newton’s second law. As AZ « Ax, this gives 

d 2 y _ P d 2 ?/ 
dx 2 Fdt 2 ' 

which is the equation for a wave with velocity of propagation 


■■{7 


For the fundamental mode in a string of length Z with the two ends fixed, 
the wavelength A is given by Z = A/2. Hence the fundamental angular 
frequency is 

2 TTV _ 7TV 7T [f 

X ~ T = 7 


U 


1226 

A violin string on a violin is of length L and can be considered to be 
fastened at both ends. The fundamental of the open string has a frequency 
fo- The violinist bows the string at a distance L /4 from one end and touches 
the string lightly at the midpoint. 
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(a) Under these conditions, what is the lowest frequency he can excite? 
Sketch the shape of the string. 

(b) What is the frequency of the first overtone under these conditions? 

( Wisconsin ) 



Fig. 1.204. 


Solution: 

(a) For the open string, the wavelength Aq corresponding to the funda¬ 
mental frequency /o is given by A 0 /2 = L. When the violinist bows at L/4 
from one end and touches the string at L/2, the former point is a node and 
the latter point an antinode so that Ao = L. Hence the string has the shape 
shown in Fig. 1.204 and, as /o oc 1/Ao, the fundamental frequency is 2/ 0 . 

(b) The frequency of the first overtone is 4/ 0 . 


1227 

A guitar string is 80 cm long and has a fundamental frequency of 400 Hz. 
In its fundamental mode the maximum displacement is 2 cm at the middle. 
If the tension in the string is 10 6 dynes, what is the maximum of that 
component of the force on the end support which is perpendicular to the 
equilibrium position of the string? 

( Wisconsin ) 


y 



x (cm) 


Fig. 1.205. 
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Solution: 

Use Cartesian coordinates with the x-axis along the equilibrium position 
of the string and the origin at one of its fixed ends. Then the two fixed 
ends are at x = 0 and x = l = 80 cm, as shown in Fig. 1.205. At x — 0, 
the {/-component of the force on the support is 

F v = Tsin0~Tl9~T^ , 
ox 

where T is the tension in the string. The guitar string has a sinusoidal form 

y = i/o sin |oj (t - 

with w = 2/0 = 2 cm. Thus 

„ . / irx\ 

y = 2sm — J cm . 

Hence at x — 0, 

2ttT . 

F V = gQ- cos (wt) 

and 

7rT 

Fyme* = -nr = 7.85 x 10 4 dynes . 

40 


1228 

A transverse traveling sinusoidal wave on a long stretched wire of mass 
per unit length p has frequency u and wave speed c. The maximum 
amplitude is y 0 , where yo A. The wave travels toward increasing x. 

(a) Write an expression for the amplitude y as a function of t and x, 
where x is distance measured along the wire. 

(b) What is the energy density (energy/unit length)? 

(c) What is the power transmitted along the wire? 

(d) If the wave is generated by a mechanical device at x = 0, find the 
transverse force F v (t) that it exerts on the wire. 

( Wisconsin ) 

Solution: 

(a) y = 2/0 sin [u (t - f)]. 
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(b) Every point the wave travels through undergoes simple harmonic 
motion. Consider an element of the wire from x to x + Ax. The mechanical 
energy of the element is the sum of its potential and kinetic energies and is 
a constant equal to the maximum of its kinetic energy. As 

y = uu/ocos jw (t - , 

the maximum vibrational velocity of the element is wj/o and its total 
mechanical energy is 

^Am • u) 2 y% = ^(xJylA.x . 

Hence the energy per unit length of the string is 

E = \p^yl ■ 

(c) As the wave travels at a speed c, the energy that passes through a 
point on the string in time t is Ect. Hence the power transmitted is 

1 2 2 
Vo ■ 


(d) The tension T in the string is given by c = y ^ (Problem 1225). 
The transverse force the mechanical device exerts on the wire at x = 0 is 
(Problem 1227) 


Fy(t) 



pcuyo cos(ut) . 


1229 

A violin string, 0.5 m long, has a fundamental frequency of 200 Hz. 

(a) At what speed does a transverse pulse travel on this string? 

(b) Draw a pulse before and after reflection from one end of the string. 

(c) Show a sketch of the string in the next two higher modes of oscillation 
and give the frequency of each mode. 


( Wisconsin ) 
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K>- 

Before reflection 


to 

After reflection 

Fig. 1.206. 



« 400 Hz 



f 2 = 600 Hz 


Fig. 1.207. 


Solution: 

(a) For a string of length l fastened at both ends, the wavelength A of 
the fundamental mode is given by A/2 — l. Hence 

v — Af = 2lv = 2 x 0.5 x 200 = 200 m/s . 

(b) Figure 1.206 shows the shape of a pulse before and after reflection 
from one end of the string. 

(c) The frequencies of the next two higher modes are 400 Hz and 600 Hz. 
The corresponding shapes of the string are as shown in Fig. 1.207. 


1230 

A piano string of length l is fixed at both ends. The string has a linear 
mass density a and is under tension T. 

(a) Find the allowed solutions for the vibrations of the string. What are 
the allowed frequencies and wavelengths? 

(b) At time t = 0 the string is pulled a distance s from equilibrium 
position at its midpoint so that it forms an isosceles triangle and is then 
released (s -C l, see Fig. 1.208). Find the ensuing motion of the string, 
using the Fourier analysis method. 

( Columbia ) 

Solution: 

(a) The vibration of the string is described by the wave equation 
(Problem 1225) 
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y 



-» x 


Fig. 1.208. 


subject to the conditions 


d*y 
dx 2 


a d 2 y 
T dt 2 


= 0 , 


y(0,t) = y{l,t) = 0 


for all t. Let 

y(x,t) = X(t)A(t) 


and obtain from the above 

1 d 2 X a (PA 
X dx 2 ~ TA dt 2 ' 

As the left-hand side depends only on x and the right-hand side only on £, 
each must be equal to a constant; let it be — k 2 . We then have the ordinary 
differential equations 


d 2 X 

dx 2 


+ k 2 X = 0 , 


d 2 A 2> 2 A rv 

w + ,kA = 0 - 

where v = 

Solutions of the above equations axe respectively 


X(x) = ci cos(fcx) + c 2 sin(fcx) , 
A(t) = bi cos (vkt) -(- 6 2 sin (vkt) . 


With the boundary conditions A(0) = X(l) = 0, we have 


ci = 0 


C 2 sin(fcZ) = 0 . 
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As ci and C 2 cannot both be zero (otherwise y(x,t) would be identically 
zero), we have to choose sin (kl) = 0 or 

kl = nn, n = 1,2,3... 


Thus the allowed general solution is 


V(M) = 

71—1 


( nirvt\ 

1 _ . / mrvt\ 

. / n , KX\ 

P' C "V ! ) 

) + B n sin 1 —j— \ 

sm l ~T) 


where we have replaced the integration constants b\C 2 by A n and 62 C 2 by 
B n for integer n. Each term in the general solution is an allowed solution 
corresponding to an allowed mode. The period for the nth mode is given 
by 


nnv 

~T 


T n = 2tt , 


the frequency being 


Vn 


1 _ n _ n IT 

~ 2l V ~ 21 V a ’ 


and the wavelength being 

_ v _ 21 
A n — 

Vn n 

(b) Initially the string is as shown in Fig. 1.208. As 



y _ y 

S 



x l — 

x = T’ 


the initial conditions are 

’ 2sx 

for 

l 



0 < x < - 

y(x,0) = < 

~T 

2 s(l - x) 

- - 2 


for 

- < x < l 


l 

2 - ~ 

Furthermore, the string is initially at 

rest so 
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0, 


Hence 

E 

and the A n are given by 

OO 

v(x,0) = 5Z^ n sin (^) ■ 

n—1 

Multiply both sides by sin(m7rx//) and integrate from 0 to l: 

. / mnx\ . . f l . tmrx\ . / rmrx\ , 

J y{x > Q)smy—j—)dx=2_jA n J sin — J sin — j dx 

A f l ■ 2 rmitx\ , 

= Am J 0 sm (~r) dx 


A m l r . 2cac 1 , , 

=- / sin £d£ = -A m l . 

n Jo 2 


Hence 


2 

“ J J 

f j/(x,0)sin ( 
'o 

rmnx\ 

K l ) 

2 

“ 1 

2s 

T 

/* i 

1 x sin j 

Jo 

(rmrx\ 

v 1 J 

8s 

/mu' 


( rmr ) 2 

Sm \~Ta 

1 ’ 


use having been made of the formulae 

r 1 

I sin(mx)sin(nx)dx =-7r«5 mn , 

Jo 2 

/ xsin(ax)dx = \ sin(ax) — — cos(ox) . 
a- 4 a 

Thus the motion of the string is described by 

. . v'' 8s . /n7T\ (mrvt\ . /wrx\ 

““ IT) 008 (."J (—) 

n=l x 7 
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1231 

A spring of rest length X and force constant k has a mass m. One end 
is fixed and the other end is attached to a mass M. The orientation is 
horizontal, and M moves on a frictionless surface. 

(a) Derive a wave equation for longitudinal oscillation of this system. 

(b) Find the frequency of the lowest mode as a function of mass for the 
case where M and k are finite and m -C M. 

( Princeton ) 



-> * 


Fig. 1.209. 


Solution: 

(a) Take the x-axis along the length of the spring with origin at the 
fixed end and consider a section of length Ax extending from x to x + Ax 
as shown in Fig. 1.209. Then as M moves to the right, the point x moves 
to x + ( and the point x + Ax moves to x + Ax + £ + A£ as shown in 
Fig. 1.210. 


0 

x*g x*Ax*%*Al 


-> x 


Fig. 1.210. 


Let a be the Young’s modulus of the spring. The restoring force F is 
given by F = curAl/l, where a is the area of the cross section of the spring 
and A l/l is the extension per unit length. Write Ko for aa. The net force 
on the section under consideration is 


F. r+Ax F x — Kq 


(®S\ 

\& x ) x+Ax 


-Ko 



X 
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which by Newton’s second law is equal to pAx (d 2 £/dt 2 ) x , p being the mass 
per unit length of the spring, assumed constant for small extensions. Thus 


(&i 
\m 2 


\ _Ko\ 

{dx) 

1 A 

x+ Ax 

t dx ) 

^ _ Ko i 


L p 


Ax 


P 

{dx 2 ) 


X 


or 




d 2 z 


o. 


dx 2 K 0 X dt 2 

This is the equation for propagation of longitudinal waves along the spring 
and gives the velocity of propagation as 

V m V m 

as k - K 0 /X by definition. 

(b) Tty a solution of the form 

£(*, t) = £o{z) cos(wf + ip) , 

where w, tp are constants. Substitution in the wave equation gives 

d 2 £ 0 


where 


dx 2 


K* 


+ 0 = o , 


mJ 2 u ) 2 


K 0 X v 2 


Its general solution is 


£ 0 = .Asin(Ka:) + Bcos(Kx) , 

A, B being constants of integration. The boundary condition £ 0 = 0 at 
x = 0 gives B — 0. We also have from Newton’s second law 

or 

771 

KXt* D (KX) = —, 
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which can be solved to give a series of K, and hence of the vibrational 
frequencies of the spring. 

For m -C M and the lowest frequency, tan(KX) ~ KX and the above 
becomes 

w 2 m m 

IT ~ M ’ 

giving the lowest angular frequency as 





Note that this is just the vibrational frequency of an oscillator which 
consists of a massless spring of force constant k with one end fixed and the 
other end connected to a mass M. 

To obtain a more accurate approximate solution, expand 

tan (KX) = KX + \(KX) 3 + ■■■ 

O 


and retain the first two terms only. We then have 


( * x)2= 5 


l + \(KX) 2 


m 

M 




or 


giving 


K 2 = 


3 m 


u> 


(3M + m)X 2 ’ 

-l/i 


3k 


3 M + m 


1232 

(a) Suppose you have a string of uniform mass per unit length p and 
length l held at both ends under tension T. Set up the equation for small 
transverse oscillations of the string and then find the eigenfrequencies. 

(b) Now consider the case where the string is free at one end and 
attached to a vertical pole at the other end, and is rotating about the 
pole at an angular frequency w (neglect gravity) as shown in Fig. 1.211. 
Set up the equation for small transverse oscillations for this case. 
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(c) Find the eigenfrequencies. 

(Hint: the equation you get should look familiar in terms of the Legendre 
polynomials.) 

( CUSPEA) 



Fig. 1.211. 


Solution: 

(a) Consider a section of the string as shown in Fig. 1.212. The y- 
component of the tension at x is 


F y (x) = -Tsin0 « —TO « —T 
Similarly at x + Ax 

F,(* + A*>«r(g) 

Note that T is constant. Thus 
F v (x + Ax) - F y (x) = T 


x+Ax 


dy\ 

dx ) 


x+Ax 


V dx ) „ dx V dx ) 

\ / X \ / 


■ Ax 


T d 2 y 

dx 2 


• Ax . 


The section has length Ax, mass pAx, and by applying Newton’s second 
law to the section we have 


d 2 y _ p_&y_ = 

dx 2 T dt 2 

This is the wave equation for small transverse oscillations, the velocity of 
propagation being v = \ The general solution is (Problem 1230) 
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. . v"' ( a nKvt _ . nirvt\ . nnx 

y(x, t ) = 2^ cos —-h B n sm —j— J sin — 

The eigenfrequencies are 


u n nirv nv 



Fig. 1.212. 


(b) Take a rotating frame Oxyz attached to the spring with the y-axis 
along the axis of rotation and the x-axis along the string. There is a 
fictitious centrifugal force acting on the string which is balanced by the 
tension. Consider a section Ax of the string. The difference of tension 
across its ends is 

-AT = pAx ■ xu 2 , 


whence 


dT 2 


Integrating and applying the boundary condition T = 0 at x = l we find 

T = \pu 2 {l 2 - x 2 ) . 

Following the procedure of (a) we have 

^ + A„-F, W = (rg) -(rg) 


d_ 

dx 


1 

2 


i+A* 

2 /i2 2 \®V 

-*)si 


Ax . 


Newton’s second law gives 



382 


Problems & Solutions on Mechanics 


or 

for small transverse oscillations. 

(c) Try a solution of the type y ~ 
equation then becomes 


u> 


2 _d*y 
2 dt 2 


e ,Ut and let £ 


The above 


2 s&V nr d y 20 2 




with 0 <C<1. This differential equation has finite solutions if 


2H 2 

— =n(n+l), 


U> 


n being an integer. The equation is then known as Legendre’s differential 
equation and the solutions are known as Legendre’s polynomials. Thus the 
eigenfrequencies are given by 


_n 

2tt 



where n = 1,2,3,.... However we still have to satisfy the boundary 
condition y = 0 at £ = 0. This limits the allowable n to odd integers 
1,3,5,... since Legendre’s polynomials P n (0 — 0 at £ = 0 only for odd 
values of n. 


1233 

A long string of linear density (mass per unit length) fi is under tension 
T. A point mass m is attached at a particular point of the string. A wave 
of angular frequency ui traveling along the string is incident from the left. 

(a) Calculate what fraction of the incident energy is reflected by the 
mass m. 

(b) Suppose that the point mass m is replaced by a string of linear 
density /i m p and short length l such that / = m/p m . For what range of 
l values (for fixed m) does the answer for (a) remain approximately correct? 

(CUSPEA) 

Solution: 

Divide the space into two regions with separation at the location of m, 
which is taken to be the origin of the x-axis, as shown in Fig. 1.213. In 
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y 

fp _ m (D 

x = 0 

Fig. 1.213. 


-> x 


region 1, let the wave function be 

y(D = e ikx + Ae -ikx ^ 

where k = u/v, v = T/fi being the velocity of the wave (Problem 1225), 
and the second term of the right-hand side represents the reflected wave. 
In region 2 we have 

y d) = B e ikx . 

At x = 0, where the mass m is located, we require that 

y d) = y d) 


i.e. 


1 + A = B. 

Furthermore, considering the forces on the point mass m we have 

d 2 y r^dyd) 


(1) 


m dt 2 T ~dx 


-T- 


dx 


where for y we can use either yd) or yd). Then 

— rmj 2 B = ikT(B — 1 + A) . 
Solving (1) and (2) we have 


( 2 ) 


A = 

B - 


—rriui 


2 ikT + mu 2 ’ 
2 ikT 


2 ikT + mw 2 

Therefore the fraction of the incident energy that is reflected is 


|A | 2 


m 2 w 4 


4A; 2 T 2 -)- mdbj' 


2,.,4 • 
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(b) The calculation in (a) still applies provided l <C A, where A is the 
wavelength, being 

27T 2nv 2tt FF 
k u) lj V /x 

Hence the condition that the answer to (a) remains approximately correct 
is 

, 2t r [T 

1 < — \ ~ • 
uj \ p 


1234 

A perfectly flexible string with uniform linear mass density p and length 
L is hanging from a fixed support with its bottom end free, as shown in 
Fig. 1.214. 

(a) Derive the partial differential equation describing small transverse 
(in one plane) oscillations of the string, and from it, the differential equation 
for the form of the normal modes. 

(b) Solve this differential equation using standard (power series) meth¬ 
ods (the trick for transforming it into Bessel’s equation is not what is 
wanted), and, using approximate numerical methods, solve for the fre¬ 
quency of the lowest normal mode. 

( Princeton ) 



Fig. 1.214. 


Solution: 

(a) Use coordinate frame Oxyz as shown in Fig. 1.214. following the 
procedure of Problem 1232, we have, by Newton’s second law, for a section 
Ax of the string 
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• ^ _ ( T ®±\ 
pA dt 2 \ T dx) 


x+A.x 


( r i). • 


or 


d 2 y d_ ( T dy\ 
P dt 2 dx \ dx) 


The tension T in the string at x is related to the gravity by 

r L 


T = J pgdx = pg(L - x) , 


so the above equation becomes 
d 2 y 


d_ 

dt 2 ~ 9 dx 




This is the partial differential equation for small transverse oscillations of 
the string. Applying the method of separation of variables by putting 


y{x,t) =i(x)r(t) , 


we obtain 




1 d?r _ 1 d 
gr dt 2 £ dx 

As the left-hand side depends on t alone and the right-hand side depends 
on x alone, each must be equal to a constant, say -A, A being a positive 
number. We thus have the equivalent ordinary differential equations 

d_ 
dx 


<*--*>§ 


+ AC = 0 , 


The boundary conditions are 

y(0,t) = 0, 


d 2 t 

W + XgT = 0 ' 


y(L, t) = finite , 


i.e. 


£(0) = 0, i(L)= finite, 

(b) The ^-equation can be written as 

(x-L)£" + £'-A£ = 0. 
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As x = L is a regular singular point, the equation has a solution of the 
form 


£ = X> n (*-L)" . 


n=0 


Then 


£ = ^ ~^na n {x - L) n 1 = ^(n + l)a„+i(x - L) n , 

1 o 

oo oo 

£" = + l)an+i(® - L)”' 1 = ^(n - 1 )na n (x - L) n ~ 2 , 

1 2 

oo oo 

(x - L)i" = ^2(n - l)na n (rr - L) n ~ l = ^ n(n + l)a n+1 (x - L) n , 

2 1 

and the ^-equation becomes 

oo 

(ai - Aa 0 ) + ^[(n + 1 ) 2fl «+ 1 ~ - L ) n = 0 . 

l 

Equating the coefficients of ( x — L) n on both sides of the equation, we find 


Hence 


Ol — AflQ) ^n-fl — 


A A 2 

°2 = ^ 2 a l = ^ a 0 . 


(n+1) 2 ” ' 


03 — 2 — 


A 3 


3 2 (3 ■ 2) : 


r a,(j , 


A” 

° n ~ (n!) 2a ° ’ 


giving 




(n!) 2 
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The boundary condition 4(0) = 0 then yields 


/(AT)= £ 


(~l) n (A Lf 

(n!) 2 


= 1-AT+-A 2 T 2 
4 


= 0 


This equation can be solved to find the roots AT, which then give the 
frequencies of the various modes, \/Xg/2n, according to the r-equation. 
For an approximate solution we retain only the terms up to n = 2 in 

/(AT): 

/(AL)«l-AL + i(AL ) 2 , 

Newton’s approximate method gives a better approximate root of /(AT) = 
0 , Qfc + i, if we input an approximate root a* by calculating 

f( a k) 

ak+l = at ~7M- 

As 

/'(AT) « -1 + \\L , 

if we take oj = 0 , then 


a 2 = 1, /(a 2 ) « 0.25 , 

0 25 

a 3 = 1 - - 1.5, /(o s ) « 0.625 . 

—U.5 

As f(otz) is quite close to zero we can consider <13 = 1.5 as the smallest 
positive root. Thus 

A 

•'A min — 

for the lowest mode. Then for this mode 

r = Acos{y/\g t) + B sin (•/% t) 


and the frequency is 
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1235 

A common lecture demonstration is as follows: hold or clamp a one- 
meter long thin aluminium bar at the center, strike one end longitudinally 
(i.e. parallel to the axis of the bar) with a hammer, and the result is a 
sound wave of frequency 2500 Hz. 

(a) Prom this experiment, calculate the speed of sound in air. 

(b) Prom this experiment, calculate the speed of sound in aluminium. 

(c) Where might you hold the bar to excite a frequency of 3750 Hz? 
Explain. Does it matter which end of the bar is struck? Explain. 

(d) Suppose you hold the bar at the center as before, but strike the bar 
transverse to its length, rather longitudinally. Qualitatively explain why 
the resultant sound wave is of lower frequency than before. 

(UC, Berkeley) 

Solution: 

(a) The point where the bar is struck is an antinode and the point where 
it is held a node. With the bar held at the center and its one end struck, 
the wavelength A is related to its length L by A = 2L. Hence the speed of 
sound propagation in the aluminium bar is 

uai = uA = 2 uL = 2 x 2500 x 1 = 5000 m/s . 


The speed of sound in a solid is 


v = 



where Y is the Young’s modulus of its material and p its density. The speed 
of sound in a fluid is _ 

[m 

" = V7’ 

where M is its bulk modulus and p its density. For adiabatic compression 
of a gas, M = 7 p, where p is its pressure and 7 the ratio of its principal 
specific heats; 7 = 1.4 for air, a diatomic gas. Hence 

^air = / 1.4pp A l 

^A1 V ^ Pair 
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With 


p = 1.013 x 10 6 dyn/cm 2 (standard atmosphere) , 
Y = 7.05 x 10 11 dyn/cm 2 , 

PAi = 2.7 g/cm 3 , 

Pair = 1.165 x 10 -3 g/cm 3 (at 30°C) , 
t'air = 6.83 x 10 -2 x 5000 = 341 m/s . 


(b) vai = 5000 m/s. 

(c) Suppose the bar is held at distance x from the struck end. We have 

A v 5000 1 

X - 4 “ Av ~ 4 x 3750 _ 3 m ' 


Hence the bar is to be held at | m from the struck end. If it is so held but 
struck at the other end, we would have 


v 

Av 


and the frequency would become 1875 Hz. 

(d) If the bar is struck transversely, the wave generated will be trans¬ 
verse, not compressional, and the velocity of propagation is then given by 


[n 

V = P' 


where N is the shear modulus. As the shear modulus of a solid is generally 
smaller than its bulk modulus, v is now smaller. And as 


u - 


2 L 


the frequency generated is lower. 


1236 

(a) A violin string of length L with linear density p kg/m and tension 
T newtons undergoes small oscillations (Fig. 1.215 (a)). Write the solutions 
for the fundamental and first harmonic, and sketch their r-dependences. 
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Give the angular frequency uq of the fundamental and uq of the first 
harmonic. 

(b) The left-hand 1 /3 of the string is wrapped so as to increase its linear 
density to 4p kg/m (Fig. 1.215 (b)). Repeat part (a), i.e. derive and sketch 
the new fundamental and first harmonic, and express the new uq and u >2 
in terms of the original uq and w 2 of part (a). 

( UC, Berkeley) 



Fig. 1.215. Fig. 1.216. 

Solution: 

(a) Use coordinates as shown in Fig. 1.215 (a). The equation of motion 
for the string is (Problem 1225 ) 

d 2 y _ „ 

dx 2 T dt 2 

from which it is seen that the wave propagating along the string has velocity 
v - y/T/n- As the two ends of the string are fixed the fundamental mode 
(Fig. 1.216 (a)) has wavelength Aj given by 



Hence the fundamental angular frequency is 


27 tv _ 7T fr 

Ai L y /i 


The solution for the fundamental mode is 
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where Ai, p\ are constants to be determined from the initial conditions. 
The wavelength for the first harmonic (Fig. 1.216 (b)) is A 2 = L. Hence for 
the first harmonic the angular frequency is 


2ttv 



2?t It 

l\I p 


and the solution is 


Vi = Ai sin cos(u; 2 t + pi) , 


where A 2 , pi are constants to be determined from the initial conditions, 
(b) The equations of motion for the two sections are 


d 2 y _ 4/i cfy _ 
dx 2 T dt 2 ’ 

d 2 y _ P d 2 y = 
dx 2 T dt 2 ’ 


0 < x < ^ , 
±<X<1- 


The boundary conditions are that for all t, y = 0 at x = 0, L, and y and 
dy/dx are continuous at x = L/ 3. Thus the solutions of the equations of 
motion are 


y{x,t) 


(.Ai cos u>t + Bi sin u>t ) sin 
(A 2 cos ujt + B-i sin uit) sin 



L 

0<r<-, 
| < x < L , 


with 



and 
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/A „ . . . (Lw\ 

( A\ cosa >t + B i sinwf) sin -— 

\3wi / 


, , „ . . (Lu\ 

= {A 2 cos ut + B 2 sinwt) sin —— , 

\3vi) 


(j) . . „ . (Lu> \ 

— coswt + B i sin ut) cos -— 
vi \3vi J 


2v 


■ ( A 2 COS Wt + B 2 sill bjt) COS 


(£ 0 - 


Equating separately the coefficients of cos u>t and sin uit on the two sides of 
the last two equations gives 



i.e. 


2 IiUJ 
3vi 


= mr, 


n = 1,2,3,... 


Hence the new fundamental and first harmonic angular frequencies are 



Newtonian Mechanics 


393 


, 3irvi 3n [t 3 

UJl 2 L 4L y ft 4 Wl ’ 

, <3TTVi 37T IT 3 

W2 “ ~2L~ ~ 2L]j ^ ~ 2 Ui ' 

For the fundamental frequency cj[ , 

Ai = Ai, Bi = B\ . 

For the first harmonic frequency u' 2 , 

A 2 — —2Ai, B 2 z —2Bi . 

The corresponding wave forms are sketched in (a) and (b) of Fig. 1.217 
respectively. 



(b) W2 


Fig. 1.217. 


1237 

A string of infinite length has tension T and linear density a. At t = 0, 
the deformation of the string is given by the function f{x), and its initial 
velocity distribution by g(x). What is the motion of the string for t > 0? 

( Chicago ) 

Solution: 

The deformation of the string travels as a wave following the wave 
equation 

d 2 y _ 1 d 2 y _ 
dx 2 v 2 dt 2 
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The general solution is a sum of waves traveling in the — x and +x directions: 
y = fi(x + vt) + f 2 (x - vt) . 


The initial conditions give 


fi(x) + h(x) = f(x) , 


where 

with £ = x + vt, £ = x — vt respectively. Integrating (2) gives 
fi{x) - h(x) = i J g(x')dx' + C , 

C being an arbitrary constant. Combining Eqs. (1) and (3) we obtain 


fi{x) = ^ f(x) + ^ J g(x')dx' + C , 
/ 2 O) = i f{x) -~J g(x')dx' - C . 


Hence 


y(x,t) = fi(x + vt) + f 2 (x - vt) 


iff 1 rx+vt 1 

= - < f{x + vt) + - I gix')dx' + C 

r 1 r~ vt 1 1 

4- f{x - vt) - - gix')dx' — C > 

= - fix + vt) + fix - vt) + - / gix')dx' 
2 L V Jx-vt 
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1238 

A long wave packet with amplitude A composed predominantly of 
frequencies very near ioq propagates on an infinitely long string of linear 
mass density /i stretched with a tension T as shown in Fig. 1.218. The 
packet encounters a bead of mass m attached to the string as shown in the 
sketch. 

(a) What is the amplitude of the transmitted wave packet? 

(b) In the limit of large m and high frequency (large u> 0 ), how does the 
amplitude of the transmitted wave depend on 

(MIT) 


-sAAA/- 


y 

♦ 


* ■ > * 

m 


Fig. 1.218. 


Solution: 

(a) The equation of motion for the string for small transverse oscillations 
is a wave equation (Problem 1225) 

d 2 y _ v&y 
dx 2 T dt 2 


the velocity of wave propagation being v = ± y/T/fi. For waves of angular 
frequency oj, define wave number 



For waves with angular frequencies very nearly u>o, the wave equation has 
solutions 


yx = Ae + Be -i(kx-w 0 t) for x < o , 
y 2 = (j e Khx-w a t) 


for a: > 0 
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where A, B, C are the amplitudes of the incident, reflected and transmitted 
waves respectively, and the position of the bead is taken to be the origin 
of the x-axis. The continuity of the displacement at the boundary requires 
Vi = 3/2 at x — 0 f° r all t, i.e. 

A+B=C. 

The equation of the motion of the bead is 

rn (= -Tsintfj + Tsin #2 

\dt 2 J x =o 

* -T0i + T9 2 



where 0\, Q-i are the angles the string makes with the ac-axis for x < 0 and 
x > 0 respectively as shown in Fig. 1.219. Thus 

-mwlC = -tkT(A ~B) + ikTC , 



Fig. 1.219. 


As A + B = C we have 
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and the amplitude of the transmitted wave is 


\C\ = \[(>C = 



(b) In the limit of large m and large ujq we have 

\C\ « ^-#a - . 


muo 


(jjQ 


1239 

A uniform string has length L and mass per unit length p. It undergoes 
small transverse vibration in the ( x , y) plane with its endpoints held fixed 
at (0,0) and (L, 0) respectively. The tension is K. A velocity-dependent 
frictional force is present: if a small piece of length 61 has transverse velocity 
v the frictional force is ~kv6l. Using appropriate approximations, the 
following equations hold for the vibration amplitude y(x,t): 

0) & + («) y(0>t) = 0 = y{L,t). 


(a) Find the constants a and b in (i). If you cannot do this part, take a 
and b as given positive constants and go on. 

(b) Find all solutions of (i) and (ii) which have the product form y = 
X(x)T(t). You may assume a 2 < b/L 2 . 

(c) Suppose y(x, 0) = 0, 

y(x,0) = Asin +Bsin ■ 


Here A and B are constants. Find y{x,t). 

(d) Suppose, instead, that a = 0 and y(x,0) = 0 while 



Ax, 

A(L - x), 


0<x< \ 
j < x < L . 


Find y(x,t). 


( UC ; Berkeley) 
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Solution: 

(a) The frictional force acting on unit length of the string is — kv = 
— kdy/dt , so the transverse vibration of the string is described by 


d 2 y 

P dt 2 




dy 

dt 


or 

d 2 y (k\dy _ f K\ d 2 y 
dt 2 \pjdt \ P ) dx 2 

Hence a = k/p, b= K/p. 

(b) Setting y = X(x)T(t) and substituting it in the wave equation we 
obtain 

T" aT‘ _ bX" 

'r + 1 r ~ ~Y ~' 

As the left-hand side depends only on t and the right-hand side depends 
only on a;, each must be equal to a constant, say —b\ 2 . Thus we have 


X" + A 2 X = 0 , 
T" + aT' + b\ 2 T = 0 . 


Using the boundary conditions 

2/(0, t) = y(L, t) = 0, i.e. X(0) = X(L) = 0 , 
we obtain the solutions for the first equation 


Xfi (a:) — A,, sin( A^ar) — A^sin 

where A n is a constant and n = 1,2,3,.... The second equation then 
becomes 



T" +aT' + b(™y T = 0 . 


Letting T(t) = e pt we obtain the characteristic equation 

n 2 n 2 b 


p +ap + 


L 2 


= 0 , 


whose solutions are 


P± 


—a ± \Ja 2 — 4n 2 7r 2 6/L 2 


a • 
--- ±zcu n 


2 
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where 


ln 2 Tr 2 b a 2 

~L 2 T 


is real as b/L 2 > a 2 . Hence the solution of the second equation can be 
written as 

T n = [C' n sin(w„t) + D^cos(w„f)]e'^ , 


and thus 


y n = sin [C n sin(w„t) + D n cos(w n t)]e ^ 


grouping the constants in each term into one. The general solution of the 
wave equation is thus 


y(M) = 52y n (x,t) • 

n=l 

(c) As y(x, 0) = 0, D n = 0 for all n and we have 
y(x,t) = ^C„sin (jy ) sin (u n t)e~ 


OO 

y{x,t) = C'n sin {jy^ [w„ cos(w n t) - ~ sin(w n t)]e _i ^ , 


Then as 


V(x, 0 ) = A sin (^y^ + Bsin = ^C„sin (Jy) , 


we have 


C 3 = —, C 5 = — 

W3 0>5 


and all other C n = 0 . Hence 


y(x, t) = — sin f sin (wgt) 4 . — s i n f sin (^t) e ^ 

_U>3 \ L J U>5 \ L ) 


19n 2 b a 2 
~Y~ --J’ “5 = 


12hir 2 b a 2 

L 2 ~ T ' 



400 


Problems & Solutions on Mechanics 


(d) Starting with the general solution 


OO 

y(x, t) =) sin [C„ sin(w„t) + D n cos(u n t)]e~ ¥ , 


we find C„ = 0 for all n as y(x, 0) = 0. Then 


OO f 

y(x, 0) = ]T £> n sin (~) = | 

n= 1 ' 


Ax, 0 < x < L /2 , 

A(L — x), Lj 2 < x < L . 


f L , . / mnx\ , v-' f L ^ snirx\ , / mnx\ , 

J y(x , 0) sin — J dx = > ^ J D n sin J sin — J dx 


LDm 
2 ’ 


we have 


2 Z -1, . . /m7rx\ , 

Dm=z Lj y( x ’°) ain {—[-) dx 


4AL . (mit\ 

= "“TT sin (-7T J ’ 

m*\ 2 / 

Note that we have used the formula 


f n i r 

/ sin(mx) sin(nx)dx = -6„ 

Jo 2 


in the above. Finally we have 


»(M) = £ (^) (™) sin (^) «*(«»«) , 

n=l ' ' 


where 


as a = 0. 


n7r /»; 

Wn = 
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1240 

(a) Plot the pressure and air displacement diagrams along a pipe closed 
at one end for the second mode. 

(b) What is the frequency of this mode relative to the fundamental? 

( Wisconsin) 


pipe 


pressure 


displacement 


P 

S 



Fig. 1.220. 


Solution: 

(a) The pressure and air displacement as functions of distance from the 
closed end are sketched in Fig. 1.220. 

(b) For this mode, L — 3A/4, while for the fundamental mode, L = A/4. 
Hence if ojq is the fundamental frequency, the frequency of this mode is 3a>o- 


1241 

An organ pipe of length l open on both ends is used in a subsonic wind 
tunnel to measure the Mach number v/c of air in the tunnel as shown in 
Fig. 1.221. The pipe when fixed in the tunnel is observed to resonate with 
a fundamental period t. If v/c = 1/2, calculate the ratio of periods t/to 
where to is the fundamental period of the pipe in still air. 

( Wisconsin ) 

Solution: 

As the organ pipe is open at both ends, the fundamental wavelength of 
sound in resonance with it is given by A/2 = l. The corresponding period 
is 
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Fig. 1.221. 


_ A _ 2 l_ 

V V ’ 

where v is the velocity of sound relative to the pipe. 

When the air in the pipe is still, v is equal to the velocity of sound in 
still air, c, and the fundamental period is 



When the air in the pipe moves with velocity c/2, the pipe can be 
considered to move with velocity —c/2 in still air. Thus v = c — (—c/2) = 
3c/2 and the period is 

_ 2Z _ 4f 

‘“fa 

Hence we have the ratio 

= 2 

to 3 ' 


1242 

The speed of sound in a gas is calculated as 


V = 


adiabatic bulk modulus 


density 


(a) Show that this is a dimensionally-correct equation. 

(b) This formula implies that the propagation of sound through air 
is a quasistatic process. On the other hand, the speed for air is about 
340 m/sec at a temperature for which the rms speed of an air molecule is 
about 500 m/sec. How then can the process be quasistatic? 


( Wisconsin) 



Newtonian Mechanics 


403 


Solution: 

(a) The dimensions of the bulk modulus are the same as those of pressure 
while the adiabatic factor is dimensionless. Thus dimensionally 

adiabatic bulk modulus g/cm • s 2 2 2 

-555^-iTcm 5 " = cm /s ’ 

which are the dimensions of v 2 . Hence the formula is dimensionally correct. 

(b) Consider for example sound of frequency 1000 Hz. Its wavelength 
is about 0.34 m. Although the rms speed of an air molecule is large, its 
collision mean free path is only of the order of 10 -5 cm, much smaller than 
the wavelength of sound. So the motion of the air molecules does not affect 
sound propagation through air, which is still adiabatic and quasistatic. 


1243 

A vertical cylindrical pipe, open at the top, can be partially filled with 
water. Successive resonances of the column with a 512 sec -1 tuning fork 
are observed when the distance from the water surface to the top of the 
pipe is 15.95 cm, 48.45 cm, and 80.95 cm. 

(a) Calculate the speed of sound in air. 

(b) Locate precisely the antinode near the top of the pipe. 

(c) The above measurements are presented to you by a team of sopho¬ 
more lab students. How would you criticize their work? 

( Wisconsin ) 



0 

15.95 cm 


48.45 cm 


80.95 cm 


Fig. 1.222. 





404 


Problems & Solutions on Mechanics 


Solution: 

(a) The wave forms of the successive resonances in the air column are 
shown in Fig. 1.222. It is seen that for successive resonances, the air columns 
differ in height by half a wavelength: d = A/2. As 

d = 48.45 - 15.95 = 80.95 - 48.45 = 32.50 cm , 

A = 2d = 65.00 cm . 

The velocity in air is then 

v = \v = 0.6500 x 512 = 330 m/s . 

(b) As A/4 = 16.25 cm and 16.25 cm—15.95 cm = 0.30 cm, the 
uppermost antinode is located at 0.30 cm above the top of the pipe. 

(c) This method of measuring sound velocity in air is rather inaccurate 
as the human ear is not sensitive enough to detect precisely small variations 
in the intensity of sound, and the accuracy of measurement is rather limited. 
Still, the data obtained are consistent and give a good result. The students 
ought to be commended for their careful work. 


1244 

Two media have a planar, impermeable interface as shown in Fig. 1.223. 
Plane acoustic waves of pressure amplitude A and frequency / are generated 
in medium (1), directed toward medium (2). Take A and / as given 
quantities and assume the wave propagation is normal to the interface. 
Medium (1) has density p\ and sound velocity c\, while medium (2) has 
density p 2 and sound velocity ci- 

(a) What are the appropriate boundary conditions at the interface? 

(b) Apply these boundary conditions to derive the pressure amplitude 
A r of the wave reflected back into medium (1) and the pressure amplitude 
B of the wave transmitted into medium (2). 

( CUSPEA ) 

Solution: 

(a) The boundary conditions at the interface are 
(i) the pressure is continuous, 
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Fig. 1.223. 


(ii) the component of the rate of fluid displacement perpendicular to 
the interface is continuous, otherwise the interface would be permeable. 

(b) Take the z-axis perpendicular to the interface with the origin on the 
interface and let the pressure be 

for the incident wave, 

A r e , ( wt ~ kl *) for the reflected wave, 

B e t(ut-k 2 z) for the transmitted wave, 

with kj = w/cj, Cj being the velocity of sound in the jth medium. The 
boundary condition (i) gives 

A + Ar = B . (1) 

The velocity of sound in a fluid is given by 

[m 

C = V7’ 


where M = -p(Aw/w) _1 is the bulk modulus, Aw being the change of the 
original volume w by an excess pressure p. For a compressional wave, Aw 
is solely longitudinal so that 


Aw A£ d£ 
w A zdz 


where 4 is the displacement of fluid layers from their equilibrium positions. 
Thus 
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or 


_ -p e Ku>tTkz) 

dz pc 2 pc 2 


Integrating we have 


p i(iot^kz) 


£ ~ r: 


ikpc 2 

For the three waves we have respectively 
6 a 


i{u>t—k\z) 


-Mi) 

Picf \tkij 

= ~ ( 4 -)^ 

P2C| \lk 2 J 


(utt — kiz) 


and thus 


6 a = 


A , 


Pi Cl 


— k\z) 


_ A r put+kjz) 


^A r — 6 

Pi Cl 


£b = 


B 

P 2 C 2 


p i(u>t~ k%z) 


The boundary condition(ii) states that at z = 0, 

64 + 64 r = £b , 

or 

A A r B 


P\C\ pi Cl P2C2 


( 2 ) 


Combining Eqs. (1) and (2) we obtain the amplitudes of the reflected and 
transmitted pressure waves: 


A r - A 


B = 


P2C2 — Pi Cl 
Pi Cl + P2 C 2 

2Ap2C‘2 
Pi ci + P2C2 
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1245 

Let the speed of sound in air be c and the velocity of a source of sound 
moving through the air be v in the ^-direction. 

(a) For v < c: a pulse of sound is emitted at the origin at time t = 0. 
Sketch the relationship of the wavefront at time t to the position of the 
sound at time t. Label your sketch carefully. Write an equation for the 
position of the wavefront as seen from the source at time t. 

(b) For v > c: a source emits a continuous signal. Sketch the wavefront 
set up by the moving source. Indicate on your sketch the construction 
which leads to your result. Write an equation relating the shape of the 
wavefront to other known factors in the problem. 

( Wisconsin ) 


y y' 



Fig. 1.224. 


Solution: 

(a) Let S be the position of the source at time t. Take coordinate frames 
Oxy, Sx'y 1 with origins at O and S , the x-, x'-axe.s along OS, and the y-, 
y'- axes parallel to each other as shown in Fig. 1.224. We have 

x' — x — vt, y' — V ■ 

The wavefront at time t is given by x = ct cos p,y = ct sin ip, with 0 < p < 
2t r. Then the wavefront as seen from the source is given by x' = ct cos p—vt, 
y' = ctsin<£. 

(b) Suppose the source moves from point O to point S in the time 
interval t = 0 to t = t and consider the signals emitted at t = 0 and 
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intermediate instants < 1 ,< 2 » ■ • - > when the source is at Si , 62 , • ■ ■, with 
OS 1 = vt\, OS 2 = vt 2 , .... Each signal will propagate from the point 
of emission as a spherical wave. At time t, the wavefronts of the signals 
emitted at O , S 2 , S 2 , ■ ■ ■ will have radii ct, c(t-ti), c(t—t 2 ),.... respectively. 
As 

ct _ c(t — ti) c(t — t 2 ) 

vt v(t — ti) v(t — t 2 ) ’ 


all these wavefronts will be enveloped by a cone with vertex at S of semi¬ 
vertex angle 0 given by 


sin 6 


ct 

vt 


c 

1 

V 


as shown in F’ig. 1.225. Hence the resultant wavefront of the continuous 
signal is a cone of semi-vertex angle arcsin(c/u) with the vertex at the 
moving source. 



Fig. 1.225. 


1246 

The velocity of sound in the atmosphere is 300 m/s. An airplane is 
traveling with velocity 600 m/s at an altitude of 8000 m over an observer 
as shown in Fig. 1.226. How far past the observer will the plane be when 
he hears the sonic boom? 


( Wisconsin ) 
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Fig. 1.226. 


Fig. 1.227. 


Solution: 

As the velocity v of the source S is greater than the velocity c of sound 
propagation, the wavefront is a cone with vertex at the moving source 
(Problem 1245). The observer at A will hear the sonic boom, which was 
emitted when the source was at O, when the cone sweeps past him, as 
shown in Fig. 1.227. The source is now at S. Let A' be a point on the path 
of the source directly above A. We have 

OA 1 AS, OA = ct, OS = vt , 


and 


or 


h _ cl ct _ c 

x~AS~ y/OS 2 - OA* ~ Vv 2 - c 2 


* = hij(~) 2 — 1 = 8000^22 - 1 = 1.39 x 10 4 m 


This is the horizontal distance of the plane from the observer when he 
hears the sonic boom. Note that the semi-vertex angle of the cone is 
9 = arcsin (c/v) as required. 


1247 

It is a curious fact that one occasionally hears sound from a distant 
source with startling clarity when the wind is blowing from the source 
toward the observer. 

(a) Show that this effect cannot be explained by “the wind carrying the 
sound along with it”, i.e. a uniform wind velocity cannot account for the 
effect. 
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(b) Wind blowing over the ground has a vertical velocity gradient which 
can be well represented near the ground by the formula v = ky 2 , where y is 
the height above the ground and A; is a constant which depends on the wind 
speed outside of the boundary layer where the parabolic velocity profile is 
a good approximation. For a given value of k and of the speed of sound 
v a , calculate the distance s, downwind from a sound source, where the 
maximum enhancement of sound intensity occurs. 

HINT: You may assume that the sound rays follows low, arc-like paths 
which are well represented by 



(c) One also notices an enhancement of the transmission of sound over 
a lake, even for no wind. What is happening in this case? 

( Princeton ) 

Solution: 

(a) The effect cannot be explained by the wind carrying the sound with 
it, for across the path of a uniformly moving wind, all observers would then 
hear the sound with equal clarity. This not being the case the effect is 
in fact due to refraction of sound brought about by the variation of the 
sound velocity, with respect to a fixed observer, at different points of the 
medium. This may arise from two possible causes, temperature gradient or 
velocity gradient in the moving wind. The velocity of compressional waves 
in a gas varies with temperature T as VT. It also varies if the velocity of 
the medium itself varies. Refraction of sound changes the direction of its 
wavefront. Near the surface of the earth, both gradients may be present 
and the path of sound can bend in different ways, making it possible for a 
distant observer to hear it with startling clarity. 


y 

* 



Fig. 1.228. 
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(b) Take coordinate axes as shown in Fig, 1,228. It is assumed that the 
wind velocity near ground is horizontal with a vertical gradient, i.e. 

v = v x = ky 2 , 

so the medium can be considered as consisting of horizontal layers with 
different sound velocities. The law of refraction is 

sin# 

= constant , 

where 8 is the angle between the direction of sound propagation in the layer 
and the vertical, and V is the velocity of sound with respect to the ground. 
Consider two points on the sound path with variables 


#i = 8, V 2 = v s + v x sin 6 = v 3 + v sin 8 , 

8 2 — 8 + d8, V 2 = v a + (v + dv) sin(0 + dd) . 

The law of refraction then gives 

v a + (v + dv) sin(6> + d8) _ sin(6> + dO) 

Vg + v sin 8 sin 8 

As sin(# + d8) « sin# + cos 8d8, retaining only the lowest order terms we 
have 

dv d sin 8 
v 3 sin 2 8 

Thus 

/Vh -/**«, 

Jo v 9 Je„ sim 8 

or 

kh 2 _ _L_ 

v a sin #0 

On the other hand the given sound path yields 

. n dy 7th 7TX 

cot 8 = — = — cos — , 

dx s s 
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in particular, 

<k-FW- 

Substituting this in the above gives the path length s, downwind from the 
sound source, where maximum enhancement of sound intensity occurs as 

__ KV a 

^ y/k{ 2V, + kh 2 ) 

(c) The speed of sound in a gas varies with absolute temperature T as 
VT. Vertically above a lake, for some range of heights, the temperature 
increases during daytime and establishes a vertical gradient. So does the 
speed of sound. Refraction of sound occurs during daytime similar to that 
described in (b). 


1248 

Consider a plane standing sound wave of frequency 10 3 Hz in air at 
300 K. Suppose the amplitude of the pressure variation associated with this 
wave is 1 dyn/cm 2 (compared with the ambient pressure of 10® dyn/cm 2 ). 
Estimate (order of magnitude) the amplitude of the displacement of the air 
molecules associated with this wave. 

( Columbia) 

Solution: 

The longitudinal displacement £ from equilibrium of a point in a plane 
stationary compressional wave in the x direction can be expressed as 

£ = £osin (kx)e~ lwt , 

with k = nn/l , l being the thickness of the gas and n = 1,2,.... The 
velocity of the wave is 

v = 

Here the bulk modulus M is by definition 
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p being the excess pressure and V the original volume. Consider a cylinder 
of the gas of cross-sectional area A and length Ax. We have 

AV _ AA£ ~ di 
V AAx dx 

Then 

P=-«I 

= — Mfc£o cos(kx)e~ ,ut 
= —po cos(kx)e~ tu)t , 

where p 0 = Mk( o = pv 2 kg 0 is the amplitude of the excess pressure. Hence 

p _ Po 
0 pv 2 k 

For the lowest mode 


n — 1, X — 21, 



i/ being the frequency of the sound wave. Thus 

f = Po 
0 2-npvv 


For an ideal gas 

p a V = ^RT , 
M 


giving 


m p a M 
P ~V~ -RT ’ 


where p a , T are the ambient pressure and temperature respectively. As 
Po = 1 dyn/cm 2 = 10 -1 N/m 2 , p a = 10 6 dyn/cm 2 = 10 5 N/m 2 , M = 
29 x 10 -3 kg/mol , R = 8.31 J/mol/K, T = 300 K , v = 340 m/s , 
v = 10 3 Hz , we find £o = 4x 10 -8 m as the amplitude of the displacement 
of the air molecules. 



414 


Problems & Solutions on Mechanics 


1249 

An acoustical motion detector emits a 50 kHz signal and receives the 
echo signal. If the echoes have Doppler shift frequency components depart¬ 
ing from 50 kHz by more than 100 Hz, a “moving object” is registered. 
For a sound velocity in air of 330 m/sec, calculate the speed with which 
an object must move toward (or away from) the detector in order to be 
registered as a “moving object”. 

( Wisconsin ) 


Solution: 

Consider a source emitting sound of frequency n. The Doppler effect 
has it that if an observer moves with velocity v toward the source he will 
detect the frequency as 

c being the speed of sound propagation. On the other hand, if the source 
moves with velocity v toward the observer, who is stationary, then 



Thus the object, moving toward the detector, receives a signal of frequency 



and the signal after reflection by the object is detected by the detector as 
having frequency 



For the moving object to be registered, we must have v" = n ± An, where 
An > 10 2 Hz. Then 


v ± An = 



cAn cAn 

l, = ± 2n±An “ ±_ 2 V ' 

as An -C n. Hence the object must be moving toward or receding from the 
detector at 
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330 x 10 2 

V > -r 

' 2 X 5 x 10 4 


= 0.330 m/s 


for it to be registered. 


1250 

A student near a railroad track hears a train’s whistle when the train is 
coming directly toward him and then when it is going directly away. The 
two observed frequencies are 250 and 200 Hz. Assume the speed of sound 
in air to be 360 m/s. What is the train’s speed? 

( Wisconsin ) 


Solution: 

Let Vo, vi,v 2 be respectively the frequency of the whistle emitted by the 
train, and the frequencies heard by the student when the train is coming 
and when it is moving away. The Doppler effect has it that 


1,1 = (rrj) 1,0 ' 



where c is the speed of sound and v is the speed of the train, and thus 

U\ _ C + V 
u 2 c - V 


Putting in the data, we have 


1.25 


360 + v 
360 — v ’ 


or 

2.25 720 

0.25 ~ 2v ’ 


and thus 


Afh I 

v = —— = 40 m/s . 
9 1 
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1251 

The velocity of blood flow in an artery can be measured using Doppler- 
shifted ultrasound. Suppose sound with frequency 1.5 x 10 6 Hz is reflected 
straight back by blood flowing at 1 m/s. Assuming the velocity of sound 
in tissue is 1500 m/s and that the sound is incident at a very small angle 
as shown in Fig. 1.229, calculate the frequency shift between the incident 
and reflected waves. 

( Wisconsin ) 


Sound source 
and 

receiver 


">)) 


v = 1 m/s 


Fig. 1.229. 


Solution: 

As the sound is incident at a very small angle, the blood can be 
considered to be flowing directly away. Then the results of Problem 1249 
can be applied with v replaced by — v: 


v 


n 



V . 


The frequency shift is then 


v 


n 


2vv 

— V = - 

C + V 


2vv 

c 


= -2 x 10 3 Hz . 


1252 

A car has front- and back-directed speakers mounted on its roof, and 
drives toward you with a speed of 50 ft/s, as shown in Fig. 1.230. If the 
speakers are driven by a 1000 Hz oscillator, what beat frequency will you 
hear between the direct sound and the echo off a brick building behind the 
car? (Take the speed of sound as 1000 ft/s.) 


( Wisconsin ) 
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Solution: 

The sound from the back-directed speaker has Doppler frequency 

Ub = (~T~) v ’ 

\c + v J 


where c and v are the speeds of sound and the car respectively, and v is 
the frequency of the sound emitted. As the wall is stationary with respect 
to the observer, v b is also the frequency as heard by the latter. The sound 
from the front-directed speaker has Doppler frequency 


«V 


■ fe) " ' 


Hence the beat frequency is 


/ 1 1 \ 2 vcv 2 vv 

Vf -v b = cv[ -—— = —o-j w - : 100 Hz • 

\c — v c + v ) c l — V 1 c 


1253 

A physics student holds a tuning fork vibrating at 440 Hz and walks 
at 1.2 m/s away from a wall. Does the echo from the wall have a higher 
or lower pitch than the tuning fork? What beat frequency does he hear 
between the fork and the echo? The speed of sound is 330 m/s. 

( Wisconsin ) 

Solution: 

As the tuning fork, which emits sound of frequency v, moves away from 
the wall at speed v, the sound that is incident on the wall has frequency 
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Then the student, who is moving away from the wall at speed v, hears the 
reflected frequency 



As 


2 vp 

— v = - 

C + V 


< 0 . 


the echo has a lower frequency. The beat frequency between the fork and 
the echo is 


2vv 
c + v 


2vv 


= 3.2 Hz . 


1254 

A rope is attached at one end to a wall and is wrapped around a capstan 
through an angle 8. If someone pulls on the other end with a force F as 
shown in Fig. 1.231(a), find the tension in the rope at a point between the 
wall and the capstan in terms of F, 9 and /x s , the coefficient of friction 
between the rope and capstan. 

( Columbia) 


T 

F 

(a) (b) 

Fig. 1.231. 




Solution: 

Consider an element of the rope as shown in Fig. 1.231(b). The forces 
acting on the element are the tensions T and T + AT at its two ends, the 
reaction N exerted by the capstan, and the friction /. As the element is in 
equilibrium we have 



419 


Newtonian Mechanics 

f + (T + AT )cos (^)-Tcos(^) =0, 
N-(T + AT) sin - Tsin (~ j = 0 . 


In first-order approximation the above equations become 


/ + (T + AT) - T = 0, or 


N - T^- - r— = 0, 
2 2 


or 


f = ~AT, 
N = TA6 . 


Then as / = N , we find 

AT 


A0 

or, letting A 6 —► 0, 

dT 


d6 '' 

Integrating we have 

T = 


where C is a constant. As T = F at 9 = 0, C = F. Hence 

T = Fe . 


1255 

A uniform, very flexible rope of length L and mass per unit length 
p is hung from two supports, each at height h above a horizontal plane, 
separated by a distance 2xo, as shown in Fig. 1.232. 

(a) Derive the shape of the curve assumed by the rope. 

HINT: A parameter in your solution will depend on a transcendental 
equation, which need not be solved. However, any differential equations 
which you encounter should be solved. 

(b) Find an expression for the tension in the rope at the supports. 

Suppose the supports are now replaced by frictionless pulleys of negligi¬ 
ble size, and a uniform rope of infinite length is hung over the two pulleys 
(see Fig. 1.232). There is no friction between the rope and the table. In 
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Fig. 1.232. 


this case the shape of the curve assumed by the rope depends only on a 
dimensionless parameter a = h/x 0 . 

(c) Assuming that the rope hangs in a smooth curve with minimum 
height c, derive a transcendental equation relating h/c to a. 

(d) Find an exact solution for the shape of the rope when a 1. 

(e) Relate the shape of the rope in parts (c) and (d) to the shape of a 
soap film stretched between two circular wires of radius h and separation 
2ro as shown in Fig. 1.233. 

{MIT) 


y 
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? X | x 0 


x*dx 

Fig. 1.234. 


Solution: 

(a) Use coordinates as shown in Fig. 1.234 and let the tension in the 
rope be T = T(x). Consider an infinitesimal element between the points x 
and x + dx. Conditions for equilibrium are 
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( TcosO) x+dx - (T cos 6) x = 0 , 

(T sin0) x+dx - (Tsin0) x = pg^(dx) 2 + ( dy ) 2 = pg\J 1 + y' 2 dx . 
The first equation gives 


d(T cos 9) 


= 0, or Tcos6= constant = A, say. 


The second equation gives 


d(T sin 9) 


= pgs/l + y ' 2 . 


we have 


tan 9 = = y' , 

dx 


y' 1 

sin0 =— -- , cos 9 =— . 

v/i +v ' 2 Vi + y” 


and the above equations become 


Writing (2) as 


T = Ay/T+y® , 

Ay" = pgy/l+y' 2 . 

1 dy' _ pg 

yT + y' 2 dx ~ A ’ 




and integrating, we obtain 


j/' = sinh +C) , 


where C is a constant. As y' = 0 at x = 0, C = 0 and 




Further integrating gives 


po \ A ) 
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With the boundary condition y = h at x — x 0 , we find 


B = h-± cosh(^) 
pg \ A J 


Hence the shape of the rope is described by 


y(x) 




+ h 


(4) 


with the constant A yet to be determined. Consider the tensions T (±*q) 
at the supports x = ±xo- Their ^-components satisfy 


2 T sin 0 = Lpg , 


i.e. 

2 Ty' 

>/i + y ' 2 


= Lpg . 


Using Eqs. (1) and (3), we can write this as 


2Asinh = Lpg , 

from which A can be determined. The tensions in the rope at x = ±Xo are 
given by (1) to be 

T(±x 0 ) = As/T+tf*\ x = x o = A cosh (^) , (5) 

use having been made of Eq. (3). 

(c) The tensions T(±xo) in the rope on the two sides of each pulley are 
equal. Hence 

T(±x 0 ) = hpg , 

or, by Eq. (5), 

A cosh ^ j = hpg . 

Substituting this in (4) gives the equation describing the shape of the rope 
between the pulleys: 

„<*) = £ CO* («£) . 

Let y = c at x = 0, then c = A)pg. As y = h at x = xq, we have 


h = c cosh 



( 6 ) 
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or 


— = cosh 
c 




( 7 ) 


This equation determines h/c as a function of a = h/xo only. Equation (6) 
can be written as 

2/o 
— = — cosh 
h h 

If we scale the coordinates by h , i.e. 

£=- 
4 h' 


(*!)• 




we have 


Tj — — cosh 
h 


(*)■ 


This equation, which describes the shape of the curve, depends only on h/c, 
which in term depends only ona = h/xo through Eq. (7). 

(d) Physically, c < h, so that if at <C 1, cosh (h/ca) » 1. Then for h to 
remain finite, we require c —* 0 as indicated by Eq. (7). This means that 
the whole rope is lying on the ground. 

(e) Let a be the coefficient of surface tension of the soap. For equilibrium 
in the horizontal direction at a point ( x , y) on the film, we have 


(a ■ 2nycos9) x+dx - (a ■ 27rj/cos0) x = 0 , 


or 


i.e. 


~-(2naycos0) = 0 , 
ax 

y cos 9 = constant . 


Suppose y = c at x = 0, then as 9 = 0 for x = 0, the constant is equal to 
c. Furthermore, as 


cos 9 = 


dx 

y/(dx) 2 + ( dy ) 2 


1 

V 1 + v ’ 2 ’ 


we have 

y = cyj 1 4- y n 


or 


dx = 


cdu 

Vu 2 — 1 
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with u = y/c. Integrating we have 

x = ccosh"' 1 + constant . 
As y = c at x = 0, the constant is zero. Hence 

y = ccosh ^ — j , 

which is identical with Eq. (6) of part (c). 


1256 


(a) A bounded, axially symmetric body has mass density p(x, y, z) = 
p(r , 0). At large distances from the body its gravitational potential has the 
form 


gm m 

0 —-H- y —I-..., 


where 


M — J p(x',y',z')dx'dy'dz' = 2n J p(r', 9')r n sinO'dr'dd' 


is the total mass. Find f(6). 

(b) A small test body has mass density a(x, y, z) and is placed in 
a gravitational potential 4>(x,y,z). What is its gravitational potential 
energy? 

(c) Suppose the body in (a) is spherically symmetric, i.e. p = p(r), 
then 0 = 0(r). Suppose the body is made of gas and supported against 
its own gravity by a pressure p(r). Denote its radius by R. Some of the 
following integrals correctly represent the gravitational potential energy 
of the body, others are incorrect by simple numerical factors (positive or 
negative). Identify the correct ones and find the missing factors for the 
others. That is, if U = potential energy/ 4n, then is 
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(iii) P<pr 2 dr ? 


| (iv) — J pr 2 dr ? 

(d) The test body in (b) is placed with its center of mass at (0,0, r 0 ) in 
a spherically symmetric potential 



For large ro the gravitational potential energy has the form 


mGM 

r 0 




where m = f ad 3 x. Find d. 


( UC, Berkeley) 



Fig. 1.235. 


Test body 



Fig. 1.236. 


Solution: 

(a) As in Fig. 1.235 take 2 -axis along the axis of symmetry and origin 
O inside the body. The gravitational potential (potential energy per unit 
mass of test body) at a distant point P due to the body is 
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J |r — r' 


where V' is the volume of the body. 

As 

(r - r') 2 = r 2 + r' 2 - 2 rr' cos(0' - 9) , 
for large distances from the body |r — r'| -1 can be approximated: 


i + 


r — r r 


(7) “V cos(0_0 ') 


1 H-cos(0 — O') . 


Substituting it in the integral gives 


(j) = • 2n J p(r' ,9')r' 2 sin O'dr'd6' 

- ^ • 27 T J p(r',6')r' 3 sin 0' cos(9 - 9')dr'd0' . 


Comparing it with the given form 




we find 


f{9) = -2rrG J p{r',6')r' 3 sine'cos(6~9')dr'd0' . 


(b) In a gravitational potential 4>{x,y, z) the potential energy of a test 
body with mass density a(x, y, z ) and volume V is 


W= <t(x, y, z)4>(x, y, z)d,V . 
Jv 


(c) For a closed system of mass density p and volume V the gravitational 
energy is 




Then for a spherically symmetric gaseous body of radius R we have 


1 f R 

= 2 l 


r)4nr 2 dr , 
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taking the origin at its center. Thus 



( 1 ) 


Thus integral (iii) is correct. 

Consider a spherical shell of the gaseous body of radius r and thickness 
Ar. As the body is supported against its own gravity by pressure p, we 
require that for equilibrium 


Aitr 2 [p(r) — p(r + Ar)l — Arr^p—Ar = 0 

dr 


or 

dp d(f> 
dr ^ dr 

Poissons’s equation for attracting masses is 

V 2 0 = 47 vGp , 


or, for spherical symmetry, 


giving 


Hence 



= AitGp , 


- _L _LjL ( 2<W>\ 

^ 47rG r 2 dr \ dr) 

dp 1 Id/ 2 d<p\ d<j) 
dr 47rG r 2 dr 1 dr J dr 


Outside the spherical body, p is zero and dp/dr = 0. Hence 
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Equation (1) can then be written as 



Thus integral (ii) has to be multiplied by a factor — i. Consider now integral 
(i). It can be written as 

_ J_ [* r ± ( r 2 —\ ■ —dr 
4ttG J 0 dr\ dr) dr 



which is the same as Eq. (2). Hence integral (i) is correct. 
Integral (iv) can be written as 
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Compared with integral (i), which is correct, it has to be multiplied by a 
factor 3. 

(d) Let C be the center of mass of the test body, and consider a volume 
element dV' at radius vector r' from C as shown in Pig. 1.236. We have 

r = r 0 + r' , 


or 



The gravitational potential energy of the test body is 


- L- - L^ (Q 2 ) • 

where V' is the volume of the test body. Use spherical coordinates (r', 6',tp') 
with origin at C, we have 

dV' = r ' 2 sin O'dr'dO'dip' 


and can write the above as 


GMm GM 

W =-+ — 5 - 

r 0 2 rjj 


Hence 


d = 


J cr(r',6', ip' )r ' 3 sin 20'dr'd6'd<p' + O 
GMtq j a ^ r i, qi, (p ') r ' 3 g - n 20'd r 'd6'dip' . 


1257 

A beam of seasoned oak, 2 in x 4 in in cross section is built into a 
concrete wall so as to extend out 6 ft, as shown in Fig. 1.237. It is oriented 
so as to support the load L with the least amount of bending. The elastic 
limit for oak is a stress of 7900 lb/in 2 . The modulus of elasticity, l ( dp/dl ), 
is 1.62 x 10 6 lb/in 2 . What is the largest load L that can be supported 
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without permanently deforming the beam and what is the displacement of 
the point P under this load? In working this problem make reasonable 
approximations, including that it is adequate to equate the radius of the 
curvature of the beam to — ( d 2 y/dx 2 ) instead of the exact expression. 

( UC, Berkeley) 



1 T 

N 2 h 

_L 

o 

L 


Fig. 1.237. 


Solution: 

Neglect shear stresses and assume pure bending. During bending, the 
upper fibers will be extended while the lower fibers are compressed, and 
there is a neutral plane N'N which remains unstrained. Consider fibers a 
distance £ from N'N as shown in Fig. 1.237. Let the radius of curvature of 
N'N be r and that of the fibers under consideration r + £. The latter thus 
suffer a longitudinal strain 

(r + £) - r _ £ 
r r 

Consider a cross section A of the beam at x. The longitudinal stress at £ 
from the neutral axis in which the cross section intersects the neutral plane 



where E is the Young’s modulus of the material. The total moment of the 
longitudinal stresses about the neutral axis is 

m(x) = JrtdA = 7 J ? dA = ■ (!) 

I is the moment of inertia of the cross-sectional area about the neutral axis. 
The maximum bending moment occurs at the cross section x = 0 and the 
maximum stress occurs at the upper and lower boundaries. As 
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E£ _ M{x)j 
r I 


T 

-*■ max 


M(0)h Llh 

7 ~ i 


For least bending the beam should be mounted so that its height is 2/i = 4 in 
and width w = 2 in. Thus 


I = 



dA = u 





With l = 72 in, 
load as 


limiting stress T max = 7900 lb/in 2 , this gives the maximum 


7900 x 32 
3 x 72 x 2 


= 585 lb . 



Fig. 1.238. 


Figure 1.238 shows the bending of the neutral plane N'N. Equation (1) 
gives 

d 2 y ^ 1 M(x) L(l — x) 

~r~ El ~ El ' 

Integrating and noting that dy/dx = 0 at x = 0, we have 



Further integration with y = 0 at x = 0 gives 
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The displacement of the point P is therefore 


L_ (P _ 

El V 6 2 ) 


LI 3 

3EI 


= -4.21 in . 


1258 

Many elementary textbooks quote Pascal’s principle for hydrostatics as 
“any change in the pressure of a confined fluid is transmitted undiminished 
and instantaneously to all other parts of the fluid”. Is this a violation of 
relativity? Explain clearly what “instantaneously” must mean here. 

( Wisconsin ) 

Solution: 

Pascal’s principle does not really violate relativity. It assumes the fluid 
to be incompressible, which is a simplified model and does not correspond 
to a real fluid. 

A change in the pressure at a point of a fluid is transmitted throughout 
the fluid with the speed of sound. As the size of an ordinary container is 
very small compared with the distance traversed by sound in a short time, 
the change in pressure appears to be transmitted to all parts of the fluid 
instantaneously. 


1259 

A beam balance is used to measure the mass mi of a solid of volume 
Vi which has a very low density p \. This solid is placed in the left-hand 
balance pan and metal weights of a very high density p 2 are placed in the 
right-hand pan to achieve balance. 

(a) If the balancing is first carried out in air and then the balance casing 
is evacuated, will the apparatus remain balanced? If not, which pan will 
go down? 

(b) Determine the percentage error (if any) in the measured mass mi 
when the balancing is carried out in air (density of air = p a)- 

(Wisconsin) 
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Solution: 

(a) The apparatus will not remain balanced after the balance casing 
is evacuated. The left-hand pan, which carries a lower density solid, and 
hence an object of a larger volume, will go down, as it had been supported 
more by air in the earlier balancing. 

(b) Let the true and apparent masses of the solid be m and m\ respec¬ 
tively. Then 

m m i 

mg - —Pa 9 = miff ~ —Pa 9 . 

Pi P 2 


or 



Am! ^ 

mi ~ pi 


1200 

A bucket of water is rotated at a constant angular velocity u> about 
its symmetry axis. Determine the shape of the surface of the water after 
everything has settled down. 

{MIT) 


z 



Fig. 1.239. 
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Solution: 

Consider a particle of water of mass m at the surface. Two forces act 
on it: a force F normal to the surface due to neighboring water particles, 
and gravity mg, as shown in Fig. 1.239. As it moves in a circular orbit with 
constant angular velocity u, in a cylindrical coordinate system with origin 
at the lowest point of the surface we have 


F cos 6 = mg , 

F sinO = rrmPr , 


where 9 is the angle formed by the normal to the water surface and the 
2 -axis. Hence 

uPr 

tan 9 = - . 

9 

As tan 9 is the slope of the curve representing the shape of the surface, 

dz _ uPr 
dr g 


giving 


2 = 


lPP 


as 2 = 0 for r = 0. Hence the surface is a paraboloid generated by rotating 
the above parabola about the 2 -axis. 


1261 

A device consisting of a thin vertical tube and wide horizontal tube 
joined together in the way shown in Fig. 1.240 is immersed in a fluid of 
density pj. The density and pressure of the external atmosphere are p a 
and p a respectively. The end of the horizontal tube is then sealed, and 
subsequently the device is rotated as shown with constant angular velocity 
u>. You may treat the air everywhere as an ideal gas at fixed temperature, 
and you may ignore the variation of density with altitude. Finally, ignore 
capillarity and surface friction. 

Find the height h to which the fluid rises in the vertical tube to second 
order in oj. 


( Princeton ) 
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Solution: 

The pressure p and density p of the air in the horizontal tube are not 
uniform. Consider a vertical layer of the air of thickness dx at distance x 
from the axis of rotation as shown in Fig. 1.240. As the tube is rotating 
with angular velocity u>, we have 

\p(x + dx) - p{x)\A = u 2 xpAdx , 


A being the cross-sectional area of the tube, or 

dp 2 

Tx=“ xp - 

Treating air as an ideal gas of molecular weight M, we have 

PV=^RT, 


or 


P = 


pM 
~KT ' 


where R is the gas constant. Hence 


. M , 


and 


dp M<j)‘ 


RT 


xdx . 


Integration of the above gives 


Mw 2 
2 RT 


x 2 , 
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where p 0 is the density of the air at x — 0. Thus 

P = Poe ax2 

with a = Mu) 2 /2RT. po can be determined by considering the total mass 
of the air in the tube: 

f L 

/ pSdx = p a SL , 


Po / e ax dx = p a L . 


For moderate ui, a is a small number. As 


o at 2 x 4 . 9 


e = 1 + ax z + —- + ... « 1 + ax 2 , 


the above becomes approximately 


PoL 1 + 


*t)- 


As p is proportional to p since the temperature is assumed the same 
everywhere, we have the pressure at x = 0 as 




Consider now the liquid in the thin vertical tube. For equilibrium we 


have 

Pa =Po+ghp f , 

or 

aL 2 


Pa — gP’Pf i 

giving 



MuJ 2 L 2 p a _ LO 2 L 2 p a 
6RTgp f 6 g p { 
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1262 

A cylindrical container of circular cross section, radius R, is so supported 
that it can rotate about its vertical axis. It is first filled with a liquid 
(assumed to be incompressible) of density p to a level h above its flat 
bottom. The cylinder is then set in rotation with angular velocity u> about 
its axis. The angular velocity is kept constant, and we wait for a while until 
a steady state is achieved. It is assumed that the liquid does not overflow, 
and it is also assumed that no portion of the bottom is “dry”. 

(a) Find the equation for the upper surface of the liquid. 

(b) Find an expression for the pressure p(z ) on the cylindrical surface 
at a height z above the bottom. 

(c) Find an expression for the pressure po(z) along the axis at a height 
z above the bottom. 

(d) Is the fluid flow as viewed by a stationary observer irrotational? The 
liquid is, of course, subject to the influence of gravity, and we assume that 
the normal atmospheric pressure p a prevails in the environment. 

(UC, Berkeley) 


z 



Solution: 

(a) Consider a vertical plane containing the axis of rotation. Let a be 
the angle made by the tangent to the upper surface of the liquid with the 
horizontal at a point distance £ from the rotational axis and height rj above 
the lowest point of the upper surface, as shown in Fig. 1.241. Following 
Problem 1260 we have 
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dr] u) 2 (, 

tan a = — =- . 

9 


Its integration gives the parabola 


V = 


w 2 e 

2 9 


The upper surface is obtained by rotating this parabola about the axis of 
rotation. 

(b) The upper surface of the liquid is an isobaric surface with a pres¬ 
sure equal to the atmosphere pressure p a . Note that each such revolving 
parabola in the liquid is an isobaric surface, the difference in pressure 
between it and the upper surface being determined by the distance between 
the two surfaces along the rotational axis. Let h be the height of the lowest 
point of the upper surfaces above the bottom of the container. The height 
of the highest point of the upper surface above the bottom is then 


h\ = h + 


lj 2 R 2 
2 9 


If S = 7 rR 2 and h 0 is the height of the liquid when it is not rotating, the 
total volume of the liquid is 


hoS h\S — 


= h\S — 


i f R nw 2 , 

/ n£ 2 dr] = hi S - / — 

Jo Jo 9 

7TW 2 /? 4 f V 2 R 2 \ 2 


giving 


and hence 


h\ = ho + 




■R 2 


4 g 


h = ho — 


oj 2 R 2 

4 9 


The pressure on the cylindrical surface at a height 2 above the bottom is 
therefore 


P(Z) =Pa + (hi 


z)pg = Pa + 



U 2 R 2 
4 9 



P9 ■ 
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(c) The pressure along the axis at a height z above the bottom is 

( lj 2 R 2 \ 
ho -^- zjpg. 

(d) 


Vxv = 7x(wxr) = Vx 
= V x (-usyi + usx j) 


i j k 

0 0 us 

x y z 


i j k 

JL JL JL 

Qx dy dz 

—usy usx 0 

As V x v / 0, the fluid flow is rotational. 


= 2wk 


1263 

Given that the angular diameter of the moon and that of the sun are 
nearly equal and that the tides raised by the moon are about twice as high 
as those raised by the sun, what statement can you derive about the relative 
densities of the sun and moon? 

( UC, Berkeley) 


Solution: 

Let R e , R . m , R s be the radii, M e , M m , M 9 the masses of the earth, moon 
and sun, and denote by h m , h s the heights of the tides raised by the moon 
and sun at a point on earth, and by D m , D„ the distances of the moon and 
sun from the center of the earth, respectively. The disturbing effect of the 
moon at a point on the earth’s surface may be represented by a potential 
which is approximately 


3 GM m R 2 e 
2 D 3 

^ m 



where 9 is the moon’s zenith distance at that point. This being equal to 
gh m , where 
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9 = 


GM e 

Rl 


is the acceleration due to the earth’s gravity, we have 


= 3 RjMm A 
2 D* m M e U 


For the same zenith distance, 



hrn = (Ds V M rn = (D^yfRrnVprn 
hs \ D m ) M s V D rn) \ Rs ) Ps 

with Pm, Ps denoting the average densities of the moon and sun respectively. 
As the angular diameters of the moon and sun as seen from the earth are 
approximately equal, we have 


Rm 

Dm 


R a 

Ds 


and hence 

Pm _ h"m _ 2 

Ps~ hs~ ’ 

which is the density of the moon relative to that of the sun. 


1264 

A hypothetical material out of which an astronomical object is formed 
has an equation of state 

V-\k P \ 

where p is the pressure and p the mass density. 

(a) Show that for this material, under conditions of hydrostatic equilib¬ 
rium, there is a linear relation between the density and the gravitational 
potential. The algebraic sign of the proportionality term is important. 

(b) Write a differential equation satisfied at hydrostatic equilibrium by 
the density. What boundary conditions or other physical constraints should 
be applied? 

(c) Assuming spherical symmetry, find the radius of the astronomical 
object at equilibrium. 


( UC, Berkeley) 
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Solution: 

(a) Suppose the fluid is acted upon by an external force F per unit 
volume. Consider the surfaces normal to the x-axis of a volume element 
dr = dxdydz of the fluid. At equilibrium F is balanced by the pressure in 
the fluid, thus 

dp 

F x dr = [p(x + dx) - p{x)]dydz = ^dr , 


i.e. 


or 



F = Vp . 


Then if f is the external force per unit mass of the fluid, we have 

f = -Vp. 

P 

As p is given by the equation of state, we have 


Vp = KpVp , 


and 


f = KVp . 


If the external force is due to gravitational potential <p, then 


f = - V<f> . 


A comparison with the above gives 

V<A + KVp = 0 , 


or 


(f> + Kp = constant . 


Hence 4> and p are related linearly. 

(b) Poisson’s equation 

V 2 0 = 47r Gp 


then gives 


V 2 p + 


AnGp 

~K~ 


= 0 . 
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This is the differential equation that has to be satisfied by the density at 
equilibrium. The boundary condition is that p is zero at the edge of the 
astronomical object. 

(c) For spherical symmetry use spherical coordinates with origin at the 
center of the object. The last equation then becomes 

d 2 p 2 dp 4nGp _ 

dr 2 r dr K 

Let u = pr, cu 2 = 4 -kG/K and write the above as 


d 2 u 
dr 2 


+ u> 2 u = 0 , 


which has solution 


u — uo sin(a>r + 0) , 


giving 


p = 1 -^- sin(u;r + 0) , 


where ro, po and 0 are constants. The boundary condition p = 0 at r = R, 
where R is the radius of the astronomical object, requires 

u)R + 0 = mr, n= 1,2,3,.... 

However, the density p must be positive so that uir + 0 < n. This means 
that n — 1 and uR + 0 = it. Consider 


f = KVp 


K 


roPo . / , a\ , r oPo 

—sm(ur + 0) -\ -u; cos 


K cos (wr + /3)[tan(wr + 0) - wr]e r 


(u>r + 0) < 


Due to symmetry we require f = 0 at r = 0. This means that as r —> 0 


tan(wr + 0) — ur = 0 + - (cur + 0) 3 + ...—> 0 . 

u 


Hence 0 = 0 and uiR = 7r, giving the radius as 
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1265 

Consider a self-gravitating slab of fluid matter in hydrostatic equilibrium 
of total thickness 2 h and infinite lateral extent (in the x and y directions). 
The slab is uniform such that the density p(z) is a function of 2 only, and the 
matter distribution is furthermore symmetric about the midplane 2 = 0. 
Derive an expression for the pressure p in this midplane in terms of the 
quantity 

f h 

a = / p(z)dz 

Jo 


without making any assumption about the equation of state. 

(UC, Berkeley) 


d z 



Fig. 1.242. 


Solution: 

In hydrostatic equilibrium the applied force on unit mass of the fluid is 
(Problem 1264) 

f = - Vp • 

P 

As there is variation only in the 2 -direction, 


1 dp 
p dz 


( 1 ) 


Consider the gravitational force acting on unit mass at a point at 20 , as 
shown in Fig. 1.242, by a layer of the fluid of thickness dz at 2 : 
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Gp(z)dz ■ 2tt rdr zq - z 


-f 

= — 2-kGp(z){zq — z)dz I 

Jo 


r 2 + (zq - z) 2 y/r 2 + (z 0 - z) 2 

rdr 


= -2nGp(z)(z 0 — z) 


[r 2 + ( z 0 - z) 2 }% 
-1 


s/r 2 + (z 0 - z) 2 


dz 


—2itGp{z)(zo — z)dz 
|*o - z\ 

The total gravitational force acting on the unit mass at z = z 0 is 


f(zo) - -2nG f p(z)dz - [ p(z)dz 
|_./-h Jz 0 


= -2nG 


/ *0 

-zq 


z)dz 


as p(z) is symmetric with respect to the plane 2 = 0. Applying Eq. (1) to 
the point z = z (i and integrating, we have 

ph rh />zo 

p{h) - p(0) = / dp(z 0 ) = -2irG / p(z 0 )dz 0 / p(z)dz . 

Jo Jo J — Zq 


This gives for symmetric p(z) 


rh rzo 

p(h) - p(0) = -47rG / p(z 0 )dz 0 / p{z)dz , 

Jo Jo 

Setting <p(zo) = J Q Z ° p{z)dz , we have dtp/dzo = p(zq) and 

f h f 20 f h dip f a 

j p{z 0 )dz 0 j p(z)dz = p{z 0 )(p{z 0 )-^—j = <pdip 


g- 

T ’ 


where a — p(z)dz. Using the boundary condition p(h) = 0 we finally 
obtain 

p(0) = 27rG<7 2 . 
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1266 

(a) A boat of mass M is floating in a (deep) tank of water with vertical 
sidewalls. A rock of mass m is dropped into the boat. How much does the 
water level in the tank rise? If the rock misses the boat and falls into the 
water, how much does the water level rise then? 

[You may assume any reasonable shapes for the tank, boat and rock, if you 
require.] 

(b) A U-tube with arms of different cross-sectional areas A\, is filled 
with an incompressible liquid to a height d, as shown in Fig. 1.243. Air 
is blown impulsively into one end of the tube. Describe quantitatively the 
subsequent motion of the liquid. You may neglect surface tension effects 
and the viscosity of the fluid. 

( UC, Berkeley) 



Fig. 1.243. Fig. 1.244. 


Solution: 

(a) Let p w and p T be the densities of water and the rock, S t and 5/, the 
horizontal cross-sectional areas of the tank and boat, respectively. With 
the rock in the boat, the boat will sink a distance (from water surface) A h 
such that an additional buoyancy is made available of magnitude 

mg = p w S b Ahg , 

giving 

A l m 

PwSb ' 

This will cause the water level in the tank to rise by A H given by 

S t AH = S b Ah , 
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If the rock misses the boat and falls into the water, it drops to the bottom 
of the tank. This increases the “water” volume by m/p r , which then causes 
the water level in the tank to rise a height 


AH = 


m 

PrSt 


(b) The motion of the fluid is irrotational and non-steady, and is 
described by Bernoulli’s equation of the form 

1 2 rr 9<f> 

-pv + p + U — p— = constant , 

/ (71 

which holds for all points of the fluid at any given time t. Here U is the 
potential of the external force F defined by F = —VC/, and <p is the velocity 
potential defined by v = — V0. Consider two surface points 1, 2, one on 
each arm of the vessel, at distances xi,x 2 from the equilibrium level d, as 
shown in Fig. 1.244. Bernoulli’s equation gives 

1 o „ <90 i 1 2 tt <902 

-pv x + pi + Ui - p-^j- - ~pv 2 + p 2 + C/ 2 - P~Qj- 

with 


Pi = P2 = atmospheric pressure , 
Ui~{d + xi)pg, U2 = {d-x 2 )pg, 

Vi = Xi, V 2 - ±2 , 


<90i 

dt 


-dx ~ — x\d, 


r +xi dvi 

Jo dt' 

<902 f d ~ Xi dv 2 .. 

~W dxaX2d - 


retaining only first order terms of the small quantities xi,x 2 and their time 
derivations. In the same approximation, Bernoulli’s equation becomes 


(xi + x 2 ) + ^(xi + x 2 ) = 0 . 
a 

Making use of the continuity equation 


— 422.2 , 
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we have 

0 , 

0 . 

Hence the subsequent motion of the liquid is that of harmonic vibration 
with angular frequency w — \Jgjd. 


.. . 9 % l 

z, + ^- = 

.. , gx2 
xi+ — = 


1267 

A space station is made from a large cylinder of radius Rq filled with 
air. The cylinder spins about its symmetry axis at angular speed ui to 
provide acceleration at the rim equal to the gravitational acceleration g at 
the earth’s surface. 

If the temperature T is constant inside the station, what is the ratio of 
air pressure at the center to the pressure at the rim? 

(MIT) 

Solution: 

Consider a cylindrical shell of air of radius r and thickness Ar. The 
pressure difference across its curved surfaces provides the centripetal force 
for the rotating air. Thus 

[p(r + Ar) — p(Ar)]27rr< = w 2 r ■ 2nrlpAr , 


where p is the density of the air and l is the length of the cylinder, giving 

dp 2 

Tr =(Xi}r - 

The air follows the equation of state of an ideal gas 

” V = % RT - 


or 

M 

P ~ RT P ’ 

where T and M are the absolute temperature and molecular weight of air 
and R is the gas constant. Hence 
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dp Mu> 2 


dr 


RT 


■pr 


Integrating we have 


rp(Ro) 

Jp(0) 


dp Mw 2 f R ° 


RT 


f 


rdr 


i.e. 


In 


p(-«o) 

. P( 0) J 


Mw 2 R% _ MR^g 


2 RT 2 RT ’ 

as the acceleration at the rim, u> 2 Rq, is equal to g. Hence the ratio of the 
pressures is 

p(0) ( MRog\ 


1268 

Calculate the surface figure of revolution describing the equatorial bulge 
attained by a slowly rotating planet. Assume that the planet is composed 
entirely of an incompressible liquid of density p and total mass M that 
rotates with uniform angular velocity ui. When rotating, the equilibrium 
distance from the center of the planet to its poles is Rp. 

(a) Write down the equation of hydrostatic equilibrium for this problem. 

(b) Solve for the pressure near the surface of the planet using the crude 
approximation that the gravitational field near the surface can be written 
as -GMt/t 2 . 

(c) Find an equation for the surface of the planet. 

(d) If the equatorial bulge ( R e — Rp) is a small fraction of the planetary 
radius, find an approximation to the expression obtained in (c) to describe 
the deviation of the surface from sphericity. 

(e) For the case of earth (Rp = 6400 km, M — 6 x 10 24 kg) make a 
numerical estimate of the height of the equatorial bulge. 

(MIT) 

Solution: 

(a) Use coordinate as shown in Fig. 1.245 and consider a point P in 
the planet. In equilibrium the external forces are balanced by the pressure 
force per unit volume, 
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in spherical coordinates with the assumption that the planet is symmetric 
with respect to the axis of rotation. 



Fig. 1.245. 



Now use a rotating coordinate frame attached to the planet such that 
the z ; -axis coincides with the axis of rotation and the xV-plane contains 
OP. In this frame a fictitious centrifugal force per unit volume, pu) 2 r cos X, 
where A = | - 8 is the latitude, has to the introduced. Let F be the 
gravitational force per unit volume. Then the forces involved are as shown 
in Fig. 1.246. As <10 = -dX, we can write dp/d6 = -dp/d A and have, in 
the x' and z' directions, 


Q A 

-f- cos A-— sin A = F x > + pu 2 r cos A , 

or rdX 

dp dp 

— sm A H—r-r cos A — b y > . 

dr rdX 


( 1 ) 

( 2 ) 


(b) The gravitational force per unit volume at F, as given, has compo¬ 
nents 


F,< = — 


pGM cos A 


Fy’ = - 


pGM sin A 


Substitution in Eq. (2) gives 

dp (pGM dp 


rdX 


+ 


dp\ 

dr) 


tan A , 
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which, with Eq. (1), then gives 
dp 


2 2 \ pGM 

— pu> r cos A- 5 — . 

or r 2 

As p = 0 at r = R, its integration gives 

p = ^(r 2 - R 2 )pu) 2 cos 2 A + ^ - pGM 

For a point a depth h under the surface at latitude A, we have, as r — R—h 
with h ^ R, 


r 2 - R 2 


-2Rh, 


I _ I ~ A 

r R ~ R 2 


and 


„ 2 2 \ GM\ , 

—Ru> cos A H—) ph . 


R 2 ) 


(c) The surface of the planet is an equipotential surface. The potential 
(potential energy per unit mass) at the surface due to gravitational force is 

rr GM 

U — -— + constant . 

it 

The potential <j) due to the centrifugal force is given by 

—V0 = ~ ( w2rcos2 A,o> 2 r cos Asin A) . 

d<{> 


Thus 


dr 


= — u) r cos A , 


or 


As 


(j) = — -o> 2 r 2 cos2 A + /(A) 


d(j) 1 

—= oi 2 rcosAsin A + -/'(A) = wVcosAsinA 
rd A r 

}'{x) — 0 or f(x) = constant . 


Hence for the surface we have 


1 2 n 2 2 \ Gm 

— -u> R cos A-— = constant 

2 R 
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At the poles, A = ±|, R = Rp. We thus have 

cos 2 A R 3 - ^R + GM = 0 . 

2 Rp 

(d) At the equator, A = 0, R = R e , and the above equation becomes 

"’*2 = 2GM (^r*) • 

The deviation of the surface from sphericity is therefore 

Re-Rp u 2 Rl 
Rp 2 GM ' 

(e) For the earth, 

R = 6400 km, R e « Rp = 6400 km , M = 6 x 10 24 kg , 

O trr 

24^3600 ^ G = 6.67 x 10 -11 Nm 2 /kg 2 , 

we have 

R e — Rp — 11 km . 


1269 

The compressibility AT of a gas or liquid is defined as K = -( dV/V)/dp , 
where — dV is the volume decrease due to a pressure increase dp. Air (at 
STP) has about 15,000 times greater compressibility than water. 

(a) Derive the formula for the velocity v of sound waves, 1/v 2 = Kp, 
where p is the mass density. Use any method you wish. (A simple model 
will suffice.) 

(b) The velocity of sound in air (at STP) is about 330 m/s. Sound 
velocity in water is about 1470 m/s. Suppose you have water filled with a 
homogeneous mixture of tiny air bubbles (very small compared with sound 
wavelengths in air) that occupy only 1% of the volume. Neglect the effect 
the bubbles have on the mass density of the mixture (compared with pure 
water). Find the compressibility K of the mixture, and thus find v for 
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p.dp 
v ♦ dV 
P ♦ dp 



P 

P 


Fig. 1.247. 


the mixture. Compare the numerical value of v for the given 1 % volume 
fraction with v for pure water or air. 

(UC, Berkeley) 

Solution: 

(a) Without loss of generality, we can consider the problem in one di¬ 
mension and suppose the front of the compressed region, i.e. the wavefront, 
propagates from left to right at speed v. For convenience we use coordinates 
such that the compressed region is at rest, then the gas particles in the 
region not reached by the wave will move from left to right at speed v in 
this frame. Let the pressure and density in the latter region be p and p 
respectively. When the particles enter the compressed area, their velocity 
changes to v + dv, pressure changes to p+dp, and density changes to p+dp, 
as shown in Fig. 1.247. The mass of gas passing through a unit area of the 
wavefront is 

pv = (p + dp)(v + dv) , 
yielding, to first-order quantities, 


vdp = —pdv . 

The change of momentum per unit time crossing the unit area is 

(p + dp)(v + dv) ■ (v -I- dv) — pv ■ v = v 2 dp + 2pvdv . 

By Newton’s second law this corresponds to the excess pressure of the 
right-hand side over the left-hand side. Thus 

v 2 dp + 2 pvdv — p — (p + dp) = —dp . 

The above two equations give 


v 2 dp = dp . 
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For a given mass m of the gas, 


or 


Hence 


or 


i.e. 


m = pV 


, dV 
dp = ~p-y • 


2 » 2 dV 

v dp = -rpy = dp , 


2 / dV\~ l dp 1 

V ~ \Vj p ~ Kp' 


V — 


1 

s[Kp 


(b) For the mixture given, 

dV dV x + dV 2 K 1 V 1 + K 2 V 2 
Vdp ~ Vdp V 

For water and air we have respectively 


1 


V7 - 


Kipi 


K 2 p 2 ’ 


and so 


Kj _f vA 2 pi 

Kl \ v 2/ p2 


(1470 \ 2 1 

~ V 330 ) 1.293 x 10- 3 

= 1.53 x 10 4 . 


Hence, for the mixture, 

K = (£ + Ki = (0.99 + 153)^ k 154ftfi, 

1 1470 


1 


v 


- 118 m/s , 


\JTCp y/\5kKipi %/l54 

which is much less than the velocity of sound in pure water or air. 
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1270 

Consider the spherically symmetric expansion of a homogeneous, self- 
gravitating gas with negligible pressure. The initial conditions of expansion 
are unspecified; instead, you are given that when the density is po, a fluid 
element at a radius Rq from the origin has a velocity vq. 

(a) Find v(R). 

(b) Describe the ultimate fate of the gas in terms of v 0 , Rq and po- 

(UC, Berkeley) 


Solution: 

(a) Consider the motion of a unit mass at the surface of the gas, 
conservation of mechanical energy gives 


1 2 GM 
2 V °~ Ru 



GM 


where M = inpoR^/3 is the total mass of the gas. Hence the speed of the 
unit mass when the radius of the volume of gas is R is 


v = 



(b) As R increases, v decreases, and finally v = 0 and expansion stops 
when the radius becomes 


' i H 1 

Ro SnGpoRf, 


1271 

An incompressible fluid of mass density p, viscosity 77 is pumped in 
steady-state laminar flow through a circular pipe of internal radius R and 
length L. The pressure at the inlet end is pi, the pressure at the exit is P 2 , 
Pi > P 2 - 

Let Q be the mass of fluid that flows through the pipe per unit time. 
Compute Q. 


( CUSPEA) 
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Solution: 

Use cylindrical coordinates (r, tp, z) with the 2 -axis along the axis of the 
pipe. For laminar flow the velocity v of the fluid has components 


v r —v v =0, v z = v . 


Furthermore, because of symmetry, v = v(r). Then in the Navier-Stokes 
equation 

p + p(v • V)v - r?V 2 v + Vp = F , 
dv/dt = 0 for steady-state motion, 

civ 

(v • V)v = = 0 . 

as v = v z (r), and the external force per unit volume F is zero provided 
gravity can be neglected, we have 

Vp = ??V 2 v . 


This becomes 

dp _ T) d / dv \ dp _ dp _ q 

dz r dr \ dr) ' dr dtp 

for v = v(r)e z . As the right-hand side of the first equation depends on r 
while p is a function of z, either side must be a constant, which is 

dp _ P2 ~Pi _ Ap 
dz L L ’ 

where Ap = py — p 2 . Hence 

dr \ dr J \ rjL ) 

Integration gives 

” = -j(^) r2+Clln ’' +C! ’ 

Ci,C a being constants. As 


v(r) = finite , 


v(R) = 0 , 
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we require 


Hence 


Ci =0, 




R 2 . 




The mass of the fluid flowing through the pipe per unit time is then 


[ R 

Q = p v ■ 2itrdr = 

Jo 


■jrpR 4 Ap 

8 pL 


1272 

A sphere of radius R moves with uniform velocity u in an incompressible 
(V • v(x) — 0, v(x) being the velocity of the fluid), non-viscous, ideal fluid. 

(a) Determine the velocity v of the fluid passing any point on the surface 
of the sphere. 

(b) Calculate the pressure distribution over the surface of the sphere. 

(c) What is the force necessary to keep the sphere in uniform motion? 

( Columbia) 



Solution: 

We can consider the sphere as being at rest while the fluid flows past 
it with velocity v = — u as shown in Fig. 1.248. Use spherical coordinates 
(r, 6, ip) with origin at the center of the sphere such that the velocity of the 
fluid is in the direction 6 — it. Define the velocity potential <fi by 


v = — V0 . 
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The incompressibility of the fluid means that 

V ■ v = -V 2 (f> = 0 . 

Thus <{> satisfies Laplace’s equation. The boundary conditions are 




UCOS0 


as the surface of the sphere is impenetrable, and 
<p = 0 for r —> oo 

as v = —u — constant at large distances from the sphere. 

The general solution of Laplace’s equation is 

OO Tt 

( a nm r + b nm r )P n (cos 6)e v . 

n=0 m=0 

As the geometry is cylindrically symmetric, (j) is independent of <p and we 
have to take rn = 0. Thus we have 

oo 

<t> = + 6„r _ ” _ 1 )F n (cos(9) , 

n—0 

where P n {cas6) are the Legendre polynomials, and a n , b n are arbitrary 
constants. As (j> = 0 for r —* oo, we require a n = 0. As 

= ~ l)b n R~ n ~ 2 P n (cosd) = lift (cos ff) 


we require 


and 


b n = 0 for all n ^ 1 



, ufl 3 


cos# . 


Hence 
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(a) At a point ( R , 8) on the sphere the velocity of the fluid is 
v — —V0 = 


dtp dtp 

dr &T rdO^ 6 


r=R 




2 . sin 6 

-» cos0e r H-r-eg 


1 


r=R 


= — ucos$e r — -usinfleg . 

A 

(b) Bernoulli’s equation for the irrotational steady flow of a nonviscous, 
incompressible fluid is 

1 2 

-pi; + p+ U = constant , 

where U = constant if there is no external force. Consider a point (/?, 6) 
on the surface of the sphere and a point at infinity, where the pressure is 
po. Then 


^ ^cos 2 0 + i sin 2 8^j 


+ P= 7>PU + PO » 


or 


3 

p(R, 8) = -pu 2 sin 2 0 + po • 

O 


This gives the distribution of the pressure over the surface of the sphere. 

(c) The net total force exerted by the pressure on the sphere is in the 
direction of u and has magnitude 


■£( 


cos 6dS 
3 


8 


pur sin 2 6 + po I • 2?ri?sin 6 ■ cos 9 ■ Rd8 


= 0 . 


Hence no force is required to keep the sphere in uniform motion. This can 
be anticipated as the sphere moves uniformly without friction. 
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1. LAGRANGE’S EQUATIONS (2001-2027) 


2001 

A massless spring of rest length l 0 (with no tension) has a point mass 
m connected to one end and the other end fixed so the spring hangs in the 
gravity field as shown in Fig. 2.1. The motion of the system is only in one 
vertical plane. 

(a) Write down the Lagrangian. 

(b) Find Lagrange’s equations using variables 8, A = (r — ro)/ro, where 
r 0 is the rest length (hanging with mass m). Use to 2 = k/m, u> p — g/ro. 

(c) Discuss the lowest order approximation to the motion when A and 
8 are small with the initial conditions 8 = 0, A = 0, A = A, 8 = uj p B at 
t = 0. A and B are constants. 

(d) Discuss the next order approximation to the motion. Under what 
conditions will the A motion resonate? Can this be realized physically? 

( Wisconsin) 



Fig. 2.1. 


Solution: 

(a) In polar coordinates (r, 8) as shown in Fig. 2.1, the mass m has 
velocity v = ( r,r8 ). Thus 

T= ^m(r 2 + r 2 0 2 ) , 

V = —mgr cos 8 + ifc(r - Iq) 2 , 
k being the spring constant. The Lagrangian of m is therefore 

L = T — V — ^m(r 2 + r 2 6 2 ) + mgr cos 8 — ^A(r - Iq) 2 . 
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(b) 


gives 


gives 


d_ 

dt 


mr — mrO 2 — mg cos 6 + k(r — lo) — 0 . 


(dL\ _ Si _ 
\ df ) dr 


SdL\ 
dt \~d§) 


8L 

80 


= 0 


mr 2 0 + 2 mrrO + mgr sin 6 = 0 . 


The rest length of the spring with mass m hanging, ro, is given by Hooke’s 
law 

k(r 0 - *o) = mg . 


Thus with A = (r - r 0 )/r 0 we have 


r — lo — Ar 0 + , 

k 

r = r 0 (l + A), r — r 0 A, r = r 0 A, 
and the equations of motion become 

A + Pi _ (i + x)0 2 + —(1 - cos O') = 0 , 
m 7'o 

(1 + A)<9 + 2A0+ — sinf? = 0 ; 
ro 


or, with u> 2 



JL 
ro ’ 


A + (Wg — 0 2 )\ - 0 2 + u»p(l — cosO) = 0 , 
(1 + X)0 + 2X0 + uj 2 sin0 = 0 . 


(c) When A and 0 are small, we can neglect second order quantities in 
0, A, 0, A, and the equations of motion reduce to 

A T uj 2 A = 0 , 

0 +L%0= 0 
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in the lowest order approximation. For the given initial conditions, we find 

X = A cos(u> 8 t) , 

0 = Bsm{u)pt) . 

Thus A and 6 each oscillates sinusoidally with angular frequencies oj s and 
u) p respectively, the two oscillations differing in phase by 7t/2. 

(d) If we retain also terms of the second order, the equations become 

A + <*>? A = 9 2 - ^u>%6 2 , 

(i + a)(9 + 2\e + uj 2 p o = o. 

Using the results of the lowest order approximation, the first equation above 
can be approximated as 

A + u; 2 A « ij3 2 o;p[2cos 2 (wpt) - sin 2 (a>pt)] 

= i B 2 uj 2 [3 cos(2oj p t) + 1] • 

Thus A may resonate if oj s = 2u) p . However this is unlikely to realize 
physically since as the amplitude of A increases toward a resonance the 
lowest order approximation no longer holds and higher order effects will 
take place. Furthermore the nonlinear properties of the spring will also 
come into play, invalidating the original simplified model. 


2002 

A disk of mass M and radius R slides without friction on a horizontal 
surface. Another disk of mass m and radius r is pinned through its center 
to a point off the center of the first disk by a distance b, so that it can 
rotate without friction on the first disk as shown in Fig. 2.2. Describe the 
motion and identify its constants. 

( Wisconsin ) 

Solution: 

Take generalized coordinates as follows: x,y, the coordinates of the 
center of mass of the larger disk, 0, the angle of rotation of the larger disk 
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y 



Fig. 2.2. Fig. 2.3. 

and ip the angle of rotation of the smaller disk as shown in Fig. 2.3. The 
center of mass of the smaller disk has coordinates 

z + bcos#, y + bs\n6 

and velocity components 

x — bO sin 6, y + b6 cos 6 . 

Hence the total kinetic energy of the system of the two disks is 
T = 1 M(x 2 + y 2 ) + i MR 2 0 2 

+ im [(x — 60 sin#) 2 + (y 4- 60cos#) 2 ] + ^mr 2 <j> 2 
and the Lagrangian is 
L=T-V=T 
= ^M(x 2 + y 2 ) + - a MR 2 9 2 

+ + if 1 + 6 2 # 2 - 26x0 sin 0 + 26y0cos0] + ^ mr 2 ip 2 . 

Consider Lagrange’s equations 
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As 

QL n 
dx ~ ’ 

d (dL\ dL _ d 
dt \ dx) dx dt 

we have 


dL 



— = constant , 
dx 

or 





= 0 , 


(M + m)x — mbO sin 9 = constant . 
As dL/dy ■ 0, we have dL/dy = constant, or 

(M + m)y + mbO cos 9 = constant . 
As dL/difi = 0, we have dL/dp = constant, or 


<p - constant . 


( 1 ) 

( 2 ) 

( 3 ) 


As 


dL 

do 


—mbxO cos 9 — mbyd sin 9 , 


dL 

39 


1 


MR 2 9 + mb 2 9 - mbx sin 9 + mby cos 9 , 




we have the equation of motion 

-MR 2 9 + mb 2 8 — mbx sin 9 + mby cos 0 = 0. (4) 

Equations (l)-(4) describe the motion of the system. Since V = 0 and 
T + V = constant as there is no external force, the total kinetic energy 
of the system, T, is a conserved quantity. Conservation of the angular 
momentum about the center of mass of the system requires that, as p = 
constant, 9 = constant too. 


2003 

A uniform solid cylinder of radius R and mass M rests on a horizontal 
plane and an identical cylinder rests on it, touching it along the highest 
generator as shown in Fig 2.4. The upper cylinder is given an infinitesimal 
displacement so that both cylinders roll without slipping. 
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(a) What is the Lagrangian of the system? 

(b) What are the constants of the motion? 

(c) Show that as long as the cylinders remain in contact 

02 _ 12 g(l - cosfl) 

R(17 + 4cos# — 4cos 2 9) ’ 

where 9 is the angle which the plane containing the axes makes with the 
vertical. 

( Wisconsin ) 


f =0 f>0 

Fig. 2.4. 

Solution: 

(a) The system possesses two degrees of freedom so that two generalized 
coordinates are required. For these we use 9 \, the angle of rotation of the 
lower cylinder, and 6, the angle made by the plane containing the two axes 
of the cylinders and the vertical. 

Initially the plane containing the two axes of the cylinders is vertical. 
At a later time, this plane makes an angle 9 with the vertical. The original 
point of contact, A, now moves to A' on the lower cylinder and to A" on 
the upper cylinder. With the angles so defined we have from Fig. 2.4 

9\ 4- 6 = #2 — 9 , 




or 

0% = 9i 29 . 

Taking Cartesian coordinates (x, y) in the vertical plane normal to the 
axes of the cylinders and through their centers of mass, as shown in Fig. 2.4, 
we have, at t> 0 , for the lower cylinder 


xj = -R9 1 , 


Vi = R 
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and for the upper cylinder 

X 2 = x\ + 2R sin 9 , 

1/2 = 3 R — 2(R - cos 6) — R + 2Rcos9 . 

The corresponding velocity components are 

xi = -ROi, 2/i=0, 

±2 = —R0 1 + 2R0cos0, y% — —2R9sm9 . 

The kinetic energy of the lower cylinder is thus 

Ti = \mx\ + \mR 2 0\ = ^MR 2 0j , 

2 4 4 

and that of the upper cylinder is 

t 2 = ^m{x\ + vD + - a mrHI 

= ~MR 2 (6l - 4<Mcos 0 + 4<9 2 ) + ^Affi 2 (0? + 4M + 4(9 2 ) 

a 4 

= ^Affi 2 [30? + 40i0(l - 2cos0) + 12 0 2 ] . 

The potential energy of the system, taking the horizontal plane as level of 
reference, is 

V — Mg(yi + 2/2) - 2MR(1 + cos 9)g . 

Hence the Lagrangian of the system is 
L = T — V 

= ]-MR 2 [36\ + 20x9(1 - 2cos 0)4- 6 0 2 ] - 2MR(1 + cos 9)g . 

mt 

(b) As only gravity is involved, the total mechanical energy of the system 
is a constant of the motion: 

E = T + V 

= \mR 2 \Z0\ + 2<M(1 - 2 cos 9) + 60 2 ] 4- 2MR(1 4- cos 9)g 


constant . 
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Furthermore, if dL/dqi = 0, Lagrange’s equation 

d_ / dL\ _ dL _ 
rft \dq,J dqi 

requires that dL/dqi is conserved. For the system under consideration, 
dL/ddi = 0 so that 

Q r 

—— = MR 2 [3@i + 0(1 — 2cos0)[ = constant . 
d9\ 

(c) As long as the cylinders remain in contact the results of (b) hold. 
Initially, 0 = 0, 0i = 0 = 0, so that 

^MR 2 [ 30? + 20i0(l - 2cos0) + 60 2 j + 2MR(1 + cos 0)g = AMRg , 

MR 2 [30i+0(l~2cos0)] = O. 

These combine to give 

0 2 [18 — (1 — 2cos0) 2 ] = ^(1 — cos0)g , 

H 

.I __12 (1 - cos 9)g _ 

R( 17 4- 4 cos 0 — 4 cos 2 0) 


2004 

Two particles of the same mass m are constrained to slide along a thin 
rod of mass M and length L, which is itself free to move in any manner. 
Two identical springs link the par ticles with the central point of the rod. 
Consider only motions of this system in which the lengths of the springs 
(i.e. the distances of the two particles from the center of the rod) are equal. 
Taking this to be an isolated system in space, find equations of motion 
for it and solve them (up to the point of doing integrations). Describe 
qualitatively the motion. 

( Wisconsin ) 

Solution: 

Use a fixed Cartesian coordinate frame, and a moving frame with origin 
at the midpoint O of the rod and its (’artesian axes parallel to those of 
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A 

X 

Fig. 2.5. 

the former respectively. Let (r, 9, p) be the spherical coordinates of a point 
referring to the moving frame, as shown in Fig. 2.5. Then the point O has 
coordinates (x, y, z) in the fixed frame and the two masses have spherical 
coordinates (r, 6, ip) and (—r, 6, ip) in the moving frame. 

The kinetic energy of a system is equal to the kinetic energy it would 
have if all its mass were concentrated at the center of mass plus the kinetic 
energy of motion about the center of mass. As O is the center of mass of 
the system, we have 

T = i(M + 2m) (x 2 + y 2 + i 2 ) + m(r 2 + r 2 0 2 + r 2 ip 2 sin 2 9) + T rot , 

where T rot is the rotational kinetic energy of the rod. The angular velocity 
of the rod about O is 

oj = ip cos 6e r — if sin 9e$ — ffe^ , 

resolved along its principal axes, the corresponding moments of inertia 
being 

Ir = 0, Ie = ±ML 2 , I v = ±ML 2 . 

Hence 

Trot = 2 + Ie^e + T v w 2 ) 

= ML 2 (0 2 + If 2 sin 2 9) . 

The system is in free space so the only potential energy is that due to the 
action of the springs, 

V = 2- l -K(r-ro) 2 = K{r-r 0 ) 2 , 
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where K and ro are the spring constant and the natural length of each 
spring respectively. Hence 

L = T-V 

= \-(M + 2m)(i 2 +y 2 + i 2 ) + m(r 2 + r 2 9 2 + r 2 p 2 sin 2 6) 

A 

+ ML 2 {9 2 + <p 2 sin 2 9) - K(r - r 0 ) 2 . 

Lagrange’s equations 



then give the following constants of motion: 

(M + 2 m)x = constant , 

(M + 2 m)y = constant , 

(M 4 - 2 m)i - constant , 

^2 mr 2 + ^ ML 2 ^ 0 sin 2 9 = constant - 

The first three equations show that the velocity (x , y, z) of the center of 
mass of the system is a constant vector. Thus the center of mass moves in 
a uniform rectilinear motion with whatever velocity it had initially. The 
last equation shows that the component of the angular momentum about 
the z'-axis is a constant of the motion. Since the axis has been arbitrarily 
chosen, this means that the angular momentum is conserved. 

Lagrange’s equations also give the following equations of motion: 

K 

r - r9 2 - rip 2 sin 2 9 H- (r - r 0 ) = 0, 

TO 

(r 2 + ^ $ 4 . 2 rr9 — (r 2 + \ ip 2 sin 9 cos 0 = 0. 

\ 24m J \ 24 to / 

These and the ip equation above describe the motion about the center of 
mass of the system. 

Thus under the constraint that the two masses m slide along the rod 
symmetrically with respect to the midpoint O , the motion of the center of 
mass O of the system is a uniform rectilinear motion, and the motion of 
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the system about O is such that the total angular momentum about O is 
conserved. 


2005 

A rectangle coordinate system with axes x,y,z is rotating relative to 
an inertial frame with constant angular velocity u> about the z-axis. A 
particle of mass m moves under a force whose potential is V(x, y, z). Set 
up the Lagrange equations of motion in the coordinate system x,y,z. 
Show that their equations are the same as those for a particle in a fixed 
coordinate system acted on by the force — W and a force derivable from 
a velocity-dependent potential U. Find U. 

( Wisconsin) 

Solution: 

Let the inertial frame have the same origin as the rotating frame and 
axes x',y',z'. Denote the velocities of the particle in the two frames by v 
and v'. As 

v' - v + w x r 

with 

u> = (0,0,u;), r = (x,y, z), v = (±,y,i), 

we have 


v' 2 = v 2 + 2v • uj x r + (u> x r) 2 

= x 2 + y 2 + z 2 4- 2 u>(xy - xy) -I- w 2 (x 2 + y 2 ) , 

and the Lagrangian of the particle in the inertial frame, expressed in 
quantities referring to the rotating frame, 

L = T — V 

= ^m(i 2 + y 2 + z 2 ) + mw(xy - xy) + ^mw 2 (i 2 + y 2 ) - V . 

Lagrange’s equations 

d (8L\ &L „ 
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then give 


o dV 

mx - 2muy - mux + 

2 dV 

my + 2 mux — mu y + 

dy 


= 0 , 
= 0 , 


.. dV 

mz + — = 0 . 
az 


For a particle of mass m moving in a fixed frame ( x,y,z ) under a force 
—VK and an additional velocity-dependent potential U, the Lagrangian is 


L = ±m(x 2 + y 2 + z 2 ) — V — U . 

A comparison of this with the Lagrangian obtained previously gives 


U = —mu(xy — xy) - -mu 2 (x 2 + y 2 ) . 

This Lagrangian would obviously give rise to the same equations of motion. 


2006 

(a) Show that the moment of inertia of a thin rod about its center of 
mass is ml 2 / 12. 

(b) A long thin tube of negligible mass is pivoted so that it may rotate 
without friction in a horizontal plane. A thin rod of mass M and length 
l slides without friction in the tube. Choose a suitable set of coordinates 
and write Lagrange’s equations for this system. 

(c) Initially the rod is centered over the pivot and the tube is rotating 
with angular velocity Uq. Show that the rod is unstable in this position, 
and describe its subsequent motion if it is disturbed slightly. What are the 
radial and angular velocities of the rod after a long time? (Assume the 
tube is long enough that the rod is still inside.) 

(Wisconsin) 

Solution: 

(a) By definition the moment of inertia is 
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Fig. 2.6. 

I = V R?Ami = f x 2 pdx — T^pl 3 — ■ 

i J-k 12 12 

(b) Take the angle 6 between the thin tube and a fixed horizontal line 
through the pivot and the distance x of the center of mass of the thin 
rod from the pivot of the tube, as shown in Fig. 2.6, as the generalized 
coordinates. We have 

T = ^M(x 2 + x 2 0 2 ) + ~M1 2 0 2 , V = 0, 
and the Lagrangian 

l = \m{± 2 + x 2 0 2 ) + Mi 1 6 2 . 

Lagrange’s equations then give 
x = x6 2 , 

M 0 — constant = C, say. 

(c) The initial conditions x — 0, 0 = u>o give 

C= 1 -M1 2 uj o, 
i.e. 

• = l 2 u Q 

12x 2 + l 2 ' 


1 dx 2 _ l 4 ljqX 
2~dx ~ (12a: 2 4- l 2 ) 2 ' 


We then have 
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Integrating we obtain, as initially x = 0, x = 0, 

• 2 _ l 2 ulx 2 
X ~ 12x 2 + l 2 ‘ 

It is noted that the speed of the rod in the tube, 

lu>o 

x = — -- , 

\] l2 + £ 

increases as its distance from the initial position increases. Thus the rod 
is unstable at the initial position. For t —* oo, x —• oo, 9 —>0 and 
x —> Iloq/\/12. Hence, after a long time, the rotation will slow down to 
zero while the speed of the rod in the tube will tend to an upper limit. The 
distance x however will be ever increasing. 


2007 

A block of mass M is rigidly connected to a massless circular track of 
radius a on a frictionless horizontal table as shown in Fig. 2.7. A particle 
of mass m is confined to move without friction on the circular track which 
is vertical. 

(a) Set up the Lagrangian, using 8 as one coordinate. 

(b) Find the equations of motion. 

(c) In the limit of small angles, solve that equations of motion for 8 as 
a function of time. 

( Wisconsin) 



Fig. 2.7. 
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Solution: 

(a) As the motion of the system is confined to a vertical plane, use a 
fixed coordinate frame x, y and choose the x coordinate of the center of the 
circular track and the angle 0 giving the location of m on the circular track 
as the generalized coordinates as shown in Fig. 2.7. The coordinates of the 
mass m are then (x -I- a sin#, -a cos 9). As M is rigidly connected to the 
circular track its velocity is (x,0). Hence the Lagrangian is 


L = T — V = ^Mx 2 4- im[(x 4- aO cos 0) 2 + a 2 0 2 sin 2 6\ + mgacosO 

= ~:Mx 2 + ^m[x 2 4- a 2 0 2 + 2ax0cos0] 4- mgacosO . 

(b) As 


6L 

dx 

dL 

dx 

OL 

do 

dL 

do 


= 0 , 

= Mx + mx 4- maO cos 0 , 

= —maxOsmO — mga sin 0 , 
= ma 2 0 + max cos 0 , 


Lagrange’s equations 



give 


(M + m)x 4- maO cos 0 - maO 2 sin 0 = 0 , 
aO + x cos 0 + g sin 0 — 0 . 

(c) For small oscillations, 0 and 0 tire small quantities of the 1st order. 
Neglecting higher order terms the equations of motion become 

(M + m)x 4- maO = 0 , 
aO 4- x + gO = 0 . 
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Eliminating x we have 


6 + ( M+pM = o 

Ma 


Hence 


$ = j4sin(wt) + Bcos(u}t) , 


where lj = (M + m)g/Ma is the angular frequency of oscillation and A 

and B are constants to be determined from the initial conditions. 


2008 

Consider a particle of mass m moving in a bound orbit with potential 
V(r) = — k/r. Using polar coordinates in the plane of the orbit: 

(a) Find p r and pg as functions of r, 0, r and 6. Is either one constant? 


(b) Using the virial theorem show that 


«/f 4" Jg 


where 

Jr = 

j> p r dr , 


Jg = 

j> pgdd . 

(c) Show that 




(Jr + </») — 

1 —27r 2 mfc 2 

V E 

using 

r~ 

dr 

- = TT 

r± = i(o± y/a? - 46) . 


- r 2 +ar — b 

(d) Using the results of (c) show that the period of the orbit is the same 


for the r and 6 motions, namely, 



( Wisconsin ) 
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Solution: 

(a) We have 


L = T — V = ^m(r 2 + r 2 0 2 ) + — . 

2 r 


The generalized momenta are 


QL 


Pr = -qT = mr , 

91 U 
Pe = —■ = mr 0 . 

de 

As there is no 6 in L, pg = mr 2 8 is a constant of the motion. 

(b) 


Jr + Jo 


= mrdr 4- £ mr 2 6d6 
= £ mr 2 dt + 'j) mr 2 0 2 dt 
— £ m(r 2 + r 2 0 2 )dt 
= 2 £ Tdt = 2Tr , 


where r is the period and T is the average kinetic energy of the particle 
over one period. For a particle moving in a bound orbit in the field of an 
inverse-square law force the virial theorem takes the form 


T = --V 
2 


Thus 


j r + Jo = — Vt — £ ^ dt . 

(c) The total energy of the particle 

E = T +V = \m{r 2 + r 2 0 2 ) - - = (r 2 + ^ _ - 

2 r 2 V r 2 ) r 

where h = r 2 6 = pg/m = constant, is a constant. The above gives 

m \ r ) 


h l 

r2 
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or 


1 2 Er 2 2 kr 77 

r = ±-\ -1- h 1 

r V m m 




+ 


mh 2 


2 E ’ 


where it should be noted that E < 0 for bound orbits. 

For a bound orbit, r_ < r < r + . The extreme values of r are given by 
r = 0, i.e. 

2 kr mh 2 


r + — 


E 2 E 


= 0 . 


Writing this as 

r 2 — ar + b = 0 , 

where a,b are positive numbers a = — k/E , b — —mh 2 /2E, we have 

r± = ^ (a ± \/a 2 - 46) . 


Then 


J T J g — J> —dt = </ —dr 
/ r / rr 

-*/ 


kdr 




+ 


mh 2 

2E 




dr 


¥ 


+ 


mh 2 

2F 


= 2fc 


m /"’+ 

^ Jr 


dr 


—2E J r _ y/—r 2 + ar — b 


, / m / 27r 2 mfc 2 


using the value given for the integral, 
(d) As E is a constant, we have 


-E = -E = -(T + V) = -(7 1 - 2T)T , 
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giving 



2009 

Two identical discs of mass M and radius R are supported by three 
identical torsion bars, as shown in Fig. 2.8, whose restoring torque is 
r = —k8 where k = given torsion constant for length l and twist angle 
8 . The discs are free to rotate about the vertical axis of the torsion bars 
with displacements 61,82 from equilibrium position. Neglect moment of 
inertia of the torsion bars. For initial conditions #i(0) = 0, 6 2 (0) = 0, 
81 (0) = 0, # 2 ( 0 ) = fl = given constant, how long does it take for disc 1 to 
get all the kinetic energy? You may leave this in the form of an implicit 
function. 

( UC, Berkeley) 



Fig. 2.8. 


Solution: 

If / is the moment if inertia of each disc, the Lagrangian of the system 
is 

L = \l{8\ + 8\) - !*[«» + 8\ + (8 1 - 0 2 ) 2 ] . 
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The two Lagrange’s equations are 

I9i + fc(20, - 0 2 ) = 0 , 

I0 2 + k{29 2 — 6>i) = 0 . 

These combine to give 

I(6\ + 0 2 ) + k{9\ + 0 2 ) = 0 , 

l(0i - 0 2 ) + 3 fc(0i - 62) = 0 . 
The solutions are respectively 



The initial conditions 


61 + 62 — 0, 0i - 62 = 0 at t = 0 
give <p + = ip- = 0. The conditions 

0i -4- 62 = 0i — 02 — —O at t — () 


give 


Hence 




Only when 0 2 = 0, i.e. after a time t given by 


cos 




will disc 1 get all the kinetic energy. 
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It should be noted that the kinetic energy of the system is not a constant. 
When t satisfies the above equation, disk 1 does take all the kinetic energy 
of the system at that time. However, this kinetic energy varies from time 
to time this happens. 


2010 

A thin, uniform rod of length 2 L and mass M is suspended from a 
massless string of length l tied to a nail. As shown in Fig. 2.9, a horizontal 
force F is applied to the rod’s free end. 

Write the Lagrange equations for this system. For very short times 
(so that all angles are small) determine the angles that the string and the 
rod make with the vertical. Start from rest at t = 0. Draw a diagram to 
illustrate the initial motion of the rod. 

( UC, Berkeley) 



Fig. 2.10. 
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Solution: 

As the applied force F is horizontal and initially the string and rod 
are vertical, the motion is confined to a vertical plane. Take Cartesian 
coordinates as shown in Fig. 2.10 and denote the angles made by the string 
and the rod with the vertical by (h • d 2 respectively. The center of mass 
of the rod has coordinates (/ sin 8 \ + L sin d 2 , — / cos 8 X — L cos 62 ) and thus 
velocity ( 18\ cos 8 X + L 8 2 cos 82,181 sin 8 \ + L9 2 sin 8 2 ). Its moment of inertia 
about a perpendicular axis through its center is ML 2 pi. Hence its kinetic 
energy is 

T = \m[1 2 8 2 + L 2 8 l + 2 LW 1 O 2 cos(0! - 0 2 )\ + ];ML 2 dl 
2 6 

and its potential energy is 

V = -Mg{lcos 8 \ + L cos 8 2 ) ■ 

The potential U of the horizontal force is by definition 

U = - J F • dr = -F(lsinOi + 2Lsin0 2 ) • 

The Lagrangian is therefore 
L = T — V — U 

= i M[l 2 8 j + L 2 8 l + 2£J0i0acos(0i - 0 2 )] + ^ML 2 9j 
+ Mg(l cos 6 \ + L cos 82 ) + F(l sin#i + 2Lsin0 2 ) 

Lagrange’s equations 



M 19 \ + ML8 2 cos(6b — 82) + ML8 2 sin($i — 0 2 ) 
+ Mg sin 9 \ - F cos 8\ = 0, 

^ ML82 + Midi cos(^i — 82) — M 18 2 sin(^i — 8 2 ) 
+ Mg sin 82 — 2 F cos 82 = 0 . 


then give 
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Note that if F is small so that 0\, 02 > 0u 02 can be considered small then, 
retaining only first order terms, the above become 

Ml'^ + ML9 2 + Mg 6 \ -F = 0, 

\ML 62 + Midi + Mg 6 2 - 2F = 0 . 

The motion starts from rest at t = 0. For a very short time At 
afterwards, the force can be considered as giving rise to a horizontal impulse 
FAt and an impulsive torque FLAt about the center of mass of the rod. 
We then have 

FAt = M(l0i cos 0i + L0 2 cos 02 ) 

« MWi + ML0 2 , 


as the angle 0 i ,02 are still small, and 

FLAt = \ML 2 9 2 . 

u 

Eliminating FAt from the above, we have 

As 0i = 0i At « 0i At/2, 02 « 02&t/ 2, the above gives 

2L. 

dl *~3f 2 ' 

The initial configuration of the system is shown in Fig. 2.11. 



Fig. 2.11. 
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2011 

Consider a binary star system. 

(a) Write the Lagrangian for the system in terms of the Cartesian 
coordinates of the two stars ri and r 2 . 

(b) Show that the potential energy is a homogeneous function of the 
coordinates of degree —1, i.e. 

V(ar 1 ,ar 2 ) = a _1 F(ri,r 2 ) , 


where a is a real scaling parameter. 

(c) Find a transformation which leaves the Lagrangian the same up to a 
multiplication constant (thereby leaving the physics unchanged) and thus 
find Kepler’s third law relating the period of revolution of the system to 
the size of its orbit. 

( Chicago ) 


Solution: 

(a) Let r 1( r 2 be the radius vectors of the binary stars, masses mi,m 2 
respectively, from the origin of a fixed coordinate frame. Then 


T = 


^i|ri | 2 + im 2 |r 2 | 2 , 


Gmim 2 

l r i -r 2 | ’ 


and the Lagrangian is 

L = T- V = i (milrij 2 +m 2 |r 2 | 2 ) + 


(b) 


V(ari,ar 2 ) = - 


Gmim 2 
ari — ar 2 


1 GmiTO 2 
a |ri - r 2 | 


— K(ri,r 2 ) , 
a 


i.e. the potential energy is a homogeneous function of the coordinates of 
degree —1. 

(c) Let R be the radius vector of the center of mass of the binary system 
from the origin of the fixed coordinate frame, and r(, r' 2 be the radius vectors 
of mi,m 2 from the center of mass respectively. By definition 


(mi + m 2 )R = m 2 r! + m 2 r 2 , 
ri = R + r'j, r 2 = R + r 2 , 
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80 


m 2 r 


r' 

r 2 


m ir 


mi + m 2 

where r = r x - r 2 = rj - r 2 . 

We can then write the Lagrangian as 

mi 4- m 2 


mi 4- m 2 


L = 


\w + 


mim 2 


2(m 2 + m 2 ) 


iiia , Gmim 2 
4-r-i— 


As L does not depend on R = (x, y, z) explicitly, dL/dx, dL/dy, dL/dz 
and hence (m 1 4-m 2 )R are constant. Therefore the first term of L, which is 
the kinetic energy of the system as a whole, is constant. This terms can be 
neglected when we are interested only in the internal motion of the system. 
Thus 

2 + -W-J 

l raj |.| 2 + Mnpy 

'1... Iii2 , Gmi(mi + m 2 )' 

_ mi | r | +- - -j , 

which may be consider as the Lagrangian, apart from a multiplicative 
constant, of the motion of one star in the gravitational field of a fixed star 
of mass mi 4-m 2 . Let mi be this “moving” star and consider its centripetal 
force: 

ntirO 2 = Gmi < m : + ma ) , 



T 2 _ 4n 2 

r 3 G(m i 4- m 2 ) 

where T — 2n/$ is the period of mi about m 2 , which is Kepler’s third law. 
The same is of course true for the motion of m 2 about mi. 


2012 

Two thin beams of mass m and length l are connected by a frictionless 
hinge and a thread. The system rests on a smooth surface in the way shown 
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in Fig. 2.12. At t = 0 the thread is cut. In the following you may neglect 
the thread and the mass of the hinge. 

(a) Find the speed of the hinge when it hits the floor. 

(b) Find the time it takes for the hinge to hit the floor, expressing this 
in terms of a concrete integral which you need not evaluate explicitly. 

( Princeton) 



Fig. 2.12. 


Solution: 

(a) Due to symmetry, the hinge will fall vertically. Take coordinates as 
shown in Fig. 2.12 and let 9 be the angle each beam makes with the floor. 
Then the centers of mass of the beams have coordinates 


Xl = -I cos#, 

2/i = sin# , 

1 , 

x 2 = — -l cos#, 

1, • „ 

y 2 = -ism# , 

and velocity components 


x i = -^f#sin#, 

y x = i/# COS# 

x 2 = ^i#sin#, 

2/2 = ^i#cos# 


Each beam has a moment of inertial ml 2 /12 about a horizontal axis through 
its center of mass. The Lagrangian of the system is 
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L = T-V 


i ml 2 9 2 + ^ml 2 9 2 — mgl sin 0 


= ^ ml 2 9 2 — mgl sin 0 . 


Lagrange’s equation 

Then gives 

As 

x Id* 

2 dO 

the above integrates to 


1 fdA _ dL _ 0 

dt V d0 ) d0 ~ 


9 + COS 0 = 0. 


and 


02 % 


0 = 0 when 0 = 30°, 


0 2 = 2/(1 _ 2sin0) . 

Hence when the hinge hits the floor, 0 = 0 and 

% 

21 


* \l OI > 


i.e. 


M = |w| = \J^ ■ 

(b) The time taken for the hinge to hit the floor is given by 

d9 


r° d0_ _di 

J 30° 0 J 30° _y/|a(l 


2 sin 0) 





30° 


d0 


3<; y 0 1 - i sin 0 ‘ 


2013 

A uniform rod of the length L and mass M moves in the vertical 
xz-plane, one of its end-points. A being subject to the constraint z = 
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x tan a (a = constant inclination to the horizontal x-axis). Derive the 
Lagrangian equations of motion in terms of the generalized coordinates 
qi = s and <72 = 9 (see Fig. 2.13). Use these to determine if a pure 
translational motion (9 = constant) is possible and, if so, for which values 
of 0 . 

( Princeton) 



Fig. 2.13. 


Solution: 

The coordinates and velocity components of the center of mass of the 
rod are 


x = s cos a — -L sin 9 , z = s sin a — - L cos 9 


x = scos a — i.L0cos0, z = ssina + ^-LBsmG , 

z z 


and the moment of inertia of the rod about a perpendicular axis through 
the center of mass is ML 2 / 12, so the Lagrangian is 


L = T-V 

= ^M(x 2 + z 2 ) + i^ML 2 9 2 - Mgz 

— -M[s 2 — Ls9cos(6 + a)] + -Ml?9 2 
2 6 

Lagrange’s equations 

d fdL\ dL 


Mg ^ssina — ^Lcos#^ . 
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then give 

s — }rL6cos(9 + a) + ^L9 2 sin(0 + a) + gsina = 0 , 

4 z 

2 

scos(# + a) — -Ld — 5 sin# = 0 . 

If the motion is pure translational, 6 = constant, 6 = 0, 6 = 0 and the 
above become 


Eliminating s gives 

or 


s + g sin a = 0, 
s cos (6 + a) — g sin 6 ~ 0 . 

sin a cos [6 + q) = - sin 6 , 

0 = —a . 


2014 

A spherical pendulum consists of a point mass m tied by a string of 
length l to a fixed point, so that it is constrained to move on a spherical 
surface as shown in Fig. 2.14. 

(a) With what angular velocity will it move on a circle, with the string 
making a constant angle 9q with the vertical? 

(b) The mass in the circular orbit as in part (a) above receives an 
impulse perpendicular to its velocity, resulting in an orbit which has its 
highest point with the string making an angle 9\ with the vertical. Write 
down (but do not try to solve) the equation which may be solved for the 
angle the string makes with the vertical when the mass is at its lowest point. 

(c) For the case in which the amplitude of the oscillations about #o is 
small, solve for the frequency of these oscillations. 

( Princeton ) 

Solution: 

Use a rotating coordinate frame, as shown in Fig. 2.14, with the z-axis 
vertical and the x-axis in the vertical plane containing the string and mass 
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z 



Fig. 2.14. 


to. The mass has coordinates (l sin 9,0,—l cos 9), where 9 is the angle which 
the string makes with the vertical. Let tp be the angular velocity of m about 
the z-axis. The velocity of m in a fixed frame is given by 

v = r + ip x r , 


with 

r = (I9cos9,0,l9sm6), <p = (0,0,<p). 
The Lagrangian is then 

L = T — V - -tow 2 — mgz 


= ^m(/ 2 # 2 + l 2 ip Q sin 2 9) + mgl cos 9 . 


Lagrange’s equations 


d_ (dL\ _ dL 

dt \dqi) dqi 


give 


9 — ip 1 sintfcostf 4- j sin# = 0, 
ip sin 2 9 = constant . 


(a) For circular motion with constant angle 9 = 9o, 9 = 0 and Eq. (1) 
gives 


V : 


l cos 9{) 


= u> , say . 
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The equations of motion can now be written as 

i p sin 2 9 = to sin 2 Oo , 

** cos 0 

9 - to 2 sin 4 Oo — 3 —t- w 2 cos 9o sin 9 = 0 . 
sin 9 

As 9 = d0 2 /2d0, Eq. (1) can be integrated to 

•*> to 2 sin On <) 

0 2 =-+ 2 ur cos 9 0 cos 9 + K . 

sin 2 9 

At the highest point of the orbit of m, 9 = 0 and 6 = 9\, giving 


( 1 ) 


K=J 2S ^-~ 2to 2 


sin 2 9i 


2 wq cos 9q cos 9\ . 


At the lowest point, 0 = 0, 9 = 0 2 , and we have 
sin 4 6*o 


cos 0o 


(~An - At) + 2 (cos 02 -cos6>i) =0 , 

\ sin 9 1 sin 0 2 ) 


which may be solved for 0 2 in terms of 9 0 and 6\. 

(c) Let 9 = a + 9 0 with a <C 9 0 ■ As 

cos 9 w cos 9q — a sin 6$, sin 9 w sin Oo + at cos 9q , 

cos 9 COS0 O (1 - atan^o) cos0 o r . . 

sin 3 9 sin 3 9 n (l + a cot #o) 3 sin 3 9q 

with 9 — a, Eq. (1) reduces to 

at + u> 2 sin0ocos0o[a(tan0o + 3 cot Oq) - 1 + 1 + a cot 6q] = 0 , 


i.e. 


or 


a + w 2 (sin 2 0 Q -f 4 cos 2 9o)ot = 0 , 


a + ai 2 (l + 3 cos 2 0o)ot = 0 . 
Hence 9 oscillates about Oq with angular frequency 


/-s-t- jg( 1 + 3 cos 2 Oo) 

- to\/l + 3cos 2 0q = «/- - --- . 

v | IcosSo 
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2015 

A spring pendulum consists of a mass m attached to one end of a 
massless spring with spring constant k. The other end of the spring is tied 
to a fixed support. When no weight is on the spring, its length is l. Assume 
that the motion of the system is confined to a vertical plane. Derive the 
equations of motion. Solve the equations of motion in the approximation 
of small angular and radial displacements from equilibrium. 

(SUNY, Buffalo ) 


y 



Fig. 2.15. 


Solution: 

Use coordinates as shown in Fig. 2.15. The mass m has coordinates 
(r sin 6, —r cos 8) and velocity components (rO cos 0 f r sin 6, rO sin 6 -r cos 9) 
and hence kinetic energy 

T = ^ro(r 2 + r 2 9 2 ) , 

and potential energy 

V = ^/c(r — l) 2 — mgr cos# . 

The Lagrangian is therefore 

L — T — V = i m(r 2 + r 2 6 2 ) — - k(r — l) 2 + mgr cos 6 . 

2 2 

Lagrange’s equations 

d fdL\ dL „ 
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then give the equations of motion 

mr — mrQ 2 + k(r — l) — mg cos 0 = 0, 
rO + 2 fO + g sin 0 = 0 . 


The equilibrium position in polar coordinates (ro, 6 0 ) is given by r = 0 — 0, 
f = 0 = 0, namely, 

0o = 0, r ° = 1 + “Jr • 

For small oscillations about equilibrium, 0 is a small angle. Let p = r—ro 
with p ro and write the equations of motion as 

mp — m(ro + p)o + kp = 0 , 

(r 0 4- p)9 + 2 p0 + gd = 0 , 


or, neglecting higher order terms of the small quantities p } p, 0, 

k n 

P+—P = ° . 
m 

0 + —0 = 0 . 
ro 

Thus both the radial and angular displacements execute simple harmonic 
motion about equilibrium with angular frequencies y/k/m, y/g/r 0 respec¬ 
tively. The solutions are 



and 


0 = B cos 


kg 


kl + mg 




where the constants A, <pi, B, sue to be determined from the initial 
conditions. 
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2016 

A particle is constrained to be in a plane. It is attracted to a fixed point 
P in this plane; the force is always directed exactly at P and is inversely 
proportional to the square of the distance from P. 

(a) Using polar coordinates, write the Lagrangian of this particle. 

(b) Write Lagrangian equations for this particle and find at least one 
first integral. 

( SUNY, Buffalo) 

Solution: 

(a) Choose polar coordinates with origin at P in the plane in which the 
particle is constrained to move. The force acting on the particle is 



k being a positive constant. Its potential energy with respect to infinity is 

V = - [ F ■ dr — . 

Joe r 

The kinetic energy of the particle is 

T = ^m(r 2 + r 2 0 2 ) . 

Hence the Lagrangian is 

L = T —V = \m(f 2 + r 2 0 2 ) + - . 

2 r 

(b) Lagrange’s equations 



then give the equations of motion 

k d 

mr H—^ = 0, —( mr 2 0) = 0 . 

r 1 dt 

The second equation gives immediately a first integral 

mr 2 d = constant , 


which means that the angular momentum with respect to P is conserved. 
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2017 

Consider two particles interacting by way of a central force (potential 
= V(r ) where r is the relative position vector). 

(a) Obtain the Lagrangian in the center of mass system and show that 
the energy and angular momentum are conserved. Prove that the motion is 
in a plane and satisfies Kepler’s second law (that r sweeps out equal areas 
in equal times). 

(b) Suppose that the potential is V = kr 2 /2, where k is a positive 
constant, and that the total energy E is known. Find expressions for the 
minimum and maximum values that r will have in the course of the motion. 

(. SUNY ; Buffalo) 


y 



Fig. 2.16. 


Solution: 

As the forces acting on the particles always direct along the line of 
separation, the motion is confined to whatever plane the particles initially 
move in. Use polar coordinates in this plane as shown in Fig. 2.16 with 
origin at the center of mass of the particles. By definition of the center of 
mass, 

m;ri + m2T2 = 0 , 


i.e. 


m\Ti = —m.2T2 , 


or 


miri = m2 r 2 


for the magnitudes. 
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(a) The kinetic energy of the particle are 

T=^N 2 + ^|r 2 | 2 


m 2 | • ,2 , m2 .2 

2^-N +— |r 2 | 


m 2 (m 1 + m 2 ).. |2 m\ 2 

= -to,- W ' 

where fj, = mim 2 /(mi + m 2 ) is the reduced mass of the system. The 
potential energy is 

v (n+r! , = r(^i + r s ) = v(^) . 


Hence the Lagrangian is 


L = T — V 


+ rW-v(^), 


using r 2 and 6 as the generalized coordinates. 

The Lagrangian L does not depend on t explicitly. So 

dT dL.\ 

dt dt d<lj/ 

__ sr~\ dL dqj d ( dL \ . 

dqj dt dt \dqj) _ 

d dL , 

dt ^-r / dqj ^ ’ 

3 J 

use having been made of Lagrange’s equations. Hence 


E uL , 

TrrQi — L = constant . 
s d <h 


In the present case, 


dL . m 2 r 2 dL- m 2 r 2 6 2 

77T-r 2 = ——, e= 2 2 - 

dr 2 ii dd ti 
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and the above gives 

(r 2 2 + r 2 0 2 ) —T+V — (rf + r 2 e 2 ) + V 
= T + V = constant , 


showing that the total energy is conserved. Note that this proof is possible 
because V does not depend on the velocities explicitly. 

As L does not depend on 6 explicitly, Lagrange’s equation gives 


dL 

86 


m 2 r 2 6 


= constant = J , say . 


The angular momentum of the system about the center of mass is 


7711 


(J- 


Hence the angular momentum is conserved. The above also implies 


r 2 d = (r j + r 2 ) 2 6 = r 2 0 


tn\r\6 

M 2 


= constant 


i.e. 


r 2 A0 2 AS 


At 


At 


= constant 


where AS is the area swept out by r in time At. Thus Kepler’s second law 
is satisfied. 

(b) The total energy 


E = T + V — 





2 fi 2m 2 r 2 



can be written as 


„ 1 .2 J 2 1 1,2 

E =2 f ‘ r + 2-^ + 2 kr 


When r is a maximum or minimum, f = 0. Hence the extreme values of r 
are given by 

kfir 4 — 2 Efj,r 2 + J 2 = 0 . 
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A particle is attracted to a force center by a force which varies inversely 
as the cube of its distance from the center. Derive the equations of motion 
and solve them for the orbits. Discuss how the nature of the orbits depends 
on the parameters of the system. 

(SUNY, Buffalo) 

Solution: 

As the particle moves under a central force its motion is confined to 
a plane. We use polar coordinates in this plane with origin at the force 
center. For the force 

kr 

F =- 

r 4 * 

where A; is a positive constant, the potential energy is 


V(r) = - f 

J oo 


F • dr = — - 


Hence the Lagrangian is 


L = T-F=im(r 2 + r 2 0 2 ) + A. 


Lagrange’s equations 


then give 


(S-B- 


mr 2 d = b , (a constant) , 

•• A O fc 

mr — mrv H—7=0. 

Let u = -. The first equation becomes 

0 = — . 
m 


d /1 \ 1 du ■ b du 

dt \u) u 2 d6 m dO ’ 


b d 2 u ■ b 2 u 2 d?u 

m dO 2 m 2 d6 2 ' 
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the second equation becomes 

d 2 u 
dff 2 

Hence, if b 2 > mk, 


+ 


(*-£)—• 


i.e. 


if b 2 < mk, 


i.e. 


u = — cos 

r 0 


r cos 




= r o ; 


u = — cosh 
To 


[mk 

Vi?- 


1 (0 - 0 O ) 


r cosh 


Irak 

vV~ 


i («- flb) 


= r 0 • 


Here (r 0 , 0 q) is a point on the orbit. 


2019 

Assume the Lagrangian for a certain one-dimensional motion is given 
b y 

L = ^ ? ~ \ kq J ’ 

where 7 ,m,k are positive constants. What is the Lagrange’s equation? 
Are there any constants of motion? How would you describe the motion? 
Suppose a point transformation is made to another generalized coordinate 
S, given by 

S = ex p(!)?. 

What is the Lagrangian in terms of S? Lagrange’s equation? Constants 
of motion? How would you describe the relationship between the two 
solutions? 


(8UNY, Buffalo) 
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Solution: 

Lagrange’s equation 


gives 


d_ /dL\ dL_ 
dt \ dq ) dq 

e^lmq + jmq + kq) = 0 , 


kq 

<7 + 7 qH-= 0 . 

m 

As L contains q, t explicitly, there is no constant of motion. 
Try solutions of the form q ~ e at . Substitution gives 


or + ya H-= 0 , 

m 


whose solutions are 


Write this as a = 

<0 l < Vs- 



— ^ ± b and consider the three possible cases. 
b is imaginary; let it be i/3. The general solution is 


q = e-? (Ae m + Be~ il3t ) , 


or 

q = (A 1 cos (3t + B' sin fit) , 


A, B, A ', B' being 
ing amplitude. 



constants. Thus the motion is oscillatory with attenuat- 
6 = 0 and we have 


_2i 

q = <7oe 3 


showing that the 
value qo at t — 0. 



motion is non-oscillatory with q attenuating from the 
6 = 0 and 


q = e -^{Ce bt + De~ bt ) 
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C and D being constants. This motion is also non-oscillatory and time¬ 
attenuating. 

The three cases can be characterized as underdamped, critically damped 
and overdamped. 

If we include the time factor in the generalized coordinate by a point 
transformation 

S = q, i.e. q = e~^S , 
the Lagrangian becomes 



Lagrange’s equation then gives the equation of motion 

S + u 2 S = 0 

with w 2 = k/m - (■y/2)' 2 . As S — integration gives 

S 2 + <jj 2 S 2 — constant . 

Hence there is now a constant of motion. Physically, however, the situation 
is not altered. As S, S both contain t implicitly, this constant actually 
changes with time. 

For 7/2 < y/k/m, u> 2 is positive, i.e. u) is real, and the equation of 
motion in S describes a simple harmonic motion without damping. For 
7/2 = y/k/m, u = 0 and the motion in S is uniform. For 7/2 > y/k/m , u> 
is imaginary and the motion is non-oscillatory with time attenuation. How¬ 
ever, as noted above, S contains a hidden attenuating factor exp(— 7 ^/ 2 ) 
which causes time attenuation in all the three cases. 

We may conclude that both sets of solutions describe identical physical 
situations but in the second set the attenuating time factor exp(— 7 t/ 2 ) is 
absorbed in the generalized coordinates and the treatment proceeds as if it 
were nonexistent. 


2020 

A bead of mass m slides without friction on a rotating wire hoop of 
radius a whose axis of rotation is through a vertical diameter as shown in 
Fig. 2.17. The constant angular velocity of the hoop is u). 
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(a) Write the Lagrangian for the system and find any constants of the 
motion that may exist. 

(b) Locate the positions of equilibrium of the bead for u> < u> c and 
u > u> c , where w c = \fg/o.. 

Which of these positions of equilibrium are stable and unstable? 

(d) Calculate the oscillation frequencies of small amplitude vibrations 
about the points of stable equilibrium. 

( UC, Berkeley ) 



Solution: 

(a) Use a rotating polar coordinate frame attached to the loop as shown 
in Fig. 2.17. In this frame, in additional to the gravitational force on the 
mass, mg, a fictitious centrifugal force f as shown has to be introduced. In 
polar coordinates 


f = (raw 2 r sin 2 0, mu; 2 r sin# cos 0) , 
mg = (mg cos 0 , -mg sin 0) . 


f can be expressed in terms of a potential Vf by 


f 



7 dOj ’ 


i.e. 


Vf = — \mr 2 u) 2 sin 2 0 . 
1 2 
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Similarly the gravitational potential is 


V g = —mgr cos 9 . 

The particle velocity is (r,r6). With the constraint r = a, the Lagrangian 
is 

L — T -V = - ma 2 9 2 + -ma 2 u 2 sin 2 9 + mga cos 9 . 

As dL/dt = 0 and V does not contain 9 explicitly, OdL /08 — L = constant 
(Problem 2017). Hence 


\-ma 2 9 2 — ^ ma 2 u> 2 sin 2 9 — mga cos 9 = constant , 


which means that T + V = constant. 

(b) Lagrange’s equation gives the equation of motion 


a9 - aw 2 sin 9 cos 9 + g sin 9 = 0 . 


At a position of equilibrium, 6 = 0, so 

sin 0 (au > 2 cos# - g) — 0 , 


or 


a sin 9{u) 2 cos 6 — w 2 ) = 0 


with ui 2 — £. 

c a 

If u < uj c , ui 2 cos 9 < ui 2 and hence sin 9 = 0, and we have two equili¬ 
brium positions at 9 = 0, it. 

If u > o/ c , we have in addition to the above positions an equilibrium 
position at 


cos 9 = ~-x 
w* 


9 

aw 2 


(c) Suppose 9o is an equilibrium position and let 9 = 9o + a, where a 
is a small quantity. The equation of motion reduces, retaining up to first 
order terms, to 


ad + (g cos 9q - aui 2 cos 2 0 o )a — aw 2 sin 9 0 cos 9q + g sin 9q = 0 , 
or, as 6 = 0 at 6 = 0 O , 

d + cos 0 q — cos 20 q j ot = 0 . 



504 


Problems & Solutions on Mechanics 


If w < y/gja, the coefficient of a is positive for the equilibrium at 6 0 = 0. 
So this is a position of stable equilibrium. The coefficient is negative for 
the equilibrium at 8q = rr, showing that it is an unstable equilibrium. 

If uj > s/g/a, equilibrium also occurs at cos#o — g/oiu 2 . In this case 
the coefficient of a is 

- cos Oq - 2 uj 2 cos 2 0o + u ) 2 = — j- f u > 4 - \ > 0 , 

a ur \ a 2 ) 

so that the equilibrium is a stable one. 

(d) The angular frequency of small vibrations about a point of stable 
equilibrium is 



2021 

Particles of mass mi and m 2 , connected by a light spring with spring 
constant k, are at rest on a frictionless horizontal surface. 

(a) An impulse I of very short duration is delivered to mi. The direction 
of the impulse is from mi to m 2 . How far will m 2 move before coming to 
rest for the first time? 

(b) Is it possible by delivering a short impulse to mi to have the system 
move from rest so that it is rotating without oscillation? Explain. 

( UC, Berkeley ) 

Solution: 

(a) Take the initial position of mi as origin and the direction from mi 
to m 2 as the positive direction of the x-axis. The Lagrangian of the system 
is ^ 

L=T -V = -mix 2 + -7712^2 “ 2 fc ( X2 “ Xl ~ ’ 
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where l is the natural length of the spring, being equal to x-± — x\ at t = 0. 
Lagrange’s equations 



give 


miXi = k(x 2 — xi — l) , 
1712X2 = —k(x2 — xi — l) . 


From the above, we obtain 


X2 ~ Xi = - 


fc(mi + m 2 X 2:2 - *1 - 0 


m\TTi2 


or, by setting u = X2 — X\ - l, u > 2 = &(mi + 

il + u 2 u = 0 . 


The general solution is 


u = a cos(w t + a) , 


giving 


X2 - xi — l = acos(u>t + a) , 


where a and a are constants. The initial conditions x\ = 0, x 2 = l, 
xi = //mi, ±2 = 0 at t — 0 then give 

a cos a = 0 , 


au> sin a — 


with solution 


Hence 


m 1 


7 r / 

a = -, a = - 

2 rriiuj 


X 2 — xi = / H-— cos (u>t + ^ . 

raiu; V 2/ 

Conservation of momentum gives 

771 1 X 1 + ?7l2X2 = I ■ 

Integrating and applying the initial conditions we obtain 


( 1 ) 


miXi + m 2 x 2 = 7112 / + It . 
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This and Eq. (1) together give 


and thus 


x 2 =l + 


= 


It 


I sin(tot) 


mi + m 2 (mi + m 2 )u) 

I I cos (tot) 


mi +m 2 mi + m 2 
When m 2 comes to rest for the first time, x 2 = 0, and the above gives 
cos(tof) = 1 for the first time. Hence when m 2 comes to rest for the first 
time, 


to 


At that time m 2 has moved a distance 


x 2 -l — 


2t rJ 


u(mi + m 2 ) 


= 2 nl 


mim 2 


(mi + m 2 ) 3/2 . 


(b) If the impulse given to mi has a component perpendicular to the line 
joining the two particles the system will rotate about the center of mass, in 
addition to the linear motion of the center of mass. In a rotating frame with 
origin at the center of mass and the tr-axis along the line joining the two 
particles, there will be (fictitious) centrifugal forces acting on the particles in 
addition to the restoring force of the string. At the positions of the particles 
where the forces are in equilibrium the particles have maximum velocities 
on account of energy conservation (Problem 2017). Hence oscillations will 
always occur, besides the rotation of the system as a whole. 


2022 

A sphere of mass M and radius R rolls without slipping down a triangu¬ 
lar block of mass m that is free to move on a frictionless horizontal surface, 
as shown in Fig. 2.18. 

(a) Find the Lagrangian and state Lagrange’s equations for this system 
subject to the force of gravity at the surface of the earth. 

(b) Find the motion of the system by integrating Lagrange’s equation, 
given that all objects are initially at rest and the sphere’s center is at a 
distance H above the surface. 


(1/(7, Berkeley) 
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y 



Fig. 2.18. 


Solution: 

(a) Use a fixed coordinate frame as shown in Fig. 2.18 and let 6 be the 
angle of rotation of the sphere. As the sphere rolls without slipping down 
the inclined plane, its center will have coordinates 

(x + (£o + Rff) cos <p,H - R0 sin if) 


and velocity 


(x + R0 cos <f, - R0 sin if) . 


Note that at t = 0, x = 0 , 6 = 0, £ = £o, y — H, x = 0 = 0. Then the 
Lagrangian is 

L = T — V — + ^M(i 2 4- R?6 2 + 2RxO cosy?) 

Z Z 

^ ' rr >Z nl 


+ -MR 2 6* — Mg(H - Ji0sin<p) . 
5 


Lagrange’s equations 


d_ (d_L\ _dL_ Q 

dt \dqi) dqi 


give 


(to + M)x + MR0 cos ip — 0 

7 •• 

xcosy> 4- -R6 - 5 sin if = 0 
5 

(b) Eliminating x from the above gives 

M cos 2 if'' 


(1 Mco£if\f t _ gsinif 
\5 “ m+M~) ~ R ’ 
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or, on integration and use of initial conditions, 

5(m + M) sin <p gt 2 
2\7(m + M) - 5 M cos 2 <p\ R 


and thus 

MRcosip 5Msin(2<p) 2 

X m + M 4[7(m + M) - 5Mcos 2 <p]^ 

Note that, as the sphere rolls down the plane, the block moves to the left 
as expected from momentum conservation. 


2023 

Two mass points mi and m 2 (mi ^ m 2 ) are connected by a string of 
length l passing through a hole in a horizontal table. The string and mass 
points move without friction with mi on the table and m 2 free to move in 
a vertical line. 

(a) What initial velocity must mi be given so that m 2 will remain 
motionless a distance d below the surface of the table? 

(b) If m 2 is slightly displaced in a vertical direction, small oscillations 
ensue. Use Lagrange’s equations to find the period of these oscillations. 

( UC, Berkeley) 


z 



Fig. 2.19. 
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Solution: 

(a) mi must have a velocity v perpendicular to the string such that the 
centripetal force on it is equal to the gravitational force on m 2 : 

miir 2 

T^d = 17129 ' 

or 


(b) Use a frame of polar coordinates fixed in the horizontal table as 
shown in Fig. 2.19. m 2 has 2 -coordinate — (Z — r) and thus velocity r. The 
Lagrangian of the system is then 

L = T -V = ^mj(r 2 + r 2 # 2 ) + ^m 2 r 2 + m 2 g{l - r) . 

Lagrange’s equations give 
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and the above equation becomes 


P + 


3 m 2 ff 

(mi + m 2 )(/ - d) 


P = o. 


Hence p oscillates about O, i.e. r oscillates about the value 
angular frequency 


u> = 


3 m 2 g 


(mi + m 2 )(l - d) 


— d, with 


or period 


T = 2tt4 


' (mi + m 2 )(l - d) 


3m 2 fl 


2024 

Two rods A/J and BC, each of length a and mass m, are frictionlessly 
joined at B and lie on a frictionless horizontal table. Initially the two rods 
(i.e. point A, B, C) are collinear. An impulse P is applied at point A in 
a direction perpendicular to the line ABC. Find the motion of the rods 
immediately after the impulse is applied. 

( Columbia ) 

/ 



Fig. 2.20. 


Solution: 

As the two rods AB, BC are freely joined at B, take coordinates as 
shown in Fig. 2.20 and let the coordinates of B be (x, y). Then the center 
of mass of BC has coordinates 
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and velocity 


^a: + ^asin0i,y 4- ^acosflx^ 


x + \aOi cos Oi,y — ^a<?x sin 6 \ ) 

L £ j 


and that of AB has coordinates 


and velocity 


+ ^asin0 2 ,i/ + ^acos0 2 ^ 

+ ia <?2 cos 0 2 , y - ^a0 2 sin 9^j . 


Each rod has a moment of inertia about its center of mass of ma 2 /12. Hence 
the total kinetic energy is 


r-i m 


x 2 + y 2 + -a 2 <? 2 + afli(±cos0i — y sinflx) 


+ ^ ma ^i 


+ \m \x 2 + y 1 + i a 2 Of + a0 2 (xcos 62 - y sin 0 2 )] + ~ma 2 ^ 


24 


= J^2(x 2 + y 2 ) + ax( 6 \ costfx + 0 2 cos# 2 ) - ay{ 0 \ sin fix + # 2 sin# 2 )j 


+ ^ma 2 (0 2 + 0 2 ) . 
o 

The impulse P is applied at A in a direction perpendicular to the line 
ABC. Thus the virtual moment of the impulse is PS(y -f acos 0 2 ) and the 
generalized components of the impulse are 

Q x = 0, Q v ~ P 1 Qe 1 = 0 , Qe 2 = ~aP sin 9 2 ■ 


Lagrange’s equations for impulsive motion are 



where i, f refer to the initial and final states of the system relative to the 
application of impulse. Note that at t = 0 when the impulse is applied, 
9\ = — 7r/2, 02 = 7 t/2 . Furthermore, for the initial state, 9\ = 0 2 = x — y = 
0. As 
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2' 71 ' 

1 

2 T 


dT l 

= 2 mx H— ma(Oi cos(?i + 0 2 cos 02 ) 
ox 2 


Lagrange’s equations give 


dT l 

— = 2my — ~ma(0i sin0i + 02 sin 02) , 

dT 1 1 i 

—— = -max cos0 \ — -may sin 0i + -ma 2 0\ , 
d0\ 2 2 3 

dT \ . n l I 2n 

—— = -max cos0 2 - -may sin 0 2 + -ma 0 2 , 
d0 2 2 2 3 


The solution is 


2 mx = 0 , 

2 my + ^ ma(0\ — 0 2 ) = P , 

l may + ^ ma 2 0\ = 0 , 

/ t) 

-]-may ^ ma 2 0 2 = -aP . 

is O 


: o, y 


P 0 - 3P <9 - 
_ -, Ui — --, t>2 — 

m 2ma 2 ma 


9P 


,n ima ima 

Hence immediately after the application of impulse, the center of mass 
BC has velocity 

(i,y + j«*i) = (o,—) , 

and that of AB has velocity 

(x,y- ^a0 2 ^ = (o, 


of 


5 P\ 

’’ 4m / 


2025 

Consider a particle of mass m moving in a plane under a central force 

N k k' 

F( r ) ~ „2 + ~3 


(assume k > 0). 
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(a) What is the Lagrangian for this system in terms of the polar 
coordinates r, 6 and their velocities? 

(b) Write down the equations of motion for r and 0, and show that the 
orbital angular momentum Z is a constant of the motion. 

(c) Assume that Z 2 > -mk'. Find the equation for the orbit, i.e. r as a 
function of 0. 

( Columbia ) 

Solution: 

(a) As 



The Lagrangian is then 

L = T-V= 1 -m(r* + rW) + l i-£ i . 

(b) Lagrange’s equations give the equations of motion 

m(r-re 2 ) + ^-^=0 , ( 1 ) 

m{rO + 2 rd) = 0 . 


The second equation has first integral mr 2 6 = constant. This quantity is 
the angular momentum of the mass about the origin Z = r • mrO. 

(c) Let it = r' 1 . As r = u~ 2 , 


, _o du i o du Z 

r = -u 2 —0=- u - 2 — —- 
d6 do mr 2 


l du 
m d6 ’ 


Z dPu- l 2 2 d 2 u 

m dd 2 m 2 U d8 2 ’ 


mrO 2 = —- 
mr 6 

Eq. (1) becomes 

cPu 


l 2 u 3 
m ’ 


mk' N 


mk 
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A special solution is 


mk ( l 2 \ 
\l 2 + mk') 


mk 


l 2 \l 2 + mk'J l 2 +mk' 


As l 2 > —mk ', i.e. > — 1, 


, mk' 

1 + ir>» 


and the general solution is 


mk' 


u — A cos ( \l 1 + —— 9 + a I + 
l i 


mk 


l 2 + mk' 


where A, a are constants. By a suitable choice of coordinates, a can be put 
to zero. Hence the equation of the trajectory can be written as 


A cos 



+ 


mk 


l 2 + mk' 


-l 


2026 

A point particle of mass m is constrained to move frictionlessly on the 
inside surface of a circular wire hoop of radius r, uniform density and mass 
M. The hoop is in the xy-plane, can roll on a fixed line (the x-axis), but 
does not slide, nor can it lose contact with the x-axis. The point particle 
is acted on by gravity exerting a force along the negative y- axis. At t = 0 
suppose the hoop is at rest. At this time the particle is at the top of the 
hoop and is given a velocity vq along the x-axis. What is the velocity v/, 
with respect to the fixed axis, when the particle comes to the bottom of 
the hoop? Simplify your answer in the limits m/M —» 0 and M/m —> 0. 

( Columbia) 

Solution: 

Use a fixed coordinate frame as shown in Fig. 2.21 and let the coordi¬ 
nates of the center of the hoop be (x, y). Then the mass to has coordinates 


(x T r sin 6, r 4- r cos 9) 
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y 



Fig. 2.21. 


and velocity 

(x + rO cos 9, —r6 sin 9) . 

As the hoop has moment of inertia Mr 2 , the system has kinetic energy 
T = ~m(x 2 + r 2 9 2 + 2rx9cos9) + -Mi 2 + -Mr 2 

2 2 2 \r) 


and potential energy 


V = mg(r 4- r cos 9) . 


Hence the Lagrangian is 

L — T —V = Mx 2 + ^m(£ 2 -I- r 2 9 2 + 2rx9cos6) - mgr( 1 + cos 9) . 

As dL/dx = 0, Lagrange’s equation gives 

(2M + m)x + mr9 cos 9 = constant . (1) 

At t = 0, m is at the top of the hoop, x = 0, 9 = 0, r9 = Vq, giving the 
value of the constant as mv 0 . When m is at the bottom of the hoop, 9 = n, 
the velocity of the mass is 

Vf = x + r9 cos 7T = x — r9 , 


and Eq. (1) becomes 

2Mi -I- mvf = mvo . 

The total energy is conserved so that between these two points we have 
Mx 2 + — ~mvl + 2 mgr . 
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Eliminating x between the last two equations gives 

(2 M + m)v 2 f — 2mvoVf — [(2M — tti)vq + 8 Mgr] = 0 . 

The solutions are 

mv o ± 2y/M 2 ug + 2(2M + m)Mgr 
Vf = 2 M + m ' 

In the limit m/M —* 0, Vf —* ± \/vq + Agr. The negative sign is to be 
chosen as for M m, x is small and Vf ~ —rd. In the limit M/m —» 0, 
v f -* v 0 . 


2027 

(a) A particle slides on the inside of a smooth vertical paraboloid of 
revolution r 2 = az. Show that the constraint force has a magnitude = 

__ | 

constant • (l + • What is its direction? 

(b) A particle of mass m is acted on by a force whose potential is V(r). 

(1) Set up the Lagrangian function in a spherical coordinate system 
which is rotating with angular velocity ui about the z-axis. 

(2) Show that your Lagrangian has the same form as in a fixed coordi¬ 
nate system with the addition of a velocity-dependent potential U (which 
gives the centrifugal and Coriolis forces). 

(3) Calculate from U the components of the centrifugal and Coriolis 
forces in the radial (r) and azimuthal (</>) directions. 

( Wisconsin) 

Solution: 

(a) Use cylindrical coordinates ( r,ip,z) as shown in Fig. 2.22. In 
Cartesian coordinates the particle, mass m, has coordinates 

(r cos tp,r sirup, z) , 


velocity 


(r cos <p — r<p sin <p, r sin ip + rip cos ip, z) 
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z 



Fig. 2.22. 


and hence Lagrangian 

L — T - V = \rn(r 2 + r 2 <p 2 + z 2 ) - rngz . 

A 

The constraint equation is 

/(r, <p, z) = -r 2 4- az - 0 , 


or 


—2 rdr + adz = 0 . 


Lagrange’s equations 

±*k_t>L =Q 

dt dcii dqi 

where Qi are the generalized forces of constraint, then give, making use of 
Lagrange’s undetermined multiplier A, 


mr — mrip 2 = —2rA , 
mz + mg = aX , 
mr 2 <p = constant = J, say . 
2 

The equation of constraint z — — gives 

2rr 2rr 2r 2 

i - -, z --(- — . 

a a a 

Using Eqs. (3) and (4), we rewrite the total energy 


( 1 ) 

( 2 ) 

( 3 ) 


( 4 ) 
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which is conserved, as 



J 2 

m 2 r 2 



( 5 ) 


and Eq. (2) as 


— (2 rr + 2r 2 ) + mg = aA . 
a 


Making use of Eqs. (1) and (3), this becomes 

4 r 2 


aA I 1 + 


4r 2 \ 2mf 
a 2 / a 


2 2 J 2 

+ mp H-5 

mar 2 


Expression (5) then reduces it to 



The force of constraint is thus 


= constant ■ 



f = —2r Ae r + a\e z , 


of magnitude 


4 r 2 

f = aX \/ 1 + -^r 


= constant • 



3 

2 


This force is in the rz-plane and is perpendicular to the inside surface of 
the paraboloid. (It makes an angle arctan (—a/2r) with the r-axis while 
the slope of the parabola is 2 r/a). 

(b) As shown in Fig. 2.23, in spherical coordinates (r, 0 , <p) an infinites¬ 
imal displacement of the particle can be resolved as 


6r = (6r,r60,r6<p sin#) , 


and its velocity as 

r = (r, rd, r<fi sin 6) . 

(1) Suppose the coordinate frame rotates with angular velocity uj about 
the 2 -axis. Then the velocity of the particle with respect to a fixed frame 
is 

v' = r -f w x r , 
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z 



Fig. 2.23. 


so the kinetic energy of the particle is 

T = \m[T i +2r'wxr+(wx r) 2 ] . 

it 

Referring to the rotating frame and using spherical coordinates we have 

r = (r,0,0), 

(jj — (wcosO, ~u;sin0,O) , 
wxr = (0,0,wrsin 0) , 

2r • tv x r = 2u;r 2 i^sin 2 0 , 

(co x r) 2 = u> 2 r 2 sin 2 0 , 

r 2 = f 2 + r 2 0 2 + r 2 ip 2 sin 2 0 . 


Hence 

L = T-V 

= ^m(r 2 + r 2 0 2 + r 2 <p 2 sin 2 0 + 2wr 2 <^>sin 2 0 + u?r 2 sin 2 0) — V(r) . 

Note that this is the Lagrangian of the particle with respect to a fixed frame, 
which is to be used in Lagrange’s equations, using coordinates referring to 
the rotating frame. 

(2) The Lagrangian can be written as 

L = ^m(r 2 4- r 2 0 2 + r 2 tp 2 sin 2 0) — U — V 

A 


with 
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U = -^m(2wr 2 <^>sin 2 9 + uj 2 r 2 sin 2 9) . 

Thus L has the form of the Lagrangian the particle would have if the 
coordinate frame referred to were fixed and the particle were under a 
potential U + V, i.e. with an additional velocity-dependent potential U. 
(3) Write the Lagrangian as 

L = T'~U~V — L'-U^ 

where 

T' = - m(r 2 + r 2 0 2 + r 2 ip 2 sin 2 6) , 

V = T' -V 

are the kinetic and Lagrangian the particle would have if the coordinate 
frame referred to were fixed. Lagrange’s equations 



can be written as 

1 dL ' - d (f*L\ _ d£ = , 

dt \ dqi ) dqi dt \ dq t ) dq l 1 ' 

Q\ are the generalized forces that have to be introduced because of the fact 
that the frame referred to is rotating. Differentiating U we find 

Q' r = 2mu>r<p sin 2 9 + mu} 2 r sin 2 6 , 

Q' e = 2mur 2 ip sin 6 cos 0 + mu> 2 r 2 sin 6 cos 6 , 

Q' v = — 2mwrrsin 2 # — 2rru>jr 2 9sm6 cos9 . 

The generalized components Q' of a force F' are defined by 

= - 


F r 6r + Fgr69 + F lfi rsin96ip = Q r 6r -I- Qg60 + . 
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Hence 


F r = Q' r = 2 mcjrtp sin 2 9 + muP'r sin 2 9 , 

Q> 

F$ = — = 2mujrip sin 9 cos 9 + muj 2 r sin 9 cos 6 , 
r 

Q' 

F v = —= -2muf sin 0 - 2mwr9 cos 9 
r sin 9 

are the components of the centrifugal and Coriolis forces in the directions of 
e r , eg, e v . Note that the velocity-dependent terms are due to the Coriolis 
force while the remaining terms are due the centrifugal force. 


2. SMALL OSCILLATIONS (2028-2067) 

2028 

A mass M is constrained to slide without friction on the track AB as 
shown in Fig. 2.24. A mass m is connected to M by a massless inextensible 
string. (Make small angle approximation.) 

(a) Write a Lagrangian for this system. 

(b) Find the normal coordinates (and describe them). 

(c) Find expressions for the normal coordinates as functions of time. 

( Wisconsin ) 


y 



Fig. 2.24. 




522 


Problems & Solutions on Mechanics 


Solution: 

(a) Use coordinates as shown in Fig. 2.24. M and m have coordinates 
(x,0), (x + b sin 9, -b cos 9) 


respectively. The Lagrangian of the system is then 

L = T - V — ^Mi: 2 + ^m(x 2 4- b 2 0 2 + 2bx9cos9) + mgbcosO 


(b) For small oscillations, 0 and 9 are small quantities and we have the 
approximate Lagrangian 

L = l:Mx 2 + ]-m(x 2 + b 2 d 2 + 2 bx9) + mgb (1 — ^ 9 2 
Lagrange’s equations 

d/SL\ _ SL 

dt \dq t J dqi 

then give (m + M)x + mbO = C, a constant, x + b9 + g9 — 0. 

In the above, the first equation can be written as 



(m + M)T) ~ C 


( 1 ) 


by setting 


V 


mbO 

= x H-—^7 . 

m + M 


As (m + M)x + mbO = 0, the second equation can be written as 


MbO 
m + M 


+ gO = 0 . 


( 2 ) 


The two new equations of motion are now independent of each other. 
Hence rj and 9 are the normal coordinates of the system. The center of 
mass of the system occurs at a distance from M along the string. 

Hence i) is the x-coordinate of the center of mass. Equation (1) shows that 
the horizontal motion of the center of mass is uniform. The other normal 
coordinate, 6 , is the angle the string makes with the vertical. 

(c) Equation (1) has the solution 
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and Eq. (2) has solution 


6 = A cos (ut + B) , 


where 




(m + M)g 
Mb 


is the angular frequency of small oscillations of the string and A, B, C, D 
are constants. 


2029 

A simple pendulum is attached to a support which is driven horizontally 
with time as shown in Fig. 2.25. 

(a) Set up the Lagrangian for the system in terms of the generalized 
coordinates 6 and y , where 6 is the angular displacement from equilibrium 
and y(t) is the horizontal position of the pendulum support. 

(b) Find the equation of motion for 0. 

(c) For small angular displacements and a sinusoidal motion of the 
support 

y = yo cos (ut) . 

Find the steady-state solution to the equation of motion. 

( Wisconsin) 


z 



Fig. 2.25. 
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Solution: 

(a) The mass m has coordinates 

(y g + isin 0 , —Ic as 6) 

and velocity 

(y s + W cos 0,10 sin 0) . 

Hence the Lagrangian is 

L = T — V = -~(ys + + 2ly a 0cos 0) -f mgl cos 0 . 

(b) Lagrange’s equation 



gives 

10 + y a cos 0 + <7 sin 0 = 0 . 


(c) For y a — y 0 cos (tut) and small 0, the above reduces to 
o + uqO = cos ^^ 

with wo = A particular solution is obtained by putting 0 = A cos(w<). 
Substitution gives 

iH-* 2 )' 

The general solution is then 

0 = y<)1 ^ cos (^) + Acos(w 0 £) + Ssin(w 0 f) . 

H w o - w I 

Resonance will take place if wo « w. As long as w / w 0 , the motion of the 
system is steady. 


2030 

A solid homogeneous cylinder of radius r and mass m rolls without 
slipping on the inside of a stationary larger cylinder of radius R as shown 
in Fig. 2.26. 
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(a) If the small cylinder starts at rest from an angle #o from the vertical, 
what is the total downward force it exerts on the outer cylinder as it passes 
through the lowest point? 

(b) Determine the equation of motion of the inside cylinder using 
Lagrangian techniques. 

(c) Find the period of small oscillations about the stable equilibrium 
position. 

(Wisconsin) 

y 



Fig. 2.26. 


Solution: 

Take coordinates as shown in Fig. 2.26. The center of mass of the rolling 
cylinder has coordinates 

((R - r) sin#, ~(R — r) cos#) 

and velocity 

((R - r)#cos#, (R - r)#sin#) . 

The cylinder has moment of inertia |rar 2 and the condition of rolling 
without slipping means 

(R - r)6 = np . 

(a) Initially # = 0 at # = #o. Suppose the cylinder has velocity v when 
it passes through the lowest point # = 0. Conservation of the total energy 
T +V gives 
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or, with rip = (R — r)6, v = (R — r)0, 

4 

mv 2 = -{R - r)(l - cos6o)mg . 

J 

The force exerted by the cylinder on the outer cylinder as it passes through 
the lowest point is vertically downward and has magnitude 

• 2 mv 2 

mg + m(R - r)6 = mg + _ - 

4 

= mg + -(1 - cos 9 0 )rng 
= ~mg(7 - 4 cos0 O ) • 


(b) The Lagrangian of the cylinder is 

L = T - V = \m(R - r) 2 9 2 + ^mr 2 ip 2 + mg{R - r) cos 9 

= ~m(ft - r) 2 0 2 + mg(R - r) cos 9 . 


Lagrange’s equation 


gives 


d_ / dL\ _9 L =q 
dt V 09 ) d9 ~ 

S+ Kfl^) sin9=0 - 


(c) For small oscillations about the equilibrium position 9 = 0, the 
equation of motion reduces to 




This has the form of the equation for simple harmonic motion. Hence the 
equilibrium is stable and has period 
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2031 

A bead of mass m is constrained to move on a hoop of radius b. The 
hoop rotates with constant angular velocity u> around a vertical axis which 
coincides with a diameter of the hoop. 

(a) Set up the Lagrangian and obtain equations of motion of the bead. 

(b) Find the critical angular velocity SI below which the bottom of the 
hoop provides a stable equilibrium position for the bead. 

(c) Find the stable equilibrium position for u > SI. 

( Wisconsin ) 

Solution: 

(a) Use a rotating frame attached to the hoop as shown in Fig. 2.27. 
The mass m has coordinates (fcsin0,fccos0) and velocity (b0 cos 6, —bOsinO) 
referring to the rotating frame. In addition to the potential mgb cos 9 due 
to gravity, a potential due to a fictitious centrifugal force mxu 2 has to be 
introduced. As 


/ 



mxcj - — 


dU 
dx ’ 


we can take 


U = — ^mu; 2 x 2 = — ]-muj 2 b 2 sin 2 8 . 
2 2 


Hence 


L = T — U — V = — mb 2 {8 2 + to 2 sin 2 9) — mgbcos9 
& 


Lagrange’s equation 


d (dL\ dL 
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then gives 

bO — hJ 2 sin # cos # — g sin # = 0 . 

(b) At the bottom of the hoop, 0 = n. Let 6 = n + a, where a is a small 
quantity. As 

sin 9 = sin(7r + a) = — sin a ~ —a , 
cos# = cos(-7r + a) = — cos a ~ — 1 , 

the equation of motion becomes 

a+ -u> 2 ^ja = 0 . 

For a to oscillate about the equilibrium position, i.e. for the equilibrium 
to be stable, we require 

7 - oj 2 > 0 , i.e. w < 

b 

Hence for stable equilibrium, uj must be smaller them a critical angular 
frequency il = 

(c) At equilibrium, 6 = 0 and the equation of motion becomes 

bw 2 sin 0 cos 9 + g sin 0 = 0 . 

Having considered the case 6 = 0 in (b), we can take sin# ^ 0 and so the 
above gives 

for the other equilibrium position. 

To test the stability of this equilibrium, let 0 — 9 — #o, where /? is a 
small quantity. As 

sin # = sin(#o + /?) * sin #o + P cos # 0 , 
cos 9 = cos(#o + 0) » cos #o — /3 sin # 0 , 

the equation of motion becomes 

6/3 - bJ 2 sin #o cos #o — 6 oj 2 (cos 2 # 0 - sin 2 #o)/3 — g sin #o — g(3 cos # 0 = 0 , 
i.e. 

(3 - ui 2 (2 cos 2 #o - 1 )(3 - 7 (3 cos #o = 0 , 

b 
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or, using the value of cos0o> 

(* " 6 ^) 13 = ° ' 

2 

Hence the equilibrium is stable since as w > fl, 1 — > 0. 


2032 

Consider the longitudinal motion of the system of masses and springs 
illustrated in Fig. 2.28, with M > m. 

(a) What are the normal-mode frequencies of the system? 

(b) If the left-hand mass receives an impulse P 0 at t = 0, find the motion 
of the left-hand mass as a function of time. 

(c) If, alternatively, the middle mass is driven harmonically at a fre¬ 
quency lj 0 = 2 will it move in or out of phase with the driving motion? 
Explain. 

( Wisconsin ) 


M m M 

•—u.miui—•—minm. m 

k k 


Fig. 2.28. 


Solution: 

(a) Let xi,X 2 ,X 3 be the displacements of the three masses, counting 
from the left, from their equilibrium positions. The Lagrangian of the 
system is 

L = T -V = i Mx? + i mx\ + ^ Mx\ - ifc(x 2 - xi) 2 - ifc(x 3 - x 2 ) 2 . 
Lagrange’s equations 

0L 


d 


dL 
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then give 

Mx i + k{x i — x 2 ) = 0 , 

mx 2 + fc(x 2 - xj) + fc(x 2 — X3) = 0 , 

Mx 3 + fc(x 3 - x 2 ) = 0 . 


Try a solution of the type 
Substitution gives 


iut 

Xi = x i0 e 


( k — ui 2 M)x 10 — fcx 2 0 = 0 , 

-fcxio 4- (2 k - w 2 to)x 2 0 — /CX30 = 0 , 
-kx^Q + (k - u) 2 M)x 30 = 0 . 


For a solution where not all amplitudes vanish, we require 

k — uj 2 M —k 0 

—k 2k - w 2 m —k = 0 , 
0 —kk — u) 2 M 

which has solutions 



Hence the system has three normal-mode (angular) frequencies 



(b) For w = , Eqs. (2) give 


( 1 ) 


( 2 ) 


£10 = ^20 = ^30; or Xi = X 2 = X3 . 

Equations (1) then give 

£1 = x 2 = X 3 = at + b , 

where a, b are constants, showing that in this mode the three masses 
undergo translation as a rigid body without oscillation. 

For a; = w 2 , Eqs. (2) give 

%2 = 0 , x 3 = -xi , 
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and Eqs. (1) give 

Xi + u\xi =0, & 3 + u)\x 3 = 0 . 

The solutions are then 

xi = A sin^t) 4- B cos(o^t) , 

* 2 = 0 , 

*3 = • 

In this mode the middle mass stays stationary while the two end masses 
oscillate harmonically exactly out of phase with each other. 

For u> = u> 3 , we have, similarly, 

— C sin(u 7 3 t) 4- D cos(o; 3 1 ) , 


2Mxi 



*3 = Xi . 


Here the two outer masses oscillate with the same amplitude and phase, 
while the inner one oscillates out of phase and with a different amplitude. 

The general longitudinal motion of the system is some linear combina¬ 
tion of the normal-modes: 


*i — at + b + A sin(u> 2 t) + B cosfat) + C sin(u> 3 t) -I- D cos(o^t) , 
2 M 

X 2 = at + 6- [C sin(o; 3 t) + D cos(u> 3 t)] , 

771 

x 3 — at + b- 7lsin(oi2<) — Bcos(w 2 £) 4- Csin^t) 4- Dcos(w 3 t) , 
The initial conditions that at t = 0, 

n Bo ■ ■ n 

Xi — X2 = *3 = 0, Xi = -, X2 = x 3 — 0 

m 


then give 
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Po 

m + 2M ’ 


2Mui2 ’ 

Ppm 

2M(m + 2M)u>3 ’ 


b = B — D = 0 . 


Hence the motion of the left-hand mass is given by 

n t i sin(u> 2 f) , msin(u> 3 t) 

Xl = 0 [m + 2M + 2 Mw 2 + 2M(m + 2M)w 3 . ' 

(c) Suppose the middle mass has motion given by 

x 2 = x 2 o sin(wot) . 

The first equation of (1) now becomes 

Xi + a> 2 x i = W 2 X 20 sin(w 0 t) . 

In steady state x x moves with the same frequency as the driving motion: 

xi = X 10 sin(u>oO • 

Substitution in the above gives 

Xl = X2osin(wot) = X20Sin(w °*) • 

Asm — AM < 0, the left-hand mass will move out of phase with the driving 
motion. 


2033 

Two pendulums of equal length l and equal mass to are coupled by a 
massless spring of constant k as shown in Fig. 2.29. The unstretched length 
of the spring is equal to the distance between the supports. 

(a) Set up the exact Lagrangian in terms of appropriate generalized 
coordinates and velocities. 
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(b) Find the normal coordinates and frequencies of small vibrations 
about equilibrium. 

(c) Suppose that initially the two masses are at rest. An impulsive force 
gives a horizontal velocity v toward the right to the mass on the left. What 
is the motion of the system in terms of the normal coordinates? 

( Wisconsin ) 

Solution: 

(a) Assume the masses are constrained to move in a vertical plane. Let 
the distance between the two supports be d, which is also the unstretched 
length of the spring, and use Cartesian coordinates as shown in Fig. 2.29. 
The masses have coordinates 

(/sin#i, —l cos#i), (d + l sin # 2 , —l cos 62 ) 

and velocities 

(16 1 cosO^JOi sin#!), (Z#2cos#2,l#2sin0 2 ), 

respectively. The length of the spring is the distance between the two 
masses: 

V(d + l sin # 2 - l sin 0\ ) 2 + ( l cos # 2 - l cos 6\ ) 2 . 


y 



Fig. 2.29. 


Hence the Lagrangian of the system is 

L = T — V = ^ml 2 (di + # 2 ) + rngl(cos 6 i + cos # 2 ) 

— (^\/d? + 2dZ(sin# 2 — sin# 1 ) + 2 1 2 — 2 1 2 cos (#2 — # 1 ) — dj 
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(b) As 

_ 

<901 

= mgl sin 0i — k (^s/d 2 + 2<i/(sin 0 2 - sin0i) 4- 2 1 2 — 2l 2 cos(0 2 - 0i) - rfj 


dZ cos 0i + l 2 sin(0 2 — 0i) 

sjd? + 2dZ(sin0 2 — sin0i) + 2 1 2 — 2 1 2 cos(0 2 — 0i) 


« mgWi — kl 


s/d 2 + 2 dl(0 2 — 8i) — d 


d + Z(0 2 — 0i) 
s/d 2 + 2dl{9 2 ^9^ 


■ mglO i — fcZ | 1 
! mg 16 1 — kl 


Ji + mpi 

/(0 2 -0i) 


[d + /(02-0l)] 


[rf + Z(0 2 - 0i)] 


mgZ0i - kl 2 {9 2 - 0i) , 


neglecting second and higher order terms in 0 t , 0 2 which are small quanti¬ 
ties. Similarly, 

~ = mgl9 2 + kl 2 (9 2 -9 1 ) . 

UU2 

Thus the equations of motion for small oscillations are 

«, + sp. - WisM = o, 

l m 

I m 


Let 


ri=\(9i+9 2 ), 4 = i(0!-0 2 ) 


and the above give 
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These show that 77 and £ are the normal coordinates with the corresponding 
normal (angular) frequencies 



(c) The solutions of the equations of motion in the normal coordinates 
are 


77 = -Acos(uif) + Bsin(uiit) , 
i — C cos(o> 2 f) + D sin(o> 2 t) ■ 

At t = 0 , 0i = 0 2 = 0 , giving r) = £ = 0 ; and 61 = j, 62 = 0 , giving 
V — i = Tr Thus 


A = C = 0, 


B 


v 

2 


D = 


v 

2 lu>2 


and 


vsin(o;if) _ v sin^Q 

2 luj\ ’ 2 lu>2 


giving the motion of the system in terms of the normal coordinates. 


2034 

Four identical masses are connected by four identical springs and con¬ 
strained to move on a frictionless circle of radius 6 as shown in Fig. 2.30. 

(a) How many normal-modes of small oscillations are there? 

(b) What are the frequencies of small oscillations? 

( Wisconsin ) 



Fig. 2.30. 
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Solution: 

(a) Take the lengths of arc si, s^, s 3 , and S 4 of the four masses from their 
initial equilibrium positions as the generalized coordinates. The kinetic 
energy of the system is 

T = ]^n{s\ + s\ + sj + si) . 

As the springs are identical, at equilibrium the four masses axe positioned 
symmetrically on the circle, i.e. the arc between two neighboring masses, 
the nth and the (n + l)th, subtends an angle | at the center. When the 
neighboring masses axe displaced from the equilibrium positions, the spring 
connecting them will extend by 


2 b sin 



£n 7T 

b + 2 


) 


rtI . 7 r 
26 sin — 
4 


^^(Sn+l s n) > 


for small oscillations for which s n are small. 
Thus the potential energy is 


V = ^ ( S 1 + 5 2 + s 3 + s 4 ~ s l s 2 “ S2S3 - S 3 S 4 ~ S 4 Si) . 

This system has four degrees of freedom find hence four normal-modes, 
(b) The T and V matrices are 


(m 

0 

0 

°\ 

0 

m 

0 

0 

0 

0 

m 

0 

V 0 

0 

0 

m / 


k -- 
K 2 


0 


\ 


k -f 0 
0 k 


0 - 


I k ) 


so the secular equation is 

k — mu> 2 


|V - w 2 T| 


_k 

2 

0 

_ k 

2 


k - mu 2 


_ k 

2 

k — mu > 2 

_ k 

2 


muj 


- 0 , 


which has four roots 0,0, y^, y^. Hence the angular frequencies of small 
oscillations fire and \J~^- 
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2035 

A simple pendulum of length 41 and mass m is hung from another 
simple pendulum of length 31 and mass m. It is possible for this system to 
perform small oscillations about equilibrium such that a point on the lower 
pendulum undergoes no horizontal displacement. Locate that point. 

( Wisconsin) 

Solution: 

Use Cartesian coordinates as shown in Fig. 2.31. The upper and lower 
masses have, respectively, coordinates 

(31 sin#!,—3icos#i) , 

(31 sin 0i + 41 sin 02, —3/ cos 0\ - 41 cos 0 2 ) 


and velocities 

{310\ cos 0i, 3l0i sin #i) , 

{3l0i cos 0i + 410 2 cos 0 2 ,3l0i sin 0\ + 4 10 2 sin 0 2 ) . 



m 


Fig. 2.31. 


The Lagrangian of the system is then 

L = T - V = im[18i 2 ^ + 16l 2 0f + 241 2 ^0 2 cos(0i - 0 2 )\ 
£ 

4- mg{6l cos 0\ + 41 cos 0 2 ) . 
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Lagrange’s equations 



3(9i + 20 2 cos(0! - 0 a ) + 20| sin(0 1 - 0 2 ) + = 0 , 

or, retaining only first order terms for small oscillations, 

30i + 202 + ~ = 0 , 

and, similarly, 

30! + 40 2 + ^ = 0 . 

Try 0i = 0i O e , “ t , 0 2 = 02oe ,wt . The above equations give 


— 3u; 2 ^ 0io — 2 w 2 0 2O = 0 , 
—3o> 2 0io + ^ j — 4u> 2 ^ 0 2 o = 0 . 

The secular equation 

f-3cu 2 -2a; 2 
—3a; 2 f — 4a; 2 

has roots 



Hence there are two normal-mode frequencies. For 




for 



020 = —010 or 02 — — 01 ; 




or 



The general small oscillations are a linear combination of the two normal- 
modes. 

A point on the lower pendulum at distance £ from the upper mass has 
x-coordinate 31 sin 0i +£sin0 2 and thus x-component velocity 


x = 310i cos 0i -|- £0 2 cos 02 « 3101 + £02 • 
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For it to have no horizontal displacement, x = 0. For the a>i mode, 
#2 = - 01 ) this requires 


(31 - O0i =0, or £ = 31 . 
For the W 2 mode, 82 = £ = 0 would require 



As £ is positive this is not possible unless 0i = 0, i.e. there is no 
motion. Therefore when the system undergoes small oscillations with 
angular frequency y/f, a point on the lower pendulum at distance 31 from 
the upper mass has no horizontal displacement. 


2036 

(a) Find the Lagrangian equations of motion for the coplanar double 
oscillator shown in Fig. 2.32 in the vibration limit, assuming massless strings 
or connecting rods. From them find the normal frequencies of the system. 


y 



Fig. 2.32. 


(b) Now consider a simple pendulum of mass m, again in the small- 
vibration limit. Suppose the string of length 1 is shortened very slowly 
(by being pulled up through a frictionless hole in the support as shown in 
Fig. 2.33), so that the fractional change in 1 over one period is small. How 
does the amplitude of vibration of m vary with 1? 


( Wisconsin) 
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mg 

Fig. 2.33. 


Solution: 

(a) The coordinates of mi, m 2 are 

(l\ sin 0i, —li cos 0i) , 

(li sin 0i +12 sin 0 2 , —l\ cos 0i - Z 2 cos 0 2 ) 

and their velocities are 


(ii0i cos0i,ii0i sin0i) , 

(Ii0icos0i + i 2 0 2 cos0 2 ,li0i sin 0i + Z 2 0 2 sin0 2 ) 
respectively. The Lagrangian of the system is then 

L = T-V = IrmUlOl + l\0l + 2Z 1 i 2 0i0 2 cos(0i - 0 2 )] 


+ miglico&0i +m2^(/icos0i + facosOi) 


~ 2^ mi ^+ 2 m2 (^2^2 + %<**) 

+ (mi + m 2 )gZi ^1 - y ^ + m 2 gl 2 ^1 - y ^ , 

neglecting terms higher than second order in the small quantities 0i,0 2 in 
the small vibration limit. Lagrange’s equations 


d_ 

dt 




then give 
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*> + (-!£-) + o, 

\mi + m 2 / <1 (i 

01 + 7-^2 + T ~@2 = 0 . 

n ‘1 

Let = Qioe lut , 0 2 = 0206 *“* and obtain the secular equation 
3 --U 2 - , 


—u> 


(mi + ma)ii 
q-iait) 3 

h 


= o, 


or 


( -—~— hh<^ 4 — g{h + h)u 2 + g 2 — 0 . 

\T7ii + m 2 / 


v m 1 + m 2y 

The normal frequencies uq, ui? are given by the solutions of this equation: 


“>1 1 ... 
^2 / 


2miM2 

x [(mi + m 2 )(i 2 + fo) ± \/(mi 4- m 2 ) 2 (ii +1 2 ) 2 - 4(n»i + m 2 )m 1 lil 2 ] • 

(b) As shown in Fig. 2.33. The forces on m are the tension / in the 
string and the gravity mg. These provide for the centripetal force: 

/ - mg cos 0 = mrO 2 . 

When the string is shortened by dr, the work done by / is 
dW = f • dr = -fdr 


—mgdr + ^ mgO 2 - mrOdr 


= —mgdr + dE , 


where dE is the part relating to the oscillations, for small angle oscillations. 
As the change in r, the length of the string, is small over a period, we can 
take average 

dE = ^ mgO 2 — mr0 2 ^ dr . 

Also, the vibration can be considered simple harmonic, i.e. 


0 = 0 0 cos(u/t + <f) , 
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where lo = Then if T = ^ is the period we have 
^2 = 1/ 0 2 dt — -0£, 

T J 0 2 0 

— 1 r T , ,2 r T _ 

02 / p dt = °L e 2 dt = u 2 e 2 , 

T Jo T J 0 


i.e. 


mr 6 2 = mg9 2 . 


The energy of the pendulum is 


■^mr 2 9 2 — mgr cos 0 


-mgr + -mr 2 9 2 + - mgrO 2 


so that 

E = \mr 2 0 2 + 1-mgrO 2 = mgrO 2 . 

Hence 

dE 'G E - E )7’ 

or 

di? dr 

IT “ ~2r ' 

Integrating we have 

Er* — constant , 


or 


0qT 3 — constant . 


Let the amplitudes at string lengths r,l be 9 r , 0/ respectively, then 


2037 

A particle in an isotropic three-dimensional harmonic oscillator poten¬ 
tial has a natural angular frequency u>q. Find its vibration frequencies if it 
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is charged and is simultaneously acted on by uniform magnetic and electric 
fields. Discuss your result in the weak and strong field limits. 

( Wisconsin) 

Solution: 

Assume that the uniform magnetic and electric fields, B and E, are 
mutually perpendicular and take their directions as along the z- and x-axes 
respectively. Then as 


5k = V x A, 5i = -V$ , 

we can take the vector and scalar potentials as 

A = i(—5yi + 5xj), $ = —Ex . 

As the particle is an isotropic harmonic oscillator of natural angular fre¬ 
quency (Jo and has charge e, say, its potential energy is 

V = j-irujQr 2 4- e$ - er • A , 
z 

where r = (x, y, z) is the displacement of the particle from the origin, in SI 
units. Hence the Lagrangian is 

L = T-V = ^rn(x 2 + y 2 + z 2 ) - ^mu^x 2 + y 2 + z 2 ) 

+ eEx + ^ eB{-xy + xy) . 

Lagrange’s equations 

d_ (dL\ _ dL _ 
dt \dgij dqt 


i eBy eE 

x + uix -= 0 , 

mm 


V + WqvA- 


eBx 
m 
,2 


= 0 


z + (JqZ = 0 . 


then give 
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The last equation shows that the vibration in the ^-direction takes place 
with the natural angular frequency u>q. Letting x = x' + , the first two 

equations become 

2 / eB V 


X + w n x — 


y + u> 0 y + 


m 

eBx' 

m 


0 


0 . 


Try a solution of the type 

x' = A'e iu)t , y = B'e iut 


and we obtain the matrix equation 


— or - 


ieBuJ 


ieBoj 


U>n — U) 


( A! \ 
\B') 


0 . 


The secular equation 


Uq - OJ 2 

ieBcj 

m 

ieBijj 

m 

O>0 - W 2 


w 2 ± 




then gives 

which has two positive roots 

1 (eB 


U ~ = 2 


eBu> 


m 



Hence the three normal-mode angular frequencies Eire ujq, u> + and u>_. Note 
that the last two modes of oscillations are caused by the magnetic field 
alone, whereas the electric field only causes a displacement along its 
direction. 

For weak fields, ~ <uo, we have 

eB 


w+ -“ 0 + w 


= u>o ~ 


eB 

2 m 
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For strong fields, ~ > u>o, we have 


2 


efi eB / 

-1-I 1 + 

m m \ 


_ eB mujQ 


e R 


2 m 2 Wo \ 

”^52- J 




eB eB 
m m 



2 ro 2 u>o \ 
e 2 B 2 ) 


mujQ 

~7b 


2038 

Three particles of equal mass m move without friction in one dimen¬ 
sion. Two of the particles are each connected to the third by a massless 
spring of spring constant k. Find normal-modes of oscillation and their 
corresponding frequencies. 

{CUSPEA) 

Solution: 

Number the masses from the left as shown in Fig. 2.34 and let x \, x 2 , £3 
be the displacements of the respective masses from their equilibrium posi¬ 
tions. The Lagrangian of the system is 


1 k 2 k 3 
m m m 


Fig. 2.34. 


L = T -V = )^n{x\ + ±l + ±3) - ^ k[{x 2 - x t ) 2 + (a: 3 - x 2 ) 2 ) . 
Lagrange’s equations 


d (dL 


dL 
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give 


mx i + fc(x] - x 2 ) = 0 , 

mx 2 + fc(x 2 - x\) + k(x 2 - x 3 ) = 0 , (1) 

mx 3 + A;(x 3 - x 2 ) = 0 . 


Trying a solution of the type 

X! = Ae iu, \ x 2 = Be luJt , x 3 = Ce ia,t , 


we can write the above as a matrix equation 


/k — mu 2 —k 0 \ / A\ 

| —k 2k — mw 2 —k | j B J = 0 . (2) 

\ 0 —k k — nuJ 1 ) \CJ 


The secular equation 


k — mu> 2 —k 0 

-k 2k -■ mu) 2 —k 
0 —kk~ mu> 2 


= muj 2 (k - mw 2 )(mw 2 


3fe) = 0 


has three non-negative roots 



These are the normal-mode angular frequencies of the system. The corre¬ 
sponding normal-modes are as follows. 

(i) wi = 0 

Equation (2) gives A — B = C and thus xi = x 2 = x 3 . The first of 
Eqs. (1) then gives 


Xj = 0, or Xi = at + b , 

where a, b are constants. Hence in this mode the three masses undergo 
uniform translation together as a rigid body and no vibration occurs. 

(») ^ = \[i 

Equation (2) gives B = 0, A = —C. In this mode the middle mass 
remains stationary while the outer masses oscillate symmetrically with 
respect to it. The displacements are 
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X\ = Acosfat + p) , 

*2 = 0 , 

X 3 = -j4cos(u>2£ + p) , 

p being a constant. 



Equation (2) gives B = -2 A, C — A. In this mode the two outer 
masses oscillate with the same amplitude and phase while the middle mass 
oscillates exactly out of phase with twice the amplitude with respect to the 
other two masses. The displacements are 

X\= A COs(w 3 t + ip) , 

X2 = -2j4cos(u>3t + p) , 
x 3 = A cos(w 3 t + p) . 

The three normal-modes are shown in Fig. 2.35. 


(ii) 


(iii) 


Fig. 2.35. 


2039 

A rectangular plate of mass M, length a and width b is supported at each 
of its corners by a spring with spring constant k as shown in Fig. 2.36. The 
springs are confined so that they can move only in the vertical direction. For 
small amplitudes, find the normal-modes of vibration and their frequencies. 
Describe each of the modes. 

( UC, Berkeley) 

Solution: 

Use Cartesian coordinates with origin at the center of mass C of the 
plate when the plate is in equilibrium, the 2 -axis vertically upwards, the x- 
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Fig. 2.36. Fig. 2,37. 

and y -axes along the axes of symmetry in the plane of the plate, and let the 
angles of rotation about the x- and y -axes be ip, 6 respectively, as shown in 
Fig. 2.37. If z is the vertical coordinate of C, the vertical coordinates of 
the four corners are 

z A = z - , 

z B = z - ^cup - ~bd , 

z D = Z + ~ap- ^ be , 

z E = z + ^aip+^bd , 
for small angle oscillations. 

As the coordinates are relative to the equilibrium positions, the La- 
grangian is 

L = T-V 

= ^Mi 2 + ~Ma 2 tp 2 -F ^Mb 2 6 2 - ~k(z 2 A + z% + z 2 D + z%) - Mgz 

= ^Mi 2 + ^ Ma 2 ip 2 + — Mb 2 6 2 - ^fc(4z 2 + a 2 tp 2 + b 2 8 2 ) - Mgz . 
Lagrange’s equations 
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Mz + 4 kz + Mg = 0 , 

^M<p + ktp = 0 , 

^M9 + k9 = 0 . 

By putting z = z' — ^, the first equation can be written as 

Mz' + 4 kz' = 0 . 


The equations show that the normal-mode angular frequencies are 



we can, neglecting a constant term in the potential energy, write 

V = + ^ 2^2 + w ICl) ' 

These are both in quadratic form, slowing that £i,£ 2 i $3 are the normal¬ 
mode coordinates. 

Denoting the amplitudes of z',ip,9 by z' 0 ,<po,Oo respectively, we obtain 
from the equations of motion 


(4 k — Mu 2 )z 0 = 0, 
(k - ¥>o - 0, 

(k - e 0 = 0 . 


It can be seen that if w = uq then zq ^ 0, <po = do — 0. If u> = w 2 or w 3 , 
then Zq = 0, and one or both of <po, 9 q Eire not zero. 
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2040 

A particle moves without friction on the inside wall of an axially sym¬ 
metric vessel given by 

2 = ^ b(x 2 + y 2 ) , 

where b is a constant and z is in the vertical direction, as shown in Fig. 2.38. 

(a) The particle is moving in a circular orbit at height z = Zq. Obtain 
its energy and angular momentum in terms of zo, b, g (gravitational 
acceleration), and the mass m of the particle. 

(b) The particle in the horizontal circular orbit is poked downwards 
slightly. Obtain the frequency of oscillation about the unperturbed orbit 
for very small oscillation amplitude. 

( UC, Berkeley) 

z 

9 



Fig. 2.38. 


Solution: 

(a) Use coordinates as shown in Fig. 2.38. As x = rcos&, y = rsin#, 
the vessel can be represented by 

2 = h(x 2 + y 2 ) = ^br 2 . 

The Lagrangian of the particle is 

L — T — V = ^m(f 2 + r 2 9 2 + z 2 ) — mgz 

= ^m(r 2 + r 2 9 2 + b 2 r 2 r 2 ) — ^mgbr 2 



Analytical Mechanics 


551 


Lagrange’s equation for r then gives 

(1 + b 2 r 2 )r - b 2 rf 2 — r9 2 + gbr = 0 . 


(1) 


As the particle motion is confined to a circle of height zq and radius ro, 
say, we have 

r = r 0 , r = r = 0, z 0 = ^brl , 

0 2 = gb = fl 2 , say . 

The total energy of the particle is then 

T + V = im(roft 2 + gbrl) - mgbr% = 2 mgz 0 , 
and the angular momentum about the center of the circle is 


J — mr 


■ rO ~ mr 2 0 = 2mzo 



(b) For the perturbed motion, let r = ro + p where p <C r 0 , Lagrange’s 
equation for 6 shows that the angular momentum mr 2 6 is conserved. Hence. 


r8 2 = 


r*9 2 

r 3 


r& 2 _ rfab 

r 3 r 3 ’ 


and Eq. (1) becomes 


(1-f 6 2 r 2 )p+40&p = O 


by neglecting terms of order higher than the first in the small quantities 
p, p, p. The angular frequency of small amplitude oscillations about ro is 
therefore _ 


4 gb / gb 

1 + b 2 r 2 V 1 + 2bz 0 ' 


2041 

A block of mass m is attached to a wedge of mass M by a spring with 
spring constant k. The inclined frictionless surface of the wedge makes 
an angle a to the horizontal. The wedge is free to slide on a horizontal 
frictionless surface, as shown in Fig. 2.39. 



552 


Problems & Solutions on Mechanics 


(a) Given the relaxed length of the spring alone is d, find the value so 
when both the block and the wedge are at rest. 

(b) Find the Lagrangian for the system as a function of the x coordinate 
of the wedge and the length of the spring s. Write the equations of motion. 

(c) What is the natural frequency of vibration? 

( UC, Berkeley ) 



Fig. 2.39. 


Solution: 

(a) When the block is in equilibrium, the sum of forces parallel to the 
inclined surface is zero: 


mg sin a — k(so — d) = 0 , 


yielding 


so 


mg sin a 
k 


+ d . 


(b) Let the height of the wedge be h. Use coordinates as shown in 
Fig. 2.39 and let the horizontal coordinate of the left side of the wedge be 
x. Then the mass m will have coordinates 


(x + s cos a,h — s sin a) . 

The Lagrangian of the system is then 
L = T — V 

= \m± 2 4- \m\(x + scosa) 2 + (ssina) 2 ] 

/ A 

— ^ k(s — d) 2 — mg(h — ssina) 

A 

= i(m + M)x 2 + ^ms 2 + mxscosa — i k(s — d) 2 — mg(h — ssina) . 

A A A 
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Lagrange’s equations then give the equations of motion 

(m + M)x + ms cos a — 0 , 

mx cos a + ms + ks - (kd + mg sin a) = 0 . 


(c) Setting 


s = s' + 


kd + mg sin a 


we can write the above equations as 


(m -t- M)x + ms' cos a = 0 , 
mx cos a + ms' + ks' = 0 . 


Consider a solution of the form 


x = Ae iu,t , s' = Be iwt , 


the above give the secular equation 


—(m + M)u 2 
—mu 2 cos a 


—mu 2 cos a 
k — mu 2 


= 0 , 


yielding 


wi = 0, 


u 2 = J k(m + M) 

V m(M + m sin 2 a) 


Ab the motion related to u\ is not oscillatory but as a whole translational 
along the x-axis, there is only one natural frequency of vibration, u 2 . 


2042 

An uniform log with length L, cross-sectional area A and mass M is 
floating vertically in water (p = 1.0) and is attached by a spring with 
spring constant K to a uniform beam which is pivoted at the center as 
shown in Fig. 2.40(a). The beam has the same mass and is twice the length 
of the log. The log is constrained to move vertically and the natural length 
of the spring is such that the equilibrium position of the beam is horizontal. 

(a) Find the normal-modes (frequencies and ratio of displacements) for 
small displacements of the beam. 
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(b) Discuss the physical significance of the normal-modes in the limit of 
a very strong spring. 


( UC , Berkeley) 



Solution: 

Use coordinates as shown in Fig. 2.40(b) with x denoting the displace¬ 
ment of the top of the vertical rod from its equilibrium position (the 
downward direction being taken as positive), and 0 the angle of rotation of 
the beam. At equilibrium (Fig. 2.40(a)), the spring is in its natural length 
xq and does not exert a force on the rod. With p = 1 we have 


Mg = [L - {h - x 0 )\Ag . 


When the beam has rotated an angle 0 (Fig. 2.40(b)) the spring is extended 
by x — L0 and the upward thrust of the water is 


-[L -(h-x 0 - x)\Ag = 


dVt 

dx 


giving 


V t = Ag [ {[L - (h - x 0 )] -I- x'} dx' 

Jo 


= [L - (h - x 0 )]Agx + - Agx 2 
= Mgx + ^ Agx 2 . 


Hence the total potential energy is 
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V = -Mgx + Mgx + ^ Agx 2 + ^ K(x — L9) 2 
= \&gx 2 + ^K(x-L9) 2 . 

The beam has moment of inertia | ML 2 , so the total kinetic energy is 

T= \m± 2 4- \mL 2 9 2 . 

2 6 

Thus the Lagrangian is 

L — T- V — )-Mx 2 + \mL 2 6 2 -)-Agx 2 - \k(x - L9) 2 . 

2 6 2 2 

Lagrange’s equations 



give 


Mx + Agx + K(x - L9) = 0, 

ML9 - 3 K(x - L9) = 0 . 

Try a solution of the type x = De ,ut , 9 — Be ,ut and write the above as 

(. K + Ag - Mu) 2 )D - KLB = 0, 

-3KD + (3 KL - MLw 2 )B = 0 . 


The secular equation is then 


K + Ag- Mu 2 -KL 
-3 K SKL - MIm 2 


= 0 , 


or 


M 2 lj 4 - M(4K + Ag)u} 2 + 3 KAg = 0 . 
The two positive roots 




14K + Ag± y/{4K + Ag) 2 - YLKAg 
2 M 


are the two normal-mode angular frequencies of the system for small oscil¬ 
lations of the beam. 
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The ratios of the displacements axe 

x D ZK-Mu? 2K-Ag^ y/(4K + Ag) 2 - \2KAg 
L9~ BL~ 3 K ~ 6K 

with the top sign for u> + and the bottom sign for 

(b) In the limit of a very strong spring, K —► oo. As Mx, Agx, ML9 
are all finite, this requires that x — L9 —> 0, i.e. x —> L6. Eliminating the 
K(x — L9) terms from the equations of motion and making use of L9 « x, 
we find 

4Mx ■+- ZAgx - 0 


and hence the angular frequency of oscillation 



The ratio of the displacements is 



and they are in the same phase. Note that these results cannot be obtained 
from the previous ones by putting K —* oo because the constraint relations 
are different. Physically, the constraint x « L9 means that the system 
oscillates with the spring keeping its length constant, which is expected for 
a very strong spring. 


2043 

Two unequal masses M and m (M > m) hang from a support by strings 
of equal lengths l. The masses are coupled by a spring of spring constant 
K and of unstretched length equal to the distance between the support 
points as shown in Fig. 2.41. Find the normal-mode frequencies for the 
small oscillations along the line between the two masses. Give the relation 
between the motion of M and that of m in each mode. Write down the 
most general solution. 

Now specialize for the case where at t = 0, m is at rest at its equilibrium 
position, and M is released from rest with an initial positive displacement. 
If the total energy of the system is Eq and the spring is very weak, find the 
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Fig. 2.41. 


maximum energy acquired by m during the subsequent motion for the case 
^ = 2. (Where did you use the assumption that the spring is weak?) 

( UC, Berkeley) 

Solution: 

Use coordinates as shown in Fig. 2.41 with origin O at the equilibrium 
position of the mass m and the x- and y- axes along the horizontal and ver¬ 
tical directions respectively and let the distance between the two supports 
be L. The masses m and M then have coordinates 

(Zsin0i,/(1 - cos^j)), ( L 4- lsind 2 ,l(l — cos# 2 )) 

and velocities 

(Wi cos 6 \, 18\ sin #i), (I 82 cos 82 , 182 sin 82 ) 

respectively. The Lagrangian of the system is 
L = T -V 

= ^ ml 2 B 2 + ^ Ml 2 6 2 - ^/ff 2 (sin02 - sin#i) 2 

— mg/(l — cos#i) — Mgl( 1 — cos 8 2 ) 

w \ml 2 9 2 + \m 1 2 9 2 - ^Kl 2 (9 2 - ^) 2 - l -gl(m9 2 + MB 2 ) 

for small oscillations in the horizontal direction. 

Lagrange’s equations 
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then give 


ml9\ + (mg + Kl)9\ — K19 2 = 0 , 
MW 2 + (Mg + Kl)9 2 ~ KI 61 = 0 . 


Try a solution of the type 9\ = Ae lujt , 0 2 = Be luJt and write the above as 

/ mg + Kl - mlco 2 -Kl \ / A \ _ 

V -Kl Mg + Kl- MUj 2 ) \Bj ' 

The secular equation is then 


mg + Kl — mluj 2 —Kl 

-Kl Mg + Kl- MIuj 2 


-0 , 


yielding the normal-mode angular frequencies 


Wl 



UJ 2 




mMg + Kl(m + M) 
mMl 


As 


we have 


Hence, for w = , 


A Mg + Kl- MIcj 2 
B~ Kl 


A 

B 


1 for u) = uq , 


A!_ _ _M 
B 7 _ ~m 


for u) = u >2 ■ 


9 1 = Acos(wi< + ‘Pi), 62 = Acos(uqf + <pi) , 

for u> = u) 2 , 

vn 

9\ — A' COS (u 2 t + <£> 2 ), 02 = cos (u> 2 t + <p 2 ) , 

and the most general solution is 

9\ = AcOs(uqt + <pi) -(- A'cOs(tJ2t + P 2 ), 

771 

0 2 = Acos(ciq£ + ipi) — —A' cos(iv 2 t + ip 2 ) . 
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Initially at t = 0, 6 \ = 0 2 = 0, giving gp\ = ^2 = 0, and 9\ = 0, 62 = 0o, 
giving 

n/f 

A' = -A . 


A M Q 

m + M °’ 


If the initial total energy is Eo, then as 


E 0 = ±KlX + \m 9 WI , 


we have, as 9q is positive, 


0o — 


2E 0 


w (Kl + Mg)l ' 

If in addition, M = 2m, the general solution reduces to 


0i = -0 o [cos(w x t) - cos(w 2 t)] , 


2 1 
02 = -0 o [cos(a; x t) + - cos(w 2 t)] , 


with 


w 1 


= /I ’ W2 = / 


2mg 4- ZKl 
~ 2 ml ’ 


0o = 


/ 2^o 

V (2m<j + K7)i 


The energy of m is 


Ei = ^rnl 2 9\ + ^mgl9j . 


If the spring is very weak, we can take Kl <K mg so that 

!\ 




J =oji(1 + 6) , 


where 


3 Kl 
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We then have 


Ei = -mglO o [l + (1 + S) 2 sin 2 (u ;2 1) + cos 2 (u> 2 t) 

—2(1 + <5) sin(uqf) sin(w 2 t) — 2cos(uqt) cos(w 2 1)} 


~ g£o[l - cos(wi^)] , 

neglecting 8 as compared with unity. Hence the maximum energy of m is 

8 TP 

q^O- 


2044 

Two small spheres of mass M are suspended between two rigid supports 
as shown in Fig. 2.42. We assume that both particles can move in the plane 
of the figure, sideways and up and down. The three springs are equal, of 
spring constant K. The springs are under tension: in its unstretched con¬ 
dition each spring would be of length |. The springs are assumed massless 
and perfectly elastic. Assuming small oscillations about the equilibrium 
configuration shown above, find the frequencies for the four normal-modes 
of the system. 

( UC, Berkeley) 



Fig. 2.42. 



Solution: 

Since the motion is confined to the plane of the diagram of Fig. 2.42, 
the sideway motion is to be interpreted as longitudinal along the springs. 

Let (aq,j/i) and (x 2 ,j/ 2 ) be the horizontal and vertical displacements 
of the spheres, numbered from the left, from their respective positions 
of equilibrium. Using coordinates as shown in Fig. 2.43, mi,m 2 have 
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coordinates (a + £1,1/1), ( 2 a + £2, Vi) respectively. Taking the equilibrium 
configuration (Fig. 2 . 42 ) as the state of zero potential, we have for the 
system the potential energy 




+ £i ) 2 + Vi - 2 


-I*®’ 


+ \ K [\/(a + £2 - £i ) 2 + (1/2 - 2 /i ) 2 - |] 


-^(i) 

~ \ K (|) + Mg(y 1 + y 2 ) . 


2 +J/2-o 


Consider 






= 5 * 


J 

a 2 + £ 2 + 2 aa;i + y 2 + — - ay a 2 -f £ 2 + 2 axj + 


Ik a 2 
8 


As the term involving the square-root sign can be written as 
a 2 ^ + £?+ 2a£i * 

= a 2 + ^(xl + 2 a£i -I- y\) - 

retaining only terms of orders up to the second in the small quantities £1,1/1, 
the above becomes 


\k (x? + ax! + lyfj . 
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The same approximation is taken over the other terms. Hence 


V« \k 
2 


xj + ax i + y + (x 2 - xi) 2 + a(x 2 - Xi) 


+ ~ 2/ 1 ) 2 + x 2 _ ax 2 + 2^2 


+ Mg(y l + y 2 ) 


= i K{ 2 x\ + 2 xl + yi+y%- 2xiI 2 - ym) + Mg(yi + y 2 ) ■ 
The Lagrangian is then 
L = T — V 

= ^M{x\ + y 2 + x\ + yl) 

- }-K( 2 x'l + 2 xl + yl + yl - 2x i x 2 - 3/12/2) - Mg(yi + y 2 ) . 

tt 

Lagrange’s equations 



Mx 1 + 2Kx\ — Kx 2 = 0 , 

Mx 2 + 2Kx 2 - Kx 1 = 0 , 

Myi + Kyi - ^Ky 2 + Mg — 0 , 

My 2 + Ky 2 - ^ifyi + Mg = 0 . 

It is seen that the equations naturally separate into two groups, those in 
£i,x 2 and those in yi,y 2 . Let 

Xi ~ Aie lut 


Then the first two equations give 

2 K - Mu 2 -K | 

-K 2 K - Moj 2 | 


the secular equation 


= (3 K - Mw 2 ){K - Mu 2 ) = 0 , 
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yielding two normal-mode angular frequencies 


u>i 




for longitudinal oscillations. 

For the second group of two equations, let 


Vi =Vi + 


2Mg 
K ’ 


They can then be written as 


y'i = V2 + 


2 Mg 
K 


My'i + Ky[ - ^Ky' 2 = 0 , 
My' 2 + Ky' 2 -\Ky[= 0. 


Trying a solution of the type 


Vi = B t e 


iut 


we obtain the secular equation 


K-Mw 2 -f 
-f K-Muj 2 




= 0 , 


which yields the normal-mode angular frequencies 


U>3 = 


nr 

V 2M’ 



for vertical oscillations. 


2045 

A simple pendulum of length L is suspended at the rim of a wheel 
of radius b which rotates within the vertical plane with constant angular 
velocity Q (Fig. 2.44). We consider only the motion in which the bob of 
the pendulum swings in the plane of the wheel. 

(a) Write an exact differential equation of motion for the angular dis¬ 
placement 0 of the bob. Also write a simplified form valid when the 
oscillation amplitude is very small. 
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(b) Assume that both the radius b and the oscillation amplitude of 
the bob are very small. Give an approximate steady-state solution of the 
equation of motion valid under the assumptions. 

(You may ignore transients which will die out if there is a slight dissipation.) 

( VC, Berkeley ) 



Pig. 2.44. 


Solution: 

(a) Use coordinates as shown in Fig. 2.45. The mass m has coordinates 
(6sin(flt + p) + Lsm0,6cos(flt + ip) + LcosO) 

and velocity 

(bQ cos (fit + p) + LO cos 9, —bSl sin(f It + <p) - LO sin 0) , 

where p is a constant. 

The Lagrangian of m is then 

L = T -V 

= ]^m{b 2 U 2 + L 2 9 2 + 2bLU0cos(0 -tit- p)j 

+ mg[b cos(f2t + ip) + L cos 6 \. 

Lagrange’s equation 

d_ / dL\ _dL _ 
dt \ 00 ) d9 

gives 

LO 4- 6f l 2 sin(0 — f It — p) + g sin 0 = 0. 
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For small-amplitude oscillations, sin# « #, cos# « 1, 

sin(# — Sit - tp) « # cos (fit + </?)- sin(fit + y>) , 

and the equation of motion becomes 

L# -I- [6fi 2 cos (Sit -|- if) + g]6 — bSl 2 sin (Sit + p) = 0 . 

(b) For b and # small, we have, retaining terms of only up to the first 
order of b, #, #, 

L6 + g6 — bSl 2 sin(flt + p) = 0 . 

In the steady state, the pendulum will swing with the same frequency as 
the rotation of the wheel, so we can assume 


# — a cos(f It + p) + 0 sin(f2t + p) , 

where a, 0 are constants. Substitution in the equation of motion gives 

(-LSI 2 + g)[acos(Slt + p) + 0s\n(Slt + <^)] - bSl 2 sin(fif -f- y?) = 0 . 

As this equation must be true for any arbitrary time, the coefficients of 
cos(fit -I- p) and sin(flf + p) must separately vanish: 

-aLSl 2 4- ga = 0 , 
g0 - 0LS1 2 -bSl 2 = 0 . 


As SI is given, we must have a = 0 in the first equation, 
equation gives 


0 = 


bSl 2 

g — LSI 2 ' 


Hence the steady-state solution is 


The second 


6fi 2 sin(fit 4- p) 
g-LSI 2 


2046 

Three equal point masses m move on a circle of radius b under forces 
derivable from the potential energy 

V(a,0,~/) = Vo(e _a -i- e~ 0 + e~ y ) . 
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where a, /3 ,7 are their angular separations in radians, as shown in Fig. 2.46. 
When a = 0 = 7 = the system is in equilibrium. Find the normal-mode 
frequencies for small departure from equilibrium. 

(Note that a, 0, 7 are not independent since a + 0 + 7 = 27r.) 

[UC, Berkeley) 




Solution: 

Let 9\, 02,03 be the angular displacements of the three masses from their 
equilibrium positions as shown in Fig. 2.47. We have 


a = — + 02 — 01 1 
P = -^ +03 ~ 02 , 
1 =^+ 01 ~ 03 . 


As 


1 - 


X X 2 
1 ! + 21 


we can write the potential energy as 
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v = V 0 e-^[e-^- ei) +e~ < ' B3 ~ e3) +e~ {6l ~ 93) } 

« V 0 e■-* 3-(02- 0i) - (03 ~ 0a) ~ (*i - 9a) 

+ 2^2 - ^ l ) 2 + 2(^3 - # 2) 2 + 2^1 ~ 03 ) 2 

= >4(3 + 0 2 + 02 + #3 — 0102 — 0203 — 030\) 

with >4 = Vo exp (— 3f), retaining terms of orders up to the second in the 
small quantities 0 \, 02 , 03 - 

As the velocities are b 0 \,b 02 ,b 03 , the kinetic energy is 
T = \b(0 2 + 0\ + Of) 

with B — mb 2 . 

The Lagrangian is therefore 

L = T -V 

= B(0 2 + 0\ "V ^ 3 ) — -^(3 + 01 + 02 + — 0\02 — 0203 — 030\) ■ 

Lagrange’s equations 

£ (®L\ -2L=n 

dt \dqi) dqi 

then give 

B0t + A(20! -0 2 -0 3 ) = O, 

B0 2 4- A(202 — 63 — 9\) — 0 , 

B0 3 + A(203 - 0i - 0 2 ) = 0 . 

Trying a solution of the type 0, = Cie iult , we find the secular equation 

2A - Buj 2 -A -A 

-A 2A — Buj 2 —A = 0 , 

-A -A 2A - Buj 2 

or, after some arithmetic manipulations, 

0 -2 A A - Buj 2 

0 2A - Buj 2 -A = Buj 2 (-3A + Buj 2 ) 2 = 0 . 

-3 A + Buj 2 -A 2A - Buj 2 
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Hence the normal-mode angular frequencies are 


w x = 0, 



1 3Vb exp(-fg) 
mb 2 


Note that u>\ does not give rise to oscillations, for in this case the equations 
of motion give 8 \ = 82 = 83 and the system as a whole rotates with a 
constant angular velocity. The other two normal-modes are degenerate and 
there is only one normal-mode frequency 


1 fm 

t\ -exp 

0 V m 



2047 

Three point particles, two of mass m and one of mass M, are constrained 
to lie on a horizontal circle of radius r. They are mutually connected by 
springs, each of constant K, that follow the arc of the circle and that 
are of equal length when the system is at rest as shown in Fig. 2.48. 
Assuming motion that stretches the springs only by a small amount from 
the equilibrium length ( 2nr/3 ), 



(a) describe qualitatively the modes of motion that are simple harmonic 
in time (the normal-modes); 

(b) find a precise set of normal coordinates, one corresponding to each 
mode; 

(c) find the frequency of each mode. 


( UC, Berkeley) 
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Solution: 


(a) As the system is not acted upon by external torque, its angular 
momentum is conserved. This means that there is a normal-mode in which 
the system rotates as a whole. Consequently there are only two vibrational 
degrees of freedom. Let 61 , 82,03 be respectively the angular displacements 
of m, M, m from their equilibrium positions and let their amplitudes be 
c lt C'i,C 3 . When considering the vibration of the masses relative to their 
equilibrium positions, we can take the total angular momentum of the 
system to be zero. Then the two vibrational normal-modes correspond 
to 

n . Mc2 

c 2 = 0 , ci = -c 3 and ci = c 3 = — . 


(b) Let the natural length of each spring be a and denote the equilibrium 
length by b, i.e. 

. 2t\t 


The Lagrangian of the system is 


L — T -V 

= l -mr 2 (6i + 6l) + \Mr 2 9l 

- ^K\{b + r0 2 - r6\ - a ) 2 +(b + t8 3 - r0 2 - a ) 2 +{b + r0\ - r0 3 - a) 2 ]. 
Lagrange’s equations 



then give the differential equations of motion 


m6i + K{26\ — 62 — 8 3 ) — 0 , 
M6 2 + K(26 2 - 6» 3 - 6>i) = 0 , 
m9 3 + K(26 3 - 9 1 - 0 2 ) = O. 


The above sum up to 


m 61 + M9 2 + m 0 3 = 0 , 


and the first and third equations give 

m( 6 \ — 63 ) 4- 3ff(0i — <? 3 ) — 0 . 
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These can be written as 

= 0 , 

mrj + 3Krf - 0 


( 1 ) 

( 2 ) 


if we set 


£ = 0i + 


mo 2 


m 

V = 0i - 03 • 


+ 03 i 


Hence £ and rj are normal-mode coordinates of the system. 

Equation (1) shows that u>\ = 0. Thus corresponding to this mode in 
which the system rotates as a whole and there is no oscillation. 

Equation (2) shows that 


u>2 



To find the third normal coordinate, we choose the coordinate transforma¬ 
tion 


9i = 0i, 


Q2 = 02 



93 — 03 


to make the kinetic energy a sum of squares: 


r=-mr 2 (^ + 9 2 2 + 9 3 2 )- 


9i,92,93 3X6 j us t like Cartesian coordinates. The transformation between 
the three normal coordinates and the three “Cartesian” coordinates 91 , q 2 , 
q 3 must be linear. We already have 


£ = 9i + 92 



t] = 9i - 93 ■ 


Assume the third normal coordinate to be 


£ — Aq\ + Bq2 + C93 ■ 

It should be orthogonal to the 77 -axes. Resolving along the qi -axes we 
have 


£ = 



77 = (1,0, —1), C = (A,B,C). 
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Orthogonality means that 

C-£ = a + bJ— + c = o, 

V m 

<Z-ri = A-C = 0 , 

which yield A = C, B = —24y / ^". Since a normal coordinate remains so 
after multiplying it with a nonzero constant, we can set A = 1, then 


C = 9i — 2<?2 Y M + 93 ~ 01 “ ^ 3 ’ 

The equations of motion then give 

yielding 

I Qm + WK 
3 V aM 

(c) o>i, W 2 , axe the normal-mode angular frequencies corresponding to 

the three normal coordinates £, t), ( respectively. 


2048 

A ring of mass M and radius R is supported from a pivot located at one 
point of the ring, about which it is free to rotate in its own vertical plane. 
A bead of mass m slides without friction about the ring (Fig. 2.49). 

(a) Write the Lagrangian for this system. 

(b) Write the equations of motion. 

(c) Describe the normal-modes for small oscillations in the limits 
M and m M. 

(d) Find the frequencies of the normal-modes of small oscillations for 
general m and M. 

(UC, Berkeley) 

Solution: 

(a) Use coordinates as shown in Fig. 2.49. The mass m and the center 
of mass of the ring have coordinates 
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Fig. 2.49. 

(RsinO + ftsinyj, Rcos 9 4- R cosip), (RsinO, RcosO) 
and velocities 

(R9cos9 + Rip cos p, — R9 sin# — /h^sin^?), (ROcosQ, — R9 sin 9) 

respectively. The ring has moment of inertial 2 MR 2 about the pivot. The 
Lagrangian of the system is then 

L — T -V 

— MR 2 9 2 + ^mi? 2 [<9 2 + ip 2 + 29ipcos{9 - ip)] 

+ (M + m)gRcos9 + mgRcosip , 

taking the pivot as the reference level of potential energy. 

(b) Lagrange’s equations 



give the equations of motion 

(2 M 4- m)R9 + mRip cos(9 — < p) 

+ mRip 2 sin(# — i p) + (m + M)g sin 6 = 0, 

Rip + R9 cos(9 — ip) — R6 2 sin(0 — ip) + 5 sin p = 0 . 

(c),(d) For small oscillations, 0,ip,6,ip are small and the above reduce 
to 

(2 M + m)R9 + mRip + ( M + m)g9 = 0 , 

Rip + R9 4- gip = 0 . 
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Try a solution of the type 6 = Ae tu>t , ip = Be lut and write these equations 
as a matrix equation 

/ (M + m)g — (2M + m)Rw 2 —mRu 2 \ ( A \ _ . 

^ ~Ru > 2 g-Bu 2 )\B) _U - 

The secular equation 

(m 4- M)g - (2M + m)Rw 2 -mRu 2 
—Ruj 2 g - RjJ 2 

= (2 Rw 2 - g)[MRu 2 - (m + M)g\ = 0 
has positive roots 



which are the normal-mode angular frequencies of the system. The ratio of 
the amplitudes is 

A _ g ~ Bui 2 _ ( 1 for u> — u x , 

B fiw 2 " \ -jffa for u> = u >2 . 

If m » M, 



i.e. 6 and <p have the same amplitude and phase; 



i.e. 8 and <p have the same amplitude but opposite phases. 
If m <§: M, 



i.e. 0 and p have the same amplitude and phase as in the above; 




574 


Problems & Solutions on Mechanics 


i.e. 9 has a much smaller amplitude than tp and the two oscillations are 
opposite in phase. 


2049 

2 

A particle of mass m is constrained to move on the parabola z = in 
the plane, a is a constant length, and there is a constant gravitational force 
acting in the negative z direction. 

(a) Define a suitable generalized coordinate for the problem. 

(b) Write the Lagrangian in terms of your generalized coordinate and 
velocity. 

(c) Where is the equilibrium position for the particle? 

(d) Write the equation for small oscillations about this equilibrium. 

(e) Solve the equations you get in (d). 

( Columbia ) 

Solution: 

(a) We choose x as the generalized coordinate of the particle. 

2 

(b) The particle has coordinates (x, z) = (x, ^-) and velocity (x, y) = 
(x, 2M). Then 

T = im(x 2 + z 2 ) = ^mx 2 ^1 + , 


V = mgz = 
The Lagrangian is therefore 


mgx 


L = T-V=\mi?U + i 4 

2 \ cr / a 


(c) The equilibrium position is given by 

dV 2mgx 


dx 


= 0 , 


or 


x = 0 . 


Then z = 0 also. Thus the equilibrium position is (0,0). 

(d) For small oscillations about equilibrium, x, x are small quantities. 

(■ 

Neglecting terms of orders greater than two we obtain 
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L = 


1 . 2 
-mx 
2 


mgx 2 
a 


Lagrange’s equation 



then gives 


*+^= 0 . 


a 

(e) This equation has general solution 



where A, e are constants of integration to be determined from the initial 
conditions. 


2050 

A thin uniform bar of mass m and length ^ is suspended by a string 
of length l and negligible mass. Give the normal frequencies and normal- 
modes for small oscillations in a plane. 

( Columbia) 

Solution: 

Use coordinates as shown in Fig. 2.50. The center of mass of the bar 
has coordinates ( l siny>+|lsin0, — lcos<p— |2cos0) and velocity (lipcoatp+ 
|/0CO8 0, lip sin ip + ^10 sin 6). The bar has moment of inertia 

y 

f 

jjj. 



Fig. 2.50. 




576 


Problems & Solutions on Mechanics 


1 f 3l Y - 2 

i2 m V2 ) 


= 16 ml 


Hence its Lagrangian is 
L = T — V 


= -ml 2 


9 ■ 3 • 

p 2 + + ~Opcos(0 - p) 


16 


3 / 3 

+ — ml 2 0 2 + mgl I cos p + - cos 6 

uZ V 4 


) 


« ^"i/ 2 ^0 2 4- p 2 + + 7 -mgl - * mgl ^p 2 + 

for small oscillations, retaining only terms of up to the second order of the 
small quantities 0, p, 0, p. 

Lagrange’s equation 


d_ fdL 
dt \<9g, 


L\ _ 8L _ 
ji) dq, 


0 


give 


3 •• 

-10 + Ip + gtp = 0 , 


10 4- Ip 4 gO = 0 . 


With a solution of the form 

0 = Ae iui , p = Be iwt , 


the above give 

( g-lu 2 \/ a\ 

\g-L? -lu 2 )\Bj 

The secular equation 

— f lw 2 g - Ilo 2 
4 =0 
g - lu, 2 -lu 2 


i.e. 


l 2 w 4 — 8 Igtj 2 4 4 g 2 = 0 
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has solutions 

w 2 = (4±2V3)y =(l±V3) 2 y , 
or 

cj = (V3±1)^, 

since ui has to be positive. Hence the normal-mode angular frequencies are 

for uj = td\ , 
for = u >2 . 

Thus in the normal-mode given by uq, 0 and <p are opposite in phase, while 
in that given by 012 , 6 and tp are in phase. In both cases the ratio of the 
amplitude of p to that of 6 is 

V §:2 . 


/ /q . i \ /s 

(*> 1 =(v 3 +l)dy, U>2 


The ratio of amplitudes is 

2 ? <7 — Zu> 2 

A = /a; 2 


2 

2 


2051 

A simple pendulum consisting of a mass m and weightless string of 
length l is mounted on a support of mass M which is attached to a horizontal 
spring with force constant k as shown in Fig. 2.51. 

(a) Set up Lagrange’s equations. 

(b) Find the frequencies for small oscillations. 

( Columbia ) 


h 


'y r mrmr 


\M 


t 


l BN 


Fig. 2.51. 
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Solution: 

(a) Use coordinates with origin at the position of m when the system 
is in equilibrium, and the x- and y- axes along the horizontal and verti¬ 
cal directions respectively as shown in Fig. 2.51. Then M and m have 
coordinates and velocities 

( x,l ), (x + lsin 6 ,l — l cos 6 ) 

(x,0), (± + lOcosd, Id sin 0 ) 

respectively. The Lagrangian of the system is 

L — T — V 

-- -Mi : 2 + -m(x 2 2/i:#cos0) — Mgl — mgl( 1 — cos 8 ) — -fcx 2 ■ 

Lagrange’s equations 



then give 

(M + m)x - rnl0 2 sin 0 + mlt1 cos 0 + kx = 0 , 

18 + x cos 8 + g sin 0 = 0 . 

(b) For small oscillations, x, 0, x, 0 are small quantities. Neglecting 
terms of orders higher than two, the equations of motion become 

(M -(- m)x + ml8 + kx = 0 , 

10 + x + g8 = 0 . 


Set 

x = A exp (iu;t) , 0 — B exp(futf) . 

These equations become 

k — (M + m)u > 2 -mlu > 2 \ / A \ 

-w 2 g - lu > 2 ) V B ) 

The secular equation 

k — (M + m)uj 2 —mltj 2 
—u ) 2 q — lw 2 


= Mlu 2 — [ g(M + m) + kl]u) 2 + gk = 0 
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has two positive roots 


= 


OJ 2 = 


g(M + m) + kl + \J\g{M -f m) + kl] 2 — 4 Mlgk 
2MI 

g(M + m) + kl - \/[g(M + m) + kl} 2 - AMlgk 
2 Ml 




1 ^ 


which are the normal-mode angular frequencies of the system. 


2052 

Two masses, 2m and m, are suspended from a fixed frame by elastic 
springs as shown in Fig. 2.52. The elastic constant (force/unit length) of 
each spring is k. Consider only vertical motion. 

(a) Calculate the frequencies of the normal-modes of oscillations of this 
system. 

(b) The upper mass 2m is slowly displaced downwards from the equilib¬ 
rium position by a distance l and then let go, so that the system performs 
free oscillations. Calculate the subsequent motion of the lower mass m. 

( Columbia) 



Fig. 2.52. 


Solution: 

(a) Let the natural lengths of the upper and lower springs be I 1 J 2 , and 
denote the positions of the upper and lower masses by yi,y 2 as shown in 
Fig. 2.52, respectively. The Lagrangian is then 
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L = T-V 

= m V\ + \ m vl + 2 mgyi + mgy 2 - ^k(y x - h) 2 - \k(y 2 ~ V\ - hf 
= \fn{2yl + yl) + mg{2y x + y 2 ) - ^k[(y x - h) 2 + (y 2 - Vi - h) 2 } ■ 


Lagrange’s equations 


d / dL\ _ <9L 
dt \ dqi) dq t 


give 


2 my\ -f 2 ky x — ky 2 = 2 mg -f kl x — kl 2 , 
mj /2 4- ky 2 - ky x = mg + kl 2 ■ 


Let yi = y\ +y u y 2 =y' 2 + g 2 . 
The above can be written as 


2 my[ + 2 ky[ - ky 2 - 0 , 
my 2 + ky 2 - fcyi = 0 , 


if we set 


m = 


3mg + kl x 


m = 


4mg + kl x + kl 2 


k k 

Note that y\ = y 2 = r) 2 are the equilibrium positions of the masses 2m 
and m respectively, as can be seen from the force equations 

3 mg = Hvi ~h) , 

mg = k(y 2 - y x - l 2 ) . 

With a solution of the type 

y'l = Ae™, y' 2 = Be***, 

we have 


2 k — 2 mw 2 -k 


k - rrvJ 2 } 


= 0 . 


The secular equation 


2 k — 2 raw 2 —k 

—k k — mcu 2 


= 0 
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has two positive roots 



which are the angular frequencies of the normal-modes of oscillation. As 
B 2k — 2 mu 2 /- 

s = —*—= 

the corresponding normal-modes are and 


(b) The general motion of the system is given by 

y[ = Acos(u> + t + tp^ + A' cos (uj-t + <p 2 ) , 

y' 2 = -V2Acos(uj + t + <p\) + v / 2A / cos(ui_t + < p 2 ) . 

The initial condition is that at t — 0, 


This gives 


Vi — Vi —y[ — 2/2 — 0 • 


<Pl = y>2 = 0 , 



Hence the motion of the mass 2m is described by 



2053 

Three massless springs of natural length y/2 and spring constant K are 
attached to a point particle of mass m and to the fixed points (-1,1), (1,1) 
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and (- 1 , -1) as shown in Fig. 2.53. The point mass m is allowed to move 
in the (x, i/)-plane only. 

(a) Write the Lagrangian for the system. 

(b) Is there a stable equilibrium for the point mass? Where is it? 

(c) Give the Lagrangian appropriate for small oscillations. 

(d) Introduce normal coordinates and solve for the motion of the particle 
in the small oscillation approximation. 

(e) Sketch the normal-modes of vibration. 

( Columbia) 


y 




Solution: 

(a) Let the coordinates of the mass m be (x, y). Its Lagrangian is then 


L = T —V 

1 -2 1 -2 
= -mi + - my* 

- IkW(x-1)* + {v-1)* - v/2] 2 

- \KW(x + l) 2 + (y - l) 2 - v/2] 2 

- lK[y/(x + l)* + (y+l)*-y/2] 2 . 

(b) From the conditions of a stable equilibrium 

dV_ _ &X. 292 V 92 V 

dx ’ dy dx 2 ^ dxdy dy 2 


we find one stable equilibrium position ( 0 , 0 ). 



Analytical Mechanics 


583 


(c) For small oscillations, x,y, x,y are small quantities. Expanding L 
and retaining only the lowest-order terms in these small quantities we have 

L = i mi 2 + ^ray 2 - ^K(Zx 2 + 2 xy + 3 y 2 ) . 

(d) The kinetic and potential energies can respectively be represented 
by matrices 

T =(o™)' v =(i£j£)- 


We have the matrix equation 
(V - tu 2 T)U 


■( 


| K — mw 2 | K 

\K § K-rruJ 1 


)(£)-■ 


For nonvanishing solutions we require that 


\K-mJ 1 

\K § K-mu) 2 




= 0 , 


or 


(2 K - mw 2 )(K - mu 2 ) = 0 . 


Its two positive roots give the normal frequencies and the corresponding 
normal-modes of vibrations 



-O' 

■(-0 


Wl = V ~m’ Ul 

[K 

W2 = R U 2 

The general motion of the particle for small oscillations is then 

CM!) cos(wif + y>i) + £ ^ ^ cos {u 2 t + <p 2 ) , 

where 2 are constants to be determined from the initial condi¬ 

tions. The normal coordinates are given by 

*?8 — ^ dij Qj , 

where are the elements of the matrix T. Thus for the lo\ mode, the 
normal coordinate is 


£ = U\mx -I- U 2 tny = U\m{x + y) . 
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The constant factor U\m is immaterial and we can take 

C=x+y. 


Similarly for the u >2 mode 


r] - U\m{x - y) 


and we can take 


r) = x-y . 


£,r) are the normal coordinates of the system, 
(e) For wi = , 



so the point mass oscillates along the line y = x as shown in Fig. 2.54(a). 



M-i)- 

and the point mass oscillates along the line y = — x as shown in Fig. 2.54(b). 


2054 


One simple pendulum is hung from another; that is, the string of the 
lower pendulum is tied to the bob of the upper one. Using arbitrary lengths 
for the strings and arbitrary masses for the bobs, set up the Lagrangian 
of the system. Use the angles each string makes with the vertical as 
generalized coordinates. Discuss small oscillations of this system. What 
are the normal-modes? What are the corresponding frequencies? Show 
that in the special case of equal masses and equal lengths the frequencies 


are given by Under what conditions will the system 

single piece? 


move as a 


( Columbia) 
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Solution: 



Fig. 2.55. 


Let mi, m 2 be the masses of the bobs and Ii, I 2 the lengths of the two 
strings, as shown in Fig. 2.55. The two bobs mi,m 2 have coordinates 

(li sin 0i, -hcosOi), (h sin^i 4 1 2 sin0 2 , ~h cos0 x -Z 2 cos0 2 ) 

and velocities 

(I 1 O 1 cos0i, l\6i sin0i), (Zi0icos0i 4Z202COs0 2 ,Zi0isin0i + i 2 0 2 sin0 2 ) 

respectively. Then the kinetic energy T of the system is given by 

2 T = mili8i 4 m 2 [/i02 TZ 2 0 2 T 2 ZiZ 2 0i 0 2 cos(0 2 — $ 1 )] 

= (mi 4 m 2 )/i^i 4 + 2m 2 ZiZ 2 0i0 2 cos(0 2 — 61 ) 

« (mi + m 2 )Zi^i + m 2 Z 2 ^ 2 + 2m 2 ZiZ 2 0i02 i 


and the potential energy V is given by 

2V = -2migl\ cos0i - 2m 2 g(h cos0i 4 l 2 cos0 2 ) 

1 ~~ ^1) “ TO2 ^ 2 

= 14 + (mi 4 m 2 )gl i0i 4 m 2 0Z 2 0 2 • 

For small oscillations, we have retained only terms of up to the order two 
of the small quantities 0i, 0 2 , 0i, 02- The Lagrangian of the system is given 
by L = T — V. To find the normal-modes we write these in matrix form: 


-2(mi 4 m 2 )g/i 


( 
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21' = MijOiBj = e'MB , 

2 

2V = V 0 +YI KtjWi = V 0 + ©'K0 , 


M / (mi + m 2 )l\ m 2 hl 2 \ 

\ m 2 l\l 2 m 2 ll J ' 

K = / (mi + m 2 )gli 0 \ 

V 0 *7125/2 J ’ 

-» *-(«■ 

and 0', 0' being the transpose matrices of 0, © respectively. Considering 
a solution of the type 


(2) - GO 


COS (ult + £) , 


we have 


(K-w 2 M)A = 0 , 
(mi + m 2 )h(g - liu; 2 ) -m 2 lil 2 u> 2 


\ -m 2 lil 2 w 2 m 2 l 2 (g - l 2 u 2 ) 

For Ai,A 2 not to be zero identically we require 


)G0-- 


( m i + m 2 )l\(g — 1 \oj 2 ) ~m 2 lil 2 uj 2 

-m 2 lil 2 uj 2 m 2 l 2 (g - l 2 u> 2 ) ~ ’ 


milil 2 u A - ( l 2 + l 2 )(m\ + m 2 )gu> 2 + (m x + m 2 )g 2 = 0 . 


Its positive roots 




± y /(mi + m 2 )[m 2 (/i + h ) 2 + m^li - / 2 ) 2 ] 
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are the normal-mode angular frequencies of the system. As 


M 

A 2 





ITTl2{h + I2) 2 + 7711 (ll ~ l 2 ) 2 


mi 4- m 2 


the normal-modes are given by 


GO- 


h — h 


1 


21 ^ + fe) 2 + mi(<i - <2) 2 ]/(77ii + m 2 ) 

1 1 1 
x A± cos (u±t + e±) , 


where the top and bottom signs correspond to w+, and w_ respectively. 
The general solution is 


61 


! 


h ~ h 
2 h 


1 m 2 (li +1 2 ) 2 + mi(l\ — 12) 2 
2li y mi m 2 


A + cos (w + t + £+) 


[ 2/1 2ii V 


m 2 (li 4- I 2) 2 + mi(li — I 2) 2 


mi -I-m 2 

62 — A + cos (u + t + £+) + A_ cos(u)_t + £_) , 


cos(w_t + £_) , 


where A+, A-, e + and e_ are constants to be determined from the initial 
conditions. 

In the special case of equal masses and equal lengths, mi = m 2 = m, 
h = h — l, the normal frequencies are 

w± = ^f( 2 ±>/ 2 ). 

For the system to move as a single piece, we require 6 \ = 62 , i.e. 


(h 

or 



/ m 2pi + l 2 ) 2 + mi(li 


mi + m 2 


= 1 , 


(mi 4- m 2 )(li + l 2 ) = Ti/( m i + m 2 ) 2 (li +l 2 ) 2 -4mi(mi 4-m 2 )M2 • 
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As the left-hand side is positive , the bottom sign of the right-hand side 
has to be used. Furthermore, squaring both sides gives 

ZiZ 2 mi(m 1 + m 2 ) = 0 . 

This requires either Zi = 0, or Z 2 = 0, or m i = 0. Each of these cases 
will reduce the two-pendulum system into a one-pendulum one. Hence the 
two-pendulum system cannot move as a single piece. 


2055 

(a) Consider two simple pendulums each of mass m and length l joined 
by a massless spring with spring constant k as shown in Fig. 2.56(a). The 
distance between the pivots is chosen so that the spring is unstreched when 
the pendulums are vertical. Find the frequencies and normal-modes for the 
small oscillations of this system about equilibrium. 

(b) Now consider an infinite row of pendulums with each pendulum 
connected to its neighbors just as the pair in part (a) is connected, as shown 
in Fig. 2.56(b). Find the normal-modes and the corresponding frequencies 
for this new system. 

( Columbia ) 


'_I' 

m m 


(a) 


/ 


m m m m 


(b) 




X 


Fig. 2.56. 


Fig. 2.57. 


Solution: 

(a) Let a be the natural length of each spring. Number the pendulums 
from the left, and use coordinates with the origin at the equilibrium position 
of the bob of pendulum 1 and the x-, y -axes along the horizontal and vertical 
directions, as shown in Fig. 2.57. Then the two bobs have coordinates 

(l sin 0i, Z(1 — cos0i)), (a + l sin0 2 , Z(1 — cos0 2 )) 


and velocities 
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(, lff\ cosdi,Wi sin^i), (Iff 2 cos02, 16 2 sin 02) 

respectively. The Lagrangian of the system is 
L — T — V 

= \-m(l 2 ff\ + l 2 ff 2) — mgl( 2 — cos0i — cos0 2 ) 

it 

— ^A;(a + Z sin 02 — Zsin0i — a) 2 

« \ml 2 ( 6 2 + ff 2 ) - \mgl(ff 2 + 0 2 ) - \kl 2 (ff 2 - ff x ) 2 

for small oscillations. 

Lagrange’s equations 



ml 2 ffi + mglffi — kl 2 (ff 2 — 0i) = 0 , 
ml 2 ff 2 + mg/02 + kl 2 (ff 2 — 0i) = 0 . 

Let £ = 0i 4 - 0 2 , r) = 0i — 0 2 . The sum and difference of the above two 
equations give 

it + g* = 0 , 

mlf) + (mg + 2 kl)r) = 0 . 

Hence £ and 77 are the two normal coordinates of the system with the normal 
angular frequencies 



As 

6i = \(Z + v), 02 = \(Z~r l ), 

their amplitudes ui, u 2 have the ratio 


Ui : u 2 = 1 : 1 
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for the u>\ mode, for which r; = 0, and 

u\ : U 2 = 1 : — 1 


for the u>2 mode, for which £ = 0. 

(b) The same treatment gives 

L = T -V 

= + 0 2 + ■ ■ ■ + 8 2 + ■ ■ ■) - -mgl(9 2 + 0 2 4 - • • • + 0 2 4 - • • •) 

- -kl 2 {(62 - 0i) 2 + (63 - 8 2 ) 2 H - 

+ ( 9 n — 0 „_ i ) 2 + ( 0 n+ 1 — 6 n ) 2 + • • • ] . 


Lagrange’s equations then give 

ml 2 e n + mglO n + kl 2 [( 6 n - 0 n ~ 1) - (0„ +1 - 0 n )] = 0 , 


i.e. 

ml 9 n + mgO n + kl( 20 n - 9 n+ \ - 9 n _ j) = 0 . 

Since 8 n remains finite as n —> 00, assume the amplitude varies periodically 
along the z-axis and try 


9 n = , 


where the “wave number” k = ^, with the “wavelength” A being integral 
multiples of a, i.e. A = pa, p — 1 , 2 , 3 ,-Substitution gives 


u> = Jj + — [1 - cos(«a)] . 

VI m 


The first few normal angular frequencies are for 
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V- 1, 
P= 2, 
P = 3, 
P = 4, 



The corresponding normal-modes (for p = 1 , 2 , 3 , 4 ,...) are 



/1\ 


(~ l \ 

1 

f 1 j Ae"- 4 , 

-1 

1 



V 

/<i'\ 

e’i* 


/ 

1 



e’i*' 

gifir 

Ae- iw4 , 

1 



V : ) 




Ae 


-iu)t 


e ,,r 

e'i* 

1 

e i,r 

1 


Ae 


—iu>£ 


2056 

Consider a particle of mass m moving in two dimensions in a potential 
V(x,p) = -ifcx 2 + jA 0 i 2 y z + ^Aix 4 , fc,A 0 , Ai > 0 . 

(a) At what point (xo,j/o) is the particle in stable equilibrium? 

(b) Give the Lagrangian appropriate for small oscillations about this 
equilibrium position. 
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(c) What are the normal frequencies of vibration in (b)? 

( Columbia) 


Solution: 

(a) A point where dV/dx = 0 , dVfdy = 0 , d 2 V/dx 2 > 0 , d 2 V/dy 2 > 0 

and 

0 2 V, , . . d 2 V , , d 2 V, 


dx 2 


(da;) 2 4- 2 —dxdy + -^-y(dy) 2 > 0 


dxdy 


dy 2 


is a point of stable equilibrium. For the given potential we find two such 
points, 0) and Aj,0). 

(b) V is a minimum at a point of stable equilibrium (x 0 ,yo)- At a 
neighboring point (x,y), we have, to second order of the small qualities 
x ~ xq, y — 3 /o, 


V(x,y) = V(x 0 : y 0 ) + ^ 



(x - Xq ) 2 


+2 



(x - x 0 )(y - yo) + 

xo,Vo 



(y-yo ) 2 

Xo,Vo 


+ ••• 


]f_ 1 

4Aj + 2 



kXpy 2 

^1 


for the equilibrium point ^ 0^ ■ 

Translate the coordinate system to the new origin 


(V£'°> 


4 


x = x- \I-, y =y , 
and take the new origin as the reference level for potential energy. Then 


V(x',y') = hz ^x' 2 + 


and the Lagrangian is 


L = T -V = ^m(x' 2 + y' 2 ) - ^x' 2 + ^y' 2 ^ • 
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Similarly for the other point of equilibrium, we set 



and obtain the same Lagrangian, but with x", y" replacing x',y'. 
(c) The secular equation 


\V — w 2 T\ = 0 , 


or 


has positive roots 


2 k — rrwj 2 
0 



= 0 


oq = 




These are the normal angular frequencies for small oscillations of the 
system, about either of the points of equilibrium. 


2057 

A negligibly thin piece of metal of mass m in the shape of a square 
hangs from two identical springs at two corners as shown in Fig. 2 . 58 . The 
springs can move only in the vertical plane. Calculate the frequencies of 
vibration of the normal-modes of small amplitude oscillations. 

(UC, Berkeley) 



Fig. 2.58. 


Fig. 2.59. 
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Solution: 

Let x be the vertical displacement of the center of mass of the square 
from its equilibrium position and 6 the angle of rotation of the square in 
the vertical plane containing the springs as shown in Fig. 2 . 59 . The square 
has moment of inertial \ms 2 , s being the length of each side of the square. 
For small 9 , the extensions of the springs are x + \sd and x - \» 0 . Hence 
the kinetic and potential energies are 


T = ^mi 2 + j^ms 2 9 2 , 


V = —mgx -t- -k 


/ 1 \ 2 

( 1 „\ 2 

+ 





where k is the spring constant, taking the potential reference level at the 
equilibrium position, and the Lagrangian is 


L = T — V = ^mx z + ^-ms 2 0 z + mgx - k f x 2 + ^ 


1 4.2 . * „ 2/}2 


S 2 0 2 


Lagrange’s equations 


d fdL\ dL 
dt \ dq-. 


Z. / OQi 


give 


mx + 2 kx — mg = 0, 

-ms 2 6 4 - ~ ks 2 0 - 0 . 

6 2 

Let x' = x — and we can write the first equation as 

mx' + 2 kx' = 0 . 

Thus x' and 9 are the normal coordinates of the system with the corre¬ 
sponding normal angular frequencies 
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2058 

A small sphere, mass m and radius r, hangs like a pendulum between 
two plates of a capacitor, as shown in Fig. 2.60, from an insulating rod of 
length l. The plates are grounded and the potential of the sphere is V. 



Fig. 2.60. 


The position of the sphere is displaced by an amount Ax. Calculate the 
frequency of small oscillations and specify for what conditions of the voltage 
V such oscillations occur. Make reasonable approximations to simplify the 
calculation. 

( UC, Berkeley) 

Solution: 

We assume that the mass of the insulating rod and the radius of the 
sphere are very small and can be neglected. The charge on the sphere is 


q - 47reo rV , 

e 0 being the permittivity of free space. According to the method of images, 
the forces between the sphere and the plates of the capacitor are the same 
as those between the charges on the sphere and its images symmetrically 
located at positions as shown in Fig. 2.60. Take x-axis along the horizontal 
with origin at the equilibrium position. The kinetic and potential energies 
of the system are respectively 
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T = -mar , 

V = --— -— - 1-7 —+ mgl(l — cos 6 >) 

4 tt£o [6 +2a: b — 2a:J 


q 2 26 

4x£q 6 2 — 4x 2 


+ rngl( 1 — cos 6) . 


For small x, x tv 10, 


1 _ J_ / 4/ 2 <9 2 

b 2 — 4x 2 b 2 l 6 2 


and the Lagrangian is 


L = T — V = Jm/ 2 0 2 + 

2 27re 0 


- 2 mglO 2 


Lagrange’s equation 


d. {dL\ dL _ 
dt\dOj 90 ~ 


, 2 x V i 2 0 


mrO -+ rnglO = 0 

7T£o 6 J 


Hence the angular frequency of small oscillations is 


g 4q 2 1 _ Ig Mnea r 2 V 2 

W V * ir£ o m6 3 V 1 m6 3 


The condition for such oscillations to take place is that w be real, i.e. 


64neor 2 l 
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Fig. 2.61 


Note that the above solution is only approximate since the images 
themselves will produce more images, some of which are shown in Fig. 2 . 61 , 
which also have to be taken into account. Thus the potential due to 
electrostatic interactions is 


ArcPn 2 —/ 


47r£° ^ L(2n - 1)6 ~ 2x (2n — 1)6 + 2 x 2 nb 


™ r i Ax 2 

2 neo " \ (2n - 1)6 ^ + (2n — 1) 2 6 2 

g 2 ^ |Y 1 _J_\ _ 4 a 

2 neob , I \2n - 1 2n/ (2n — 

Ti— 1 u ' 


-±.\ 

2 nb j 


4 x 2 

- 1) 3 6 2 


2 -K£ob 


41 2 9 2 0 ' 


OO J OO ^ 

a - 2n(2n - 1) ’ 13 ~ § (2n - l) 3 ' 


This would give 


fg Q4it£or 2 V 2 (3 


and the condition for oscillations 
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V< J 9Tnb3 . 

y 64TT£ 0 r 2 l(3 

The P series converges rapidly. With maximum n = 3, (3 = 1.05 and 
the third decimal remains unchanged when more terms are added. As 
i = 0.98, the two-image calculation gives a good approximation. 


2059 

A smooth uniform circular hoop of mass M and radius a swings in 
a vertical plane about a point O at which it is freely hinged to a fixed 
support. A bead B of mass m slides without friction on the hoop. Denote 
the inclination OC (where C is the center of the hoop) to the downward 
vertical by ip. 

(a) Find the equations of motion for 6 and ip. 

(b) Find the characteristic frequencies and normal-modes for small 
oscillations about the position of stable equilibrium. 

( Chicago) 

Solution: 

y 


X 


Fig. 2.62 



(a) The moment of inertia of the hoop about O is 
I = Ma 2 + Ma 2 = 2 Ma 2 . 


Use coordinates as shown in Fig. 2.62. The coordinates and velocity of the 
bead are respectively 

(a sin 6 + a sin <p, —a cos 9 — a cos ip ), {ad cos 6 + a<p cos <p, a6 sin 6 + a<p sin <p) . 



Analytical Mechanics 


599 


The Lagrangian of the system is 

L = T - V — Ma 2 8 2 + --ma 2 [d 2 + <fi 2 + 28<pcos(8 - </>)] 

it 

+ Mga cos 8 + mga( cos 8 + cos ip) 

= i(2 M + m)a 2 8 2 + \-ma 2 ip 2 + ma 2 8ipcos(6 - ip) 
+ (M + m)ga cos 8 + mga cos p . 


Lagrange’s equations give 

(2M + m)a8 + ma<pcos(8 - p) + map 2 sin (8 - p) + (M + m)g sin 0 — 0 , 
a8 cos (8 - ip) + ap - a8 2 sin (0 - p) + g sin ip — 0 . 


(b) For small oscillations, retaining terms up to second order in the 
small quantities 8, <p, 8, ip, we have from the above 


8 + 


/ M + m\ gO 
\‘2M + rn J a 


+ 


m 


2 M + m 


<iP = 0 , 


8 + -g> + ip — 0 . 


For a solution of the type 8 = -Aexp(iu;t), p = B exp(iu>t), the above 
become 


Y M + m N g_ i _ 

\ 2 M + m J a 


mw 


2 M + m 


B = 0 , 


-u 2 A +({ -w 2 ) B = 0 . 

For nonzero solutions the determinant of the coefficients must vanish. Thus 
A/w 2 - (M ± ^ | - l) = 0 . 


whose two positive roots 
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are the characteristic angular frequencies of the system for small oscillar 
tions. As -g = - 1, we have for w = oq, ^ = 1 and the normal-mode 

(*), for u) — UJ 2 , g = ~ M+m an( * t ^ ie normal-mode ( J +m ) . 


2060 

A small body of mass m and charge q is constrained to move without 
friction on the interior of a cone of opening angle 2a. A charge —q is fixed 
at the apex of the cone as shown in Fig. 2.63. There is no gravity. Find the 
frequency of small oscillations about equilibrium trajectories of the moving 
body in terms of ipo, the equilibrium angular velocity of the body around 
the inside of the cone. Assume u « c so that radiation is negligible. 

(UC, Berkeley) 


2 



Fig. 2.63 


Solution: 

Use coordinates as shown in Fig. 2.63. In the Cartesian system, m has 
coordinates (rcosp, rsinp, z), or, a s z = r cot a, (r cos <p, r sin p, r cot a ), 
and velocity 


(r cos p — rip sin p, r sin p + rp cos p, r cot a) . 

The Lagrangian is then 

_ 1 , n o .o .o 5 , q sm a 

L = T — V = -m(r 2 + r 2 qr + r 2 cot 2 a) + ---- 

2 47reo r 


1 /,o o o ,o\ Q sin ol 

= ~ m(r 1 esc ' 5 a + rft) + —- 

2 47T£o t 
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Lagrange’s equations 


give 



dL 

dqt 


= 0 


..9 g“sina 

mr esc a - mrw* + --» = 0 , 

47reo^ 

mr 2 0 = J (constant) , 


or, combining the above, 


J 2 


, u qr 2 sina 
mr esc a- 5 - + --- = 0 . 


mr 3 47T£or 2 

For the equilibrium trajectory, 

r = 0, r = r 0 , = y>o 


( 1 ) 


the above becomes 

J 2 q 2 sin a 
mr$ 47T£ 0 r% 

For small oscillations about equilibrium, let r = ro + £, where £ -C ro- Then 



and Eq. (1) becomes 


m£ + 


q 2 sin 3 a 
4Tre 0 r$ 




= 0 . 


Hence the angular frequency for small oscillations is 


10 = 


I q 2 sin 3 a 
4neo mr% 


tfio sin a , 


as 



q 2 sin a 


4ir£omr 


3 • 
0 
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2061 

A flywheel of moment of inertia I rotates about its center in a horizontal 
plane. A mass m can slide freely along one of the spokes and is attached to 
the center of the wheel by a spring of natural length l and force constant k 
as shown in Fig. 2.64. 

(a) Find an expression for the energy of this system in terms of r, r, 
and the angular momentum J. 

(b) Suppose the flywheel initially has a constant angular velocity Qq 
and the spring has a steady extension r = vq. Use the result of part (a) 
to determine the relation between flo and ro and the frequency of small 
oscillations about this initial configuration. 

(MIT) 



Fig. 2.64. 


Solution: 

(a) Let r be the distance of m from the center and 6 the angular velocity 
of the flywheel at time t. The system has angular momentum 

J = 10 + mr 2 0 


T + V = \l6 2 4- \rn(r 2 + r 2 0 2 ) + ^ k(r - l) 2 

z z z 


J 2 

2(1 + mr 2 ) 


+ \rnr 2 + ^k(r - l) 2 . 


and energy 
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(b) The Lagrangian of the system is 

L = T -V = ^ 16 2 + \rnr 2 + ^ mr 2 0 2 - \k(r - l) 2 . 
2 2 2 2 


Lagrange’s equations 


give 



mr - mrO 2 + k(r — l) = 0 , 

(I + mr 2 )6 = constant = J , 


( 1 ) 


or, combining the two, 


mrJ 2 
(/ + mr 2 ) 2 


+ k(r - l) = 0 . 


( 2 ) 


Initially, r = 0, r = r 0 , 6 = Q 0 , J = (I + mr 2 )D, 0 . For small oscillations 
about this equilibrium configuration, let r = ro + p, where p -C r 0 . As 

mr J 2 ^ m(r 0 -f p)J 2 

(I + mr 2 ) 2 ~ (J + mr§ + 2mr 0 p) 2 


mr 0 J 2 / _p _ 4mr 0 p \ 
~ (/ + mr{j) 2 V n> 7 + mrg/ 


mroJ 2 
(/ + mrg) 2 

mroJ 2 
(7 + mrl) 2 



mroJ 2 
(7 4- mrg) 2 


= mrgflo = M r o — 0 


Eq. (2) becomes 



Therefore, provided that 7 is such that 
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the system will oscillate about the initial configuration with angular fre¬ 
quency 



after a small perturbation. Note that Eq. (1) implies 

_ kl 
r ° k — mfio 1 

i.e. ro itself is related to Qq. 


2062 

Three point-like masses (two of them equal) and the massless springs 
(constant K) connecting them are constrained to move in a frictionless tube 
of radius R. This system is in gravitational field (g) as shown in Fig. 2.65. 
The springs are of zero length at equilibrium and the masses may move 
through one another. Using Lagrangian methods, find the normal-modes 
of small vibration about the position of equilibrium of this system and 
describe each of the modes. 

( UC, Berkeley) 





Fig. 2.65. Fig. 2.66. 


Solution: 

Use Cartesian coordinates (£, 77 ) as shown in Fig. 2.66. The ith mass 
has coordinates (i?sin0j, R( 1 — cos#;)). For small oscillations these can be 
approximated as ( R8i , \R6f), or (x,, ^x?) with x, = R6i- Then, neglecting 
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terms of orders greater than two of the small quantities x,,Xi, we have for 
the kinetic and potential energies 

T = imirf + ^Mx\ + ^ mx\ , 

V = ^K(x x - x 2 ) 2 + - Z 3) 2 + + xf) + ^Mxf , 

and the Lagrangian 
L = + ^Mx 2 + ^mx 3 

- [5 (# + (*1 + 23 ) + ^ x^ - /f(xix 2 + x 2 x 3 ) . 

Lagrange’s equations give 

mil + ^K + 

Mx 2 + ( 2 K + x 2 - iC(xi + x 3 ) = 0 , 
mx 3 4- x 3 - Kx 2 = 0 . 

Letting 

x ; = Aje iu,t 

in the above we obtain the matrix equation 



/K+zg-mw 2 -K 0 

i -K 2 K+^~ Mu 2 ~K 

\ 0 -K K+^-maj 2 

For solutions in which not all A{ are zero, we require 



K+^-mu 2 -K 0 

-K 2 K + Mu 2 -K = 0 , 

0 -K K + ^ - mw 2 


whose three non-negative roots are the angular frequencies of the normal- 
modes of the system: 
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Equation (1) gives 

A 2 _ M _ mg_ _ mu 2 
A\~ Az~ + RK K ’ 

KA\ — (^2K H— — MuA 2 + KA 3 — 0 . 

These equations give for uq: A 3 = —j4i, A 2 = 0; 

B 2 

for u 2 : B 3 = Bi, — = negative; 

B 1 

for o; 3 : C 3 = Ci , ^ = positive. 

w 

Hence the three corresponding normal-modes are 



for u\, u 2 , W 3 respectively, where 



The three normal modes are depicted in Fig. 2.67. 



W, : 

Wj : 
w 3 : 


Fig. 2.67. 
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2063 

In the theory of small oscillations one frequently encounters Lagrangian 
of the form L = T — V, where 

N N 

T = ^ ' Qi&ijQj j V = ^ ^ Qibijqj . 

i,j = l *it=l 

The matrices A = (a*j) and B = (b^) are real and symmetric. 

(a) Prove that A is positive definite, i.e. 

x + Ax > 0 

for an arbitrary column matrix x. Prove that in general the eigenvalues of 
such a matrix are greater than or equal to zero. Show that we need not be 
concerned with zero eigenvalues. 

(b) Prove the existence of the matrices A^. 

(c) Introduce new coordinates 6j by 

N 

qi = J2( A ~ hs Wi ’ 

i =i 

where S is an N x N matrix. Show that S can be chosen so that A and B 
are diagonalized. Interpret the diagonal elements of the transformed B. 

(SUNY, Buffalo) 

Solution: 

(a) By definition, 

T =\Y^ mk± k ^ 0 

k 

in Cartesian coordinates. After a linear transformation 

Xk ~ Xfc(<l 11 t Qn) i 

n 

T = ^ ] Qi a ijQj i 


it becomes 
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but is still > 0. In matrix form, 

T = q f Aq , 


where 


/qi\ 

Q2 

\<1n / 


and the dagger denotes its transpose matrix. As the velocities x\, ± 2 ,... 
and hence the generalized velocities qi, <72 > • • • are arbitrary, we have 


T = xAx > 0 


for an arbitrary column matrix x. That is, A is positive definite. 

Suppose x s is an eigenvector of A with eigenvalue X g . By definition, 

AXg - AgXg , 

where X g is a real number as A is symmetrical and real. Then 

N 

XgAXg = X^AgXg = AgX^Xg = Ag Y, . 

i=1 

As this is greater or equal to zero as shown above, the eigenvalues X g > 0. 

If X g = 0, there is no oscillation for the corresponding mode, which then 
does not concern us. The vibrational degrees of freedom are simply reduced 
by one. 

(b) For the matrices A^ to exist we require that 

det |A| > 0 . 

A real symmetrize matrix can be diagonalized by an orthogonal matrix S, 
i.e. one for which SlS = I, the unit matrix: 

S^AS = A , 

where A is a diagonal matrix elements Aj j = Xrfij. Writing [A| for det |A|, 
we have 

N 

|A| = |A||St||S| - |S*AS| = |A| = l[Xi > 0 

i=1 
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by the result of (a) (any zero A has been eliminated). Hence A ± i exists, 
(c) Introduce new coordinates 6j by 

N 

® = £(A-isJyflj , 


3 =1 

where S which diagonalizes A is orthogonal. Consider 


T = q f Aq = (A-*S0) f AA-*S0 
= 0 t S t (A"i) t AA-iS 0 . 


As A is real symmetric, A* = A and 


(A-i)t = (A t )-i =A“* , 


the above becomes 


T = 0+StS0 = &I8 . 


Similarly 

V = q t Bq = 0tS t A iBA *S0 . 

As A, B are real symmetric, 

(A-iBA-i) f = (A _ i) t B^(A“i) t = A - iBA - ^ . 

AiBAi is real symmetric and can be diagonalized by the orthogonal 
matrix S. We therefore have 

N N 

T= XX ? > v = J2 b 3 & 1 , 

3 =1 3 = 1 

where Bj are the diagonal elements of the diagonalized matrix of 
A-*BA-i,i.e. 

(StA-iBA-iSJy = BjSij . 

The Lagrangian is 

L = T-V = Y,{9 2 j -B j 6*) 

3 = 1 

and Lagrange’s equations 

d fdL\ dL 
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give 

6i + Bi0i = 0, i = 1,2,... ,N . 


Hence Bi are the squares of the normal angular frequencies u of the system. 


2064 

A flyball governor consists of two masses m connected to arms of length 
l and a mass M as shown in Fig. 2.68. The assembly is constrained to 
rotate around a shaft on which the mass M can slide up and down without 
friction. Neglect the mass of the arms, air friction, and assume that the 
diameter of the mass M is small. Suppose first that the shaft is constrained 
to rotate at an angular velocity wo- 

(a) Calculate the equilibrium height of the mass M. 

(b) Calculate the frequency of small oscillations around this value. 
Suppose the shaft is now allowed to rotate freely. 

(c) Does the frequency of small oscillation change? If so, calculate the 
new value. 

( Princeton ) 


z 



Fig. 2.68. 


Solution: 

(a) Use a rotating coordinate frame with the x-axis in the plane of the 
governor arms as shown in Fig. 2.68. In this frame the masses m, m and M 
have coordinates (—1 sin 6 , 0, —l cos 9), (l sin 9, 0, —l cos 9) , (0,0, —2 1 cos 9) 
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respectively. In a fixed coordinate frame with the same origin and 2 -axis, 
the velocity is given by r' = r+Wo x r, where u>o = (0,0, ujq). Hence the cor¬ 
responding velocities are (—Z 0 cos 0 ,lu>osin 0 , WsinO), (16 cos 8,—lu>o sin 6, 
I9sin6), (0,0, —216sin6). Thus the kinetic energy, potential energy and 
Lagrangian of the system are respectively 

T = m/ 2 u>o sin 2 6 + ml 2 9 2 + 2 Ml 2 8 2 sin 2 8 , 

V = —2mgl cos 8 — 2Mgl cos 6 , 

L = T — V = ml 2 ujQ sin 2 8 + ml 2 0 2 + 2 Ml 2 6 2 sin 2 8 + 2(M + m)gl cos 9 . 


Lagrange’s equation 



then gives 


2(m + 2 M sin 2 9)16 + 2 MW 2 sin 26 — ttiIujq sin 29 + 2(m + M)g sin 9 = 0 . 
At equilibrium, 9 = 0 , 9 ~ 0, 9 = 9 0 and the above becomes 


mluiQ sin 20 o = 2(m + M)g sin 9 0 . 


( 1 ) 


Solving for 8 0 we obtain two equilibrium positions: 


(i) 0 o = 0 , 

(ii) cos 0 o = 


(m + M)g 
mlw 2 


The distances of the mass M at the two equilibrium positions from the top 
of the shaft are respectively 


J All - All] 

0 . a 2 (m + M)g 

(ll) 21 cos 0 O - - 5 -. 

thwq 


(b) When 0 O = 0, the governor collapses and there is no oscillation. 
Consider the equilibrium given by (ii). Let 6' = 0 — 0o, then 8 = 9'. For 
small oscillations, 0 ' < 0 oi 


sin 0 « sin 0o + 9' cos 0 O , 
sin 20 ks sin 20 q + 20 ' cos 20 o . 
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The equation of motion becomes, retaining only first order terms of the 
small quantities O', O', O' and taking account of (1), 

(m + 2M sin 2 0 o )W' + [(to + M)g cos 0 o - mlu) 2 cos 20q}0' = 0 . 

Hence the oscillation frequency is 

t 1 /(to + M)gcos0 o - mlu 2 cos20 o 
* ~ 2 w y (to + 2 Msin 2 0q)1 ' 

(c) One would expect the oscillation frequency to be different since the 
angular velocity uq in the above is arbitrary. Let p be the angle of rotation 
about the shaft. Putting u = <p in the Lagrangian we have 

L = ml 2 ip 2 sin 2 0 + ml 2 0 2 + 2 Ml 2 0 2 sin 2 0 + 2(m + M)gl cos 0 . 

Lagrange’s equations give 


ip sin 2 0 = c (a constant) , 

2(m + 2 M sin 2 0)10 + 2 MW 2 sin 20 - mlip 2 sin 20 + 2(m + M)g sin 0 = 0 , 
which combine to give 

(m + 2 M sin 2 0)10 + MIO 2 sin 20 — mlc 2 cos ^ -f (m + M)g sin 0 = 0 . (2) 

sin 0 

At equilibrium, 0 — 0, 0 = 0 and 0 = 0 O( which is given by 

2 cos 0 q 


mlc 


sin J Oq 


= (to 4 - M)g sin Oq . 


For small oscillations about Oq, let 0 = 0q + O', where O' <§C 0q. As 


mlc 2 ~ mlc 2 


sin 3 0 


mlc 


cos 0 o — O' sin Oq 
(sin Oq + O' cos 0o ) 3 

2 cos Oq 


sin 3 Oq 


(1 - O' tan 0 O — 30' cot 0o) 


= (to + M)g sin Oo 1 - ( l ^Q C ° S \ O' 
\ sin 0 O cos 0 O ) 

Eq. (2) becomes 

(to + 2M sin 2 0 o )l0' + (to 4- M)g- 


,2 , /„ , ^J 1 + 3C0S2 ^),/ 


cos 00 


0 = 0 . 
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Hence the frequency of small oscillations is 

1 I (m + M)g{ 1 + 3 cos 2 9q) 
27t y (m + 2M sin 2 0q)1 cos 8q 


2065 

A particle of mass M moves along the x-axis under the influence of 
the potential energy V(x) = -Kxexp(-ax), where K and a are positive 
constants. Find the equilibrium position and the period of small oscillations 
about this equilibrium position. Consider also the cases where K and/or a 
are negative. 

( Princeton ) 


Solution: 

Expand the potential near a point xo: 

F(x) = V(x 0 ) + (^0 (x ~x 0 ) + ± (* - xo) 2 + • • ■ • 

\ / Xo V ' XO 

For xq to be an equilibrium position, 


= K(ax 0 - l)e~ axo = 0 , 

/ Xq 


giving 



As 



= aK(2 - ax 0 )e-“ 10 



the equilibrium is stable. 
Let 


f — X — Xo = x- 

a 

and take xo as the reference level of potential energy, 
at £ is 


Then the potential 
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The Lagrangian is then 


L = T-V= 1 -M?- a §e 


Lagrange’s equation 


yields 


d fdL\ dL 


dt \ 


dL\ 

dU 


dt 


= 0 


Mi + — i = o. 

e 

This shows that the angular frequency of small oscillations about the 
equilibrium position is 


faK 
V Me ’ 


and the period is 




If both a and K are negative, then aK is positive and the above results 
still hold. 

If only one of a, K is negative then 


(0 2 V\ 

V dx 2 ) x <0, 


which means that the potential at equilibrium is a maximum and the 
equilibrium is unstable. Hence no oscillation occurs. This can also be 
seen from the equation of motion, which would give an imaginary uj. 


2066 

A particle of mass m moves under gravity on a smooth surface the 
equation of which is 2 = x 2 + y 2 — xy, the z-axis being vertical, pointing 
upwards. 

(a) Find the equations of motion of the particle. 

(b) Find the frequencies of the normal-modes for small oscillations about 
the position of stable equilibrium. 
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(c) If the particle is displaced from equilibrium slightly and then re¬ 
leased, what must be the ratio of the x and y displacements to guarantee 
that only the higher frequency normal-mode is excited? 

( Wisconsin) 

Solution: 

(a) As 


z = x 2 + y 2 — xy , 

z = 2xx + 2yy - xy - xy = x(2x — y) + y(2y - x) . 


The Lagrangian is 
L = T-V 

— i m[x 2 + y 2 4- x 2 (2x - y) 2 + y 2 (2y - x) 2 4- 2xy(2x - y)(2y - x)] 
- mg(x 2 4 -y 2 - xy) . 

Lagrange’s equations 



4[* + *(2® - y ) 2 + y( 2x - y)( 2 y - x )] 

at 

= 2x z (2x - y) - y 2 (2y - x) 4- 2xy(2y - x) - xy(2x - y) - 2^x -4 gy , 

j t \y + v&y - x ) 2 + x ( 2x - y)( 2 y ~ X )1 

= 2y 2 (2y - x) - x 2 (2x - y) + 2xy(2x - y) - xy(2y - x) - 2gy 4- gx . 


(b) As 

9V , n s W , n , 

— = mg(2x-y), — = mg(2y - x) , 

equilibrium occurs at the origin (0,0). For small oscillations about the 
origin, x, y, x, y are small quantities and the equations of motion reduce to 


x + 2 gx - gy = 0 , 
y + 2gy-gx-0. 
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Considering a solution of the type 


x = x$e 


iojt 


y = yoe 


iaft 


we find the secular equation 


2 g ~ u 2 -g 

-g 2 g - a; 2 


= (g- k> 2 )(3 g - u> 2 ) = 0 . 


Its position roots 


= v/fl, = s/Zg 


are the angular frequencies of the normal-modes of the system. Note that 
aswi, W 2 are real the equilibrium is stable. 

(c) As 

yo _ 2 g-uj 2 

xo g 


for the higher frequency mode to be excited we require ^ = -1. Hence the 
initial displacements of x and y must be equal in magnitude and opposite 
in sign. Note that under this condition the lower frequency mode, which 
requires yo/x 0 — 1, is not excited. 


2067 

A rigid structure consists of three massless rods joined at a point 
attached to two point masses (each of mass m) as shown in Fig. 2.69, 
with AB = BC = L, BD = l, the angle ABD = DBC = 6. The rigid 
system is supported at the point D and rocks back and forth with a small 
amplitude of oscillation. What is the oscillation frequency? What is the 
limit on l for stable oscillations? 

( CUSPEA) 

Solution: 

The structure oscillates in a vertical plane. Take it as the zy-plane as 
shown in Fig. 2.70 with the origin at the point of support D and the y-axis 
vertically upwards. We have 

AD = CD = b= y/lJ+P - 2Llcos6 , 
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6 



Fig. 2.69. 



and the angles between AD and CD with the vertical are a + <p, a — <p 
respectively, where a = 6 + ip, ip being given by 

— = 1 
sin# sini p 

The masses mi, m 2 have coordinates 

{-6sin(a + ip), -b cos(a 4- y>)), (6sin(a - ip), -6cos(a - <p)) 
and velocities 

(— b<pcos(a + y)),6yisin(Q + y?)), (-fypcos(a — ip), -b<p sin(a - <p)) 


respectively. Thus the Lagrangian is 
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L = T — V = mb 2 p 2 + mgb[cos(a + 1 / 3 ) + cos(a — p)\ . 


Lagrange’s equation 


then gives 


d_ fdL\ _dL_ 0 
dt \ dp ) dip 


2mb 2 p 4- mp6[sin(a + p) — sin(a — <p)] = 0 . 
For small oscillations, p <C a and 

sin(o! ± ip) « sin a ± p cos a , 
so the equation of motion reduces to 

bp 4- pg cos a = 0 , 


giving the angular frequency as 


I g cos a 
b 


we have 


cos a = cos(0 + %l>) — cos 9 cos ip — sin 9 sin ip 
= - {^s/b 2 — l 2 sin 2 6 cos 9 — l sin 2 9^j 

= y(£cos9 — l ) , 
b 

I g(L cos 6 — l) 

U = v L 2 + l 2 - 2LI cos 9 ' 


d 2 V 

— mgb[ cos(a 4- p) 4- cos(a — p)\ 

= 2 mgb cos a 

at the equilibrium position p = 0, oscillations are stable if cos a > 0. This 
requires that 

L cos 9 — l > 0 , 


l < LcosO . 
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3. HAMILTON’S CANONICAL EQUATIONS (2068-2084) 

2068 

A flyball governor for a steam engine consists of two bails, each of mass 
m, attached by means of four hinged arms, each of length l, to sleaves 
located on a vertical rod. The lower sleeve has mass M and negligible 
moment of inertial, and is free to slide up and down the rod without friction. 
The upper sleeve is fastened to the rod. The system is constrained to rotate 
with constant angular velocity u. 

(a) Choose suitable coordinates and write the Lagrangian and Hamilto¬ 
nian functions for the system. Neglect weights of arms and rod, and neglect 
friction. 

(b) Discuss the motion. 

(c) Determine the height z of the lower sleeve above its lowest posi¬ 
tion, as a function of ui, for steady motion. Find the frequency of small 
oscillations about this steady motion. 

( Wisconsin) 

Solution: 

(a) The governor is as shown in Fig. 2.68 of Problem 2064. Referring 
to the coordinates as shown and using the results obtained there, we have 

L — T -V 

= ml 2 w 2 sin 2 9 + ml 2 9 2 + 2 Ml 2 0 2 sin 2 9 + 2(m + M)gl cos 0 . 

The Hamiltonian is 

H = 9pg — L 

with the generalized momentum pg defined as 

Q T 

pg = —- = 2(m + 2M sin 2 9)l 2 9 . 
dO 

Thus 

H = 9pg - ml 2 uj 2 sin 2 9 — (m + 2 M sin 2 9)l 2 9 2 — 2(m + M)gl cos 9 

= —-—- ~ - - — ml 2 (jJ 2 sin 2 9 — 2(to + M)gl cos 9 . 

4(m + 2M sin 2 9)l 2 V 



620 


Problems & Solutions on Mechanics 


(b) Lagrange’s equation 


d_ (dL\ _ dL _ 
dt \ d6 ) 96 


gives 


2(m + 2 M sin 2 6)16 + 2 MW 2 sin 26 - mlu; 2 sin 26 + 2(to + M)g sin 8 — 0 . 

The motion is discussed in Problem 2064. Briefly, M will oscillate up and 
down the vertical rod about an equilibrium position given by 


cos <?o = 


(m 4- M)g 
mlu> 2 


(c) At equilibrium, M has z coordinate —2Zcos0 o . Hence its height 
above the lowest point is 


21 — 21 cos 8q = 21 


1 - 


(m + M)g 


mlu) 2 


The angular frequency of small oscillations about the equilibrium position 
is (Problem 2064) 


n = 


I (m + M)g cos 8q - mlu> 2 cos 20 o 
(m + 2M sin 2 8 0 )l 


with 


= UM 


I m sin 2 0o 
m + 2 M sin 2 0 q 


sin 2 0 O = 1 — 


(m + M)g 


1 2 


mluj 2 


2069 

Consider the two-body system consisting of (1) a point particle of mass 
m and (2) a rotator of finite size and mass M (see Fig. 2.71). This rotator is 
a rigid body which has uniform density, has an axis of symmetry, and, like 
the particle of mass m, is free to move. Discuss the motion of this system 
if the particle is attracted to every element of the rotator by a Coulomb 
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or gravitational force. Include in your discussion answers to the following 
questions. 

(a) How many degrees of freedom does this system have? 

(b) What would be a suitable set of coordinates? 

(c) What is the Lagrangian (or Hamiltonian)? (Write it down or say 
how you would try.) 

(d) On what coordinates does the interaction between the particle and 
the rotator depend? 

(e) How many constants of motion can you infer, and what are they 
physically? 

(f) What orbits of this system are closely similar to orbits of two point 
masses? Describe the nature of their (small) difference. What is the nature 
of the motion of the rotator relative to its center of mass? 

(Wisconsin ) 


m 


/ 


0 


M 


/ 


Fig. 2.71. 


Solution: 

(a) The system has 9 degrees of freedom, of which 3 belong to the mass 
m and 6 belong to the rigid rotator. 

(b) One may take generalized coordinates as follows: 3 coordinates x, y, 
z describing the position of the mass m, 3 coordinates X, Y, Z describing 
the position of the center of mass of the rigid rotator, 3 Euler’s angles p, 0, 
ip describing rotation relative to the center of mass of the rotator, the axis 
of symmetry of the rotator being taken as the Z'-axis of the rest coordinate 
system of the rotator. 

(c) The kinetic energy of the system consists of three parts: kinetic 
energy of the point mass m and the translational and rotational kinetic 
energies of the rotator, namely, 

T = Ti + t 2 + r 3 , 


with 
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T, = 1m(x 2 + y 2 + z 2 ) , 

T 2 = ^M(X 2 + Y 2 + Z 2 ) , 

1 (hi h 2 0 \ ( uji \ 

^3 = ^(wi,W2,W3) I /21 /22 0 J I U>2 ) 1 

V° 0 W V^3/ 

where wi,o; 2 ,u >3 are related to Euler’s angles (Problem 1212) by 
ijj\ = 6 cos ip + ifisin6sin.il> , 

= —6sinip + ipsin6 cos ip , 

= fi cos 0 + ip , 

and the inertia tensor is with respect to the center of mass of the rotator 
with the Z'-axis in the direction of the axis of symmetry. The calculation 
of the potential energy is more complex. Imagine a series of spherical shells 
centered at the mass m and consider a shell of inner and outer radii r and 
r + dr respectively. The potential due to Coulomb interaction between the 
element dM of the rotator in the shell and the particle is 

,,, GmdM 

dv =-, 

r 

where G is the gravitational constant. Then the total potential of the 
system is 



The Lagrangian of the system, L = T — V , can then be obtained. 

(d) The interaction between the particle and the rotator depends on 
X — x,Y — y, Z — z, fi and 6. 

(e) As the interaction is conservative and the space is uniform and 
isotropic, the constants of motion are the energy T + V, total angular 
momentum (each of the three components) and total momentum (each of 
the three components) of the system. 

(f) When the mass and the rotator are far removed from each other, 
their orbits are closely similar to those of two point masses. The difference 
stems from the fact that for the rotator the center of mass and the center 
of gravitational force do not coincide, so the torque of the gravitational 
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force about the center of mass makes the rotator revolve around its center 
of mass. 


2070 

A motor turns a vertical shaft to which is attached a simple pendulum 
of length l and mass m as shown in Fig. 2.72. The pendulum is constrained 
to move in a plane. This plane is rotated at constant angular speed ui by 
the motor. 

(a) Find the equations of motion of the mass m. 

(b) Solve the equations of motion, obtaining the position of the mass as 
a function of time for all possible motions of this system. For this part use 
small angle approximations. 

(c) Find the angular frequencies of any oscillatory motions. 

(d) Find an expression for the torque that the motor must supply. 

(e) Is the total energy of this system constant in time? Is the Hamilto¬ 
nian function constant in time? Explain briefly. 

(1/(7, Berkeley) 


motor 



m 


Fig. 2.72. 


Solution: 

(a) Use rotating coordinates as shown in Fig. 2.72 with the x- and z-axes 
in the plane of oscillation of the pendulum. In this frame the mass m has 
coordinates 
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(l sin 0,0, —l cos 9) 

and velocity 

(10 cos 0,0,19 sin 9) . 

In the fixed frame m has an additional velocity 

wxr = (0,0,w)x (l sin 9, 0, —l cos 9) 

= (0, ad sin 0,0) . 

Hence the Lagrangian of the system is 

L — T — V — ^m/ 2 0 2 + - ml 2 ui 2 sin 2 0 + mgl cos 9 . 
Lagrange’s equation 



then gives 

9 + - u) 2 cos 0^ sin 0 = 0 . 

(b) For equilibrium, 0 = 0. The equation of motion gives the equilibrium 
positions as 

0i =0, 02 — arccos • 

For oscillation near 0i = 0, in the small angle approximation the 
equation of motion reduces to 

0+ -w 2 )0 = O . 

If u> < the equilibrium is stable. 0 is harmonic and can be represented 
by 

0(t) = A\ cos(f!it + </?i) , 

where Ai, ipi are constants to be determined from the initial conditions, 
and fli = o> 2 is the angular frequency of small angle oscillations. If 

u) > y/f, the equilibrium is unstable. 

For oscillations near 02, let 0 = 02 + a, where a 02- The equation of 
motion is then, in the first approximation, 

a + - a; 2 cos0 2 + w 2 asin0 2 ^ (sin 02 + acos0 2 ) = 0 , 
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or 


a 4- aw 2 sin 2 0 2 = 0 . 


The solution is 

a(t) = A 2 cos(f2 2 t + V 2 ) , 

where f2 2 = wsin 82 — \Jl 2 ^ - g 2 is the angular frequency of small 

oscillations about 0 2 , >1 2 , <p 2 are constants to be determined from the initial 
conditions. Hence 


9(t) = A 2 cos(0 2 t 4- <p 2 ) 4- O 2 ■ 

(c) For small angle oscillations about 0 if the angular frequency is fix = 

y/Y~ w 2 ; and about O 2 , fl 2 = \/ 1 2 lo 4 - g 1 . 

(d) The angular momentum about the 2 -axis is 

J = ml sin 9 ■ l sin 6 ■ cj = mPw sin 2 9 . 


The torque the motor must supply is therefore 

M = ^ = ml 2 o>sin(20)^f , 
dt dt 


where for 9 the expressions obtained in (b) are to be used. 

(e) The kinetic energy in the fixed frame, T, is not a homogeneous 
quadratic function of the generalized velocity, so the mechanical energy 
is not conservative. Physically, the pendulum is constrained to oscillate 
in a plane which is rotating. So the constraint is not a stable one and 
the mechanical energy is not conserved. On the other hand, not being an 
explicit function of t , the Hamiltonian H is conserved. 

Note that while in the fixed frame the mechanical energy is not con¬ 
served, as the system is an unstable holomorphic one and all the external 
forces are conservative, the generalized energy H is conserved. We have 


H-iH-L 

ae 


= ^ ml 2 9 2 - }-ml 2 ui 2 sin 2 9 — mgl cos 9 = constant . 

In the rotating frame fixed to the motor, because of the fictitious 
centrifugal force 

dV 


mluj 2 sin 9 — — 


d(lsin9) ’ 
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the potential energy is 

V = — ^m/ 2 w 2 sin 2 0 — mgl cos 6 , 
so that the total energy is 

^ml 2 d 2 + V — H = constant . 

Therefore, whether the mechanical energy is conserved or not depends on 
the choice of reference frame. 


2071 

The classical interaction between two inert gas atoms, each of mass m, 
is given by the potential 

T ,, , 2A B A „ „ 

^( r ) = -7F + ^ 2 > A,B>0, r = |n-r a |. 


(a) Give the Hamiltonian for the system of the two atoms. 

(b) Describe completely the lowest energy classical state(s) of this 
system. 

(c) If the energy is slightly higher than the lowest [pact (b)], what are 
the possible frequencies of the motion of the system? 

( Wisconsin) 

Solution: 

(a) The center of mass of the system is given by R = |(ri + r 2 ) = 

2 

(x, y, z), the reduced mass is y. = m = y, and the total mass is M = 2m. 

Let r = ri — r 2 - Then the kinetic energy of the system is 

T = \MR 2 + \nv 

= ^MR 2 + ^/x(r 2 + r 2 0 2 + r 2 cp 2 sin 2 6 ) 
and the Lagrangian is 


L = T-V 

= \m{x 2 + y 2 + z 2 ) + \y(r 2 + r 2 0 2 + r 2 <p 2 sin 2 6 ) + ^ - 

Z Z V 


B 


r l2 ’ 
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where r, 8, <p are the spherical coordinates of a frame fixed at the center of 
mass. The generalized momenta are 


dL dL dL 

Px= di = Mx ' P v=di, =My ’ P * = ~di =Mz ' 

dL dL a . dL 2 . . 

Pr = -qt = pr , p e = = pr*0, Pip = — = pr'ipem* 8 . 

The Hamiltonian is 
H = Y^PiQi-L 


2 M (pI+pI+pI)+ 2fi (pi + r 2 Pe + r 2 gin 2 r 6 


+ 


.12 


(b) The lowest energy state corresponds to p x ~ p y = Pz — Pr = Pe = 
p v - 0 and an ro which minimizes 

2 A B_ 

r 6 + r 12 • 

Letting 



we obtain ro = ( B/A )i as the distance between the two atoms for the 
lowest energy classical state. For this state the energy of the system is 

(c) If the energy is only slightly higher than the lowest and the degrees 
of freedom corresponding to x, y , z, 6 , ip are not excited yet ( p x = p y ~ p z — 
Pe = P v = 0), we have 


As 




628 


Problems & Solutions on Mechanics 


the Lagrangian is 


L^T-V=\^-MA(^y (r-r 0 ) 2 = i/ip 2 -36>l^% 2 , 

where p = r — r^. Lagrange’s equation gives 


Hence 


pp + 72A 




2072 

Consider a particle of mass m which is constrained to move on the 
surface of a sphere of radius R. There are no external forces of any kind 
on the particle. 

(a) What is the number of generalized coordinates necessary to describe 
the problem? 

(b) Choose a set of generalized coordinates and write the Lagrangian of 
the system. 

(c) What is the Hamiltonian of the system? Is it conserved? 

(d) Prove that the motion of the particle is along a great circle of the 
sphere. 

( Columbia ) 

Solution: 

(a) As the particle is constrained to move on the surface of a sphere, 
there are two degrees of freedom and hence two generalized coordinates are 
needed. 

(b) Choose (6, ip) of spherical coordinates as the generalized coordinates. 
As there are no external forces, V = 0. The Lagrangian of the system is 

L = T — ^mv 2 = -mR 2 (6 2 + <p 2 sin 2 6) . 
z z 
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(c) As pi = $£, we have 


Pe = mR?6 , p v = mR 2 tp sin 2 0 , 

and 

H= ™“ + w- L= *he(' it+ -£fa) ■ 

Since the Hamiltonian H is not an explicit function of time, it is a constant 
of the motion, or, in other words, conserved. 

(d) Hamilton’s equation 


P<fi = ~ 


8 H 

dtp 


gives 


p v = tp sin 2 6 = constant . 


We can choose the set of coordinates (8, ip) so that the initial condition is 
tp = 0 at t = 0. Then the above constant is zero at all time: tp sin 2 0 = 0. 
As 6 cannot be zero at all time, tp = 0, or tp = constant, the motion of the 
particle is along a great circle of the sphere. 


2073 

A light, uniform U-shaped tube is partially filled with mercury (total 
mass M, mass per unit lengthp) as shown in Fig. 2.73. The tube is mounted 
so that it can rotate about one of the vertical legs. Neglect friction, the 
mass and moment of inertia of the glass tube, find the moment of inertia 
of the mercury column on the axis of rotation. 

(a) Calculate the potential energy of the mercury column and describe 
its possible motion when the tube is not spinning. 

(b) The tube is set in rotation with an initial angular velocity too with the 
mercury column at rest vertically with a displacement zo from equilibrium. 

1) Give the Lagrangian for the system. 

2) Give the equation of motion. 

3) What quantities are conserved in the motion? Give expressions for 
these quantities. 
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Fig. 2.73. 


4) Describe the motion qualitatively as completely as you can. 

( Wisconsin ) 

Solution: 

(a) Let z be the distance of the top of the mercury column from its 
equilibrium position. Suppose an external force F acting on the descending 
top causes it to descend slowly a distance dz. Then F = 2pzg and its work 
done is 

dW = Fdz — 2zpgdz . 

This work is stored as potential energy dV. Hence the potential energy of 
the mercury column is V = pgz 2 . If the tube is not spinning, the mercury 
column will oscillate about the equilibrium position and the Lagrangian of 
the system is 

L = j P si2 - P9z 2 . 

where s = l + 2h. Lagrange’s equation gives 

.. 2 g 

z + —z = 0 . 
s 

Hence the mercury column will oscillate with an angular frequency 

[2g_ r~2g~ 

W Vs V l + 2h ' 

(b) The system has 2 degrees of freedom when the U-shaped tube 
is spinning, z and the angle of rotation 9 are taken as the generalized 
coordinates. 
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1) We have 

T = \p{h ~ z )z 2 + t;p[ + x 2 6 2 )dx + \p(h + z)(z 2 4- 1 2 6 2 ) , 
2 2 J o 2 

V = pgz 2 , 

so the Lagrangian is 

L = T-V = + \p + h + z) l2 0 2 ~ P9 Z ‘ 2 • 

2) Lagrange’s equations 



give 

sz -f 2 gz ~ ^l 2 0 2 = 0 , 
l 2 0 = constant . 

As pe = the last equation can be written a s pe = constant. With the 
initial conditions 6 = wo, z = 0, z = zq &t t = Q, we have 

— + h + l 2 ix >o . 

3) The Hamiltonian of the system is 




H = p z z + pe& ~ L 

= ^psz 2 + \p(ji + h + z j l2 0 2 + P9 z2 = T + V , 


where p z = %j = psz. Thus H is equal to the total energy of the system. 
In terms of the canonical variable we have 


H = 


Pz 


+ 


Pe 


2 ps 2(±+h + z)pl* 


+ P9 Z 
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As H does not depend on t explicitly, it is a constant of the motion, in 
addition to the constant 


Pe 



+ h -t- z 


i 2 e. 


Using the initial conditions given we obtain 



-+ h + zq 


pl 2 u o + P9Z o • 


4) The motion of the mercury column consists of two components. One 
is the rotation together with the tube. The angular velocity of rotation 
changes in connection with the up-and-down motion of the column. When 
2 increases the rotation slows down, and vice verse, to keep the angular 
momentum about the vertical axis constant. The other component is the 
motion of the column in the tube. The equation of motion in 2 is 


sz + 2 gz 


A 

tt + h + z) 2 ' 


2 

where A = is a constant. Generally speaking, there are three 

equilibrium positions corresponding to the three roots of the equation 


2 gz = 


A 

(| +h + z) 


Near each equilibrium position, the column undergoes small oscillations. 
Suppose z\ is one of the equilibrium positions, i.e. 


2gz x = 


A 

(5 + h + zi) 


For small oscillations let z = z\ + z' where z' is a small quantity. The 
equation of motion becomes 


sz 1 + 2 gz' 


-2Az' 


(| +h + zi) 


3 > 


giving the angular frequency of oscillations 
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2g 2 A 

3 s(^ +h + zj) 3 


As Cl is real , the equilibrium positions are all stable. 


2074 

A particle under the action of gravity slides on the inside of a smooth 
paraboloid of revolution whose axis is vertical. Using the distance from the 
axis, r, and the azimuthal angle ip as generalized coordinates, find 

(a) The Lagrangian of the system. 

(b) The generalized momenta and the corresponding Hamiltonian. 

(c) The equation of motion for the coordinate r as a function of time. 

(d) If ^ =0, show that the particle can execute small oscillations 
about the lowest point of the paraboloid, and find the frequency of these 
oscillations. 

( Columbia ) 

Solution: 

Suppose the paraboloid of revolution is generated by a parabola which 
in cylindrical coordinates (r, ip , z) is represented by 

z = At 2 , 


where A is a positive constant. 

(a) The Lagrangian of the system is 


L = T — V = 


^m(r 2 + r 2 Cp 2 + z 2 ) — mgz 

^m(l + 4A 2 r 2 )r 2 + ~mr 2 ip 2 — Amgr 2 . 


(b) The generalized momenta are 
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and the Hamiltonian is 

H = p r r + ptptp - L 

= ^m(l + 4A 2 r 2 )f 2 + ]-mr 2 p 2 + Amgr 2 

= -- + + Amar 2 

2m(l + 4A 2 r 2 ) 2mr 2 9 ' 

(c) Lagrange’s equations 

_d /0L\ _ dL _ 
dt V^9t/ % 

give 

m(l + 4A 2 r 2 )r + 4mA 2 rr 2 — mrp 2 + 2Am.gr = 0 , 
mr 2 ip = constant . 

Letting the constant be mh and eliminating p from the first equation, we 
obtain the equation for r: 

(1 + 4A 2 r 2 )r 3 r + 4 A 2 r*r 2 + 2Agr 4 = /i 2 . 

(d) If p = 0, the first equation of (c) becomes 

(1 + 4A 2 r 2 )r + 4A 2 rr 2 + 2Agr = 0 . 

The lowest point of the paraboloid is given by r = 0. For small oscillations 
in its vicinity, r, r, r are small quantities. Then to first approximation the 
above becomes 

f + 2Agr = 0 . 

As the coefficient of r is positive, the particle executes simple harmonic 
motion about r = 0 with angular frequency 

uj = \j2Ag . 

2075 

A nonrelativistic electron of mass m, charge —e in a cylindrical mag¬ 
neton moves between a wire of radius a at a negative electric potential 
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—00 and a concentric cylindrical conductor of radius R at zero potential. 
There is a uniform constant magnetic field B parallel to the axis. Use 
cylindrical coordinates r,6,z. The electric and magnetic vector potentials 
can be written as 


cp = -0o 


ln(r/fl) 
In (a/R) ’ 



(e# is a unit vector in the direction of increasing 9). 

(a) Write the Lagrangian and Hamiltonian functions. 

(b) Show that there are three constants of the motion. Write them 
down, and discuss the kinds of motion which can occur. 

(c) Assuming that an electron leaves the inner wire with zero initial 
velocity, there is a value of the magnetic field B c such that for B < B c the 
electron can reach the outer cylinder, and for B > B c the electron cannot 
reach the outer cylinder. Find B c and make a sketch of the electron’s 
trajectory for this case. 

You may assume that R^> a. 

( Wisconsin ) 


Solution: 

(a) In SI units, the Lagrangian is 

1 


L — T -V — ^ ror 2 4- e<f> - ef • A . 


As 


r = (f, r6, i), A = (0, -Br, 0) , 


the above becomes 


L = ^m(r 2 + r 2 6 2 + z 2 ) + ecp — }-eBr 2 9 . 
z z 


The generalized momenta are 


dL dL 2h 1 D 2 dL . 

Pr = ~qT =mr, Pe = —r= mr 9 - -^eBr% p z = — = mz , 


and the Hamiltonian is 
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H = p T r + pgd + p z Z - L 


= ^m(r 2 + r 2 9 2 + i 2 ) - etj) 


ZJ- 4 - 

2m 2 mr 2 


L (p, + ieBr 2 ) 


2 2 

+ p-~e<t> 

2 m 


1 

2m 


Pr+(y + ^ eS »"j + P* 


e<t> . 


(b) As // is not an explicit function of time, it is a constant of the 
motion. Also, as 

dH 


Pi = 


dqi 


if H does not contain q, explicitly, Pi is a constant of the motion. Hence 
Pe,Pz are constants of the motion. Explicitly, 


2m 


!*+[? + 


i \ 2 

-eBrj +p 2 


— e<j> = E , 


p g = mr 2 0 - ^eBr 2 = Ci , 

p z = mz = C 2 , 


where E,C\,C 2 are constants. 

(c) The initial conditions r = a, r = 0 = i = Oat< = O give 

£ = —e<t> = e<j> 0 , Ci = —^eBa 2 , C 2 = 0 . 

P* = C 2 = 0 means that there is no motion along the z-direction. H = E 
gives 


1 

2m 


Pr + 


(H’K 


+ e<t> o 


Kj) 

KS) 


= ec/>o . 


Suppose a value B c of the magnetic field will just make the electron reach 
the outer cylinder. As then p r — 0 at r = R, the above gives 


( R - a n ) 



Analytical Mechanics 


637 


If we assume that a -C R, this reduces to 


B c 


2 / 2m<po 

R\ e 


At r = jR, p r is given by 



p r is real at r = R if B < B c . Hence under this condition the electron 
can reach the outer cylinder. If B > B c , p r is imaginary at r - R and the 
electron cannot reach the outer cylinder. For the latter case the trajectory 
of the electron is as sketched in Fig. 2,74. 



2076 

Consider the Lagrangian 

L -= ^m(x 2 - tu 2 x 2 )e rt 

for the motion of a particle of mass m in one dimension (x). The constants 
m, 7 and lo are real and positive. 

(a) Find the equation of motion. 

(b) Interpret the equation of motion by stating the kinds of force to 
which the particle is subject. 
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(c) Find the canonical momentum, and from this construct the Hamil¬ 
tonian function. 

(d) Is the Hamiltonian a constant of the motion? Is the energy con¬ 
served? Explain. 

(e) For the initial conditions x(0) = 0 and x(0) = Vq, what is x(t) 
asymptotically as t —> oo? 

( Wisconsin) 

Solution: 

(a) Lagrange’s equation 



gives the equation of motion 

x + u/ 2 x = — 7 X . 


(b) The particle moves as a damped harmonic oscillator. It is subject 
to an restoring force -mui 2 x and a damping force -myx proportional to 
its speed. 

(c) The canonical momentum is 


and the Hamiltonian is 


6L 

P= di =me 




H = px — L 


= me' x 


’ yt 'h 2 — -roe 7t ± 2 + -me 7 *w 2 x 2 


r) 2„-7t i 

- 1 - -rrujj 2 x 2 e yt 

2m 2 


(d) Since H depends explicitly on time, it is not a constant of motion. 
It follows that energy is not conserved also. Physically, in the course of 
the motion, the damping force continually does negative work, causing 
dissipation of energy. 

(e) Try a solution of the type x ~ e liu . Substitution in the equation of 
motion gives 

Q 2 — i'yCl — J 2 = 0 , 
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which has solutions 


Q 


= | (7 ± vV - 4uj2 ) 


Hence 

x = A exp 


4(7+ vV -4w 2 )t 


+ Bexp 


-^(7- vV -4w 2 )t 


The initial conditions a: = 0, x = Vo at t = 0 give 

w 0 


B = -A, 


A = - 


/ 7 2 — 4u 2 


If 7 < 2w, let W 7 2 ~ 4w 2 = iwi. Then 


wo 


+ (e ,a,lt — e ,a ' ,t ) = —e ^ sin(o;it) , 


2iwi toi 

so that x -* 0 as t —» 00 . 

If 7 > 2w, both 7 ± a/ 7 2 - 4j 2 are real and positive so that there will 
be no oscillation and x will decrease monotonically to zero as t —► 00 . 


2077 

A particle is confined inside a box and can move only along the x-axis. 
The ends of the box move toward the center with a speed small compared 
with the particle’s speed (Fig. 2.75). 

(a) If the momentum of the particle is po when the walls of the box are 
at a distance xo apart, find the momentum of the particle at any later time. 
Collisions with the walls are perfectly elastic. Assume that at all times the 
speed of the particle is much less than the speed of light. 

(b) When the walls are a distance x apart what average external force 
must be applied to each wall in order to move it at constant speed V? 

(UC, Berkeley) 

Solution: 

(a) Consider a collision of the particle with one of the walls. As the 
collision is perfectly elastic, the relative speeds before and after the collision 
are equal. If the particle is incident with speed v and reflected back with 
speed v' and the wall has speed V towards the particle, we have 
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v + V = v' - V, 


i.e. 


v' — v + 2V . 


Thus after each collision, the magnitude of the particle momentum gains 
an amount 2 mV, m being the mass of the particle. When the walls are at 
a distance x apart, as V is much smaller than the speed of the particle, the 
interval between two consecutive collisions is 


T = 


(m) 


xm 

P 


p being the particle momentum. The change of momentum in time dt is 

dp = 2mV^ = &. 

y T x 


As the walls move toward each other with speed V, 


x = xq — 2 Vt , 


measuring time from the moment x = xo- Then 

, pdx 

dp =-. 

x 

As p = p f) when x = xq, its integration gives 

Pox 0 Po x o 


P 


Xq — 2V^t 


(b) Consider a collision of the particle with one wall. The momentum 
acquired by the particle is 


p + 2mV — (—p) = 2p + 2mV . 
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The interval between two consecutive collisions with the wall is 


T' = 



2 xm 
P 


so that the change of momentum due to collisions with the wall in a time 
dt is 

dp = 2 (p + mV)^-, ■ 

Hence 

dp _ (p + mV)p _ _ pjxl 

dt xm xm mi 3 

as -2- » V. This is the force exerted by the wall on the particle. To keep 
the walls moving at constant speed, a force of the same magnitude must 
apply to each wall. The problem can also be solved using the Hamiltonian 
formalism. Use a reference frame attached to one of the walls, say the 
left-hand wall. As shown in Fig. 2.75, the particle has velocity — ^ — V. 
The Hamiltonian is 




2 


= - {p+mV f 


P?_ = Pn x o 
2m 2 mx 2 


The force on the particle is p which is given by Hamilton’s equation: 


dH _ plxl 

dx mx 3 


2078 

The Poisson bracket is defined by 


t a ’ = 53 ( 


/ da db 

da db\ 

\dq k dp k 

dp k dq k ) 


(a) Show that for a dynamical quantity a(q , p, t ) 
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A two-dimensional oscillator has energies 

T(x,y) = ^m(x 2 + y 2 ) , 

V(x,y) = )^K{x 2 + y 2 ) + Cxy , 
where C and K are constants. 

(b) Show by a coordinate transformation that this oscillator is equivalent 
to a nonisotropic harmonic oscillator. 

(c) Find two independent constants of the motion and verify using part 

(a). 

(d) If C — 0 find a third constant of the motion. 

(e) Show that for the isotropic oscillator the symmetric matrix 


A ..-PiEi + lKxx 

13 ~ 2m + 2 1 3 

is a constant of the motion by expressing each element in terms of the 
known constants of motion. 

( Wisconsin) 

Solution: 

(a) Using Hamilton’s canonical equations 


we find 


Qk - 


dH 
dpk ’ 


Pk = - 


dH 

dq k 


do, r da v da da 

= X, r 9 * + ~ Pk + ^ 


dt 


k d( * k k 

da dH 


dpk 


dt 


E 


dqk dpk 


Y' da dH da 
dp k dq k + dt 


— [ a i H\ + 


da 

dt 


(b) Introducing the new variables 


V = + 




we have 
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*=^(1 + 0 , l 

Then 

T =\ Tn {v + 0 2 + {V ~ if 
= \rn(v 2 + £ 2 ) - 

v = \k[(t, + o 2 + fa - o 2 ] + \c(v 2 - a 
= \ K tf+e)+\ctf-e) 

= l(K + C)r , 2 + \(K-C)e , 

L = Li + L 2 , 

with 

^1 = \jnV 2 ~ \{K + C)r? , 

L 2 = \mi 2 - l -{K-C)e ■ 

Note that the form of L\ and L 2 indicates that 77 and £ are normal 
coordinates. Hence the system is equivalent to two harmonic oscillators 
with angular frequencies 



respectively. As the frequencies are different the system acts as a non¬ 
isotropic harmonic oscillator. 

(c) As the canonical momenta are by definition 

dL dL ■ 

H = Pr,*} + Pit ~ C 

= ^ + i^ + l< K+c >’' a+ 5< /f - c « ! - 
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This can also be written as 


H = Hi + H 2 

with H i, H 2 corresponding to L x ,L 2 respectively, i.e. 

"' = £ + 5< k + c )’' ! ' "-4 + 5<*- c >« 2 - 

As Hi , H 2 do not contain t explicitly, we have 
dHi 


dt 


= [Hi,H\ = [Hi,Hi+H 2 ] = [Hi,Hi\ + [H u H 2 \ = {H X ,H 2 \ 


dH x dH 2 dHi 8H 2 dH x dH 2 dH { dH 2 

t a r\ r\ r» ^ 


dp dp v d£ dps dp v dp dp ( d£ 


and, similarly, 


dH 2 

dt 


— 0 . 


Hence H x , H 2 are two independent constants of the motion. 

(d) If C — 0, wi = tu 2 and the oscillator becomes an isotropic one. The 
Hamiltonian is 

Let J = m{pp^ — £p v )- Then as 


dJ dH 


dJ dH 


_ dJ dH dJ dH _ 

dp dp n dp,j dp + dp(_ dp$ d£ 

= p^p„ + mK^p - p v pz - mKp£ = 0 , 

J is also a constant of the motion. 

(e) For the isotropic oscillator, C — 0 and x,y already are normal 
coordinates. As shown above, there are three known constants of the 
motion: 


E '=£ + l** 2 - 


E 2 = ^-+ \k V \ 

2 m 2 


J = m(xp y - yp x ) ■ 
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As An = Ei, A 22 = E 2 , the diagonal elements of the matrix A t] are 
constants of the motion. Consider 


1 2 4m 3 12m 2 . 


t + \ K y 2 


^(xPy-yPxf 


-0£ + H v 

Since the left-hand side is a constant, A 12 = A 21 = constant. Hence A is a 
matrix of constant elements. 


2079 

Consider the system of particles mi = m 2 connected by a rope of length 
l with m 2 constrained to stay on the surface of an upright cone of half-angle 
a and mi hanging freely inside the cone, the rope passing through a hole 
at the top of the cone as shown in Fig. 2.76. Neglect friction. 

(a) Give an appropriate generalized coordinate system for the problem. 

(b) Write the Lagrangian of the system and the equation of motion for 
each generalized coordinate. 

(c) Write the Hamiltonian for the system. 

(d) Express the angular frequency for m 2 moving in a circular orbit in 
terms of the variables of the problem. 

( Wisconsin) 



Fig. 2.T6. 


Solution: 

(a) Use spherical coordinates with origin at the top of the cone as 
shown in Fig. 2.76. The coordinates of mi,m 2 are respectively (r,0, <p), 
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(l — r, 7 T — a,f3). The variables r,9,tp,/3 are taken to be the generalized 
coordinates. 

(b) The velocities of mi,m 2 are respectively (r, rd, r<psin 8), (—f, 0, (l — 
r)/ 3 sin( 7 r - a)). The Lagrangian of the system is then 

L = T —V 

— im[2f 2 + r 2 8 2 + r 2 <p 2 sin 2 9 + (l - r) 2 /3 2 sin 2 (7r - a)] 

— mgr cos 9 + mg(l — r) cos a . 

Lagrange’s equations 

A (?k\ 

dt dq t 

give 

mr 2 ipsin 2 0 = p ip , a constant , 

m(l - r) 2 $ sin 2 (7r - a) = pp, a constant , 

2r — r(9 2 4 - <p 2 sin 2 6) + (l — r)/3 2 sin 2 a + g (cos 9 + cos a) = 0 , 
r9 + 2r8 - rtp 2 sin 9 cos 9 - g sin 9 = 0 . 

(c) Two other canonical momenta are 

dh dL 2 • 

p r = — = 2 mr, p g = =mr 8 . 

dr 09 

The Hamiltonian is 

H = p T r + + p v tp + pp$ - L 

■ ■ Pr , Pe , 4 , 

4m 2mr 2 2mr 2 sin 2 0 2m(Z - r ) 2 sin 2 a 

+ mpr cos 9 — mg{L — r) cos a . 

(d) If m 2 moves in a circular orbit, r = constant and the angular 
frequency of revolution is 

0 = _ & _ . 

m(l — r ) 2 sin 2 a 
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2080 

The transformation equations between two sets of coordinates are 

Q = ln(l + <?4 cosp) 

P = 2(1 + g4 cosp)g4 sinp . 

(a) Show directly from these transformation equations that Q,P are 
canonical variables if q and p are. 

(b) Show that the function that generates this transformation between 
the two sets of canonical variables is 

F$ = —[exp(<2) - l] 2 tanp . 


(SUNY, Buffalo) 


Solution: 

(a) As [Q, Q] = 0, [P,P}=0, 

dQ dp dP QQ 


[Q,P] = 


dq dp dq dp 

7“ 4 I 


= ——[~qsin 2 p + (1 + q4 cosp)q4 cosp] 
l+q4cosp 

H- ^ 8 | n P [cosp + (1 + ?4 cosp)9 _ 4] = l , 

1 +qt cosp 


the transformation is canonical. Then if q, p are canonical variables, so are 

Q,P. 

(b) Solving the transformation equations for q and p we obtain 


q = (e* 3 - l) 2 sec 2 p , 

P = 2e®(e Q — 1) tanp . 


Since the transformation is canonical, there exists a generating function 
F$(Q,p) such that 

— ^^3 p _ dF 3 

q ~ dp' 8Q ' 


give the transformation equations. As 
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we obtain 


dF-i dF* 

dF 3 = -jJ-dQ + ^dp = -PdQ - qdp 
oQ dp 

= - d[(e Q - l) 2 ]tanp- {e Q - l) 2 dtanp 
= - d[(e Q - l) 2 tanp] , 

F 3 = —(e^ — l ) 2 tanp . 


2081 


A particle of mass m moves in one dimension q in a potential energy 
field V(q) and is retarded by a damping force — 2 ra 7 q proportional to its 
velocity. 

(a) Show that the equation of motion can be obtained from the La- 
grangian 


L = exp(2q<) 


\ mq 2 - V(q) 


and that the Hamiltonian is 


H = P 2 exp(-2jt) 
2m 


+ V ( q) exp( 27 t) , 


where p = mq exp( 2 yt) is the momentum conjugate to q. 

(b) For the generating function 


F 2 {q,P,t) = exp (7 t)qP 


find the transformed Hamiltonian K(Q.P,t). For tin oscillator potential 

V{q) = ^mw 2 q 2 

show that the transformed Hamiltonian yields a constant of the motion 

K — 7T~ + \mu 2 Q + 7 QP . 

2m 2 

(c) Obtain the solution q(t) for the damped oscillator from the constant 
of the motion in (b) in the underdamped case 7 < You may need the 
integral 
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/ 


dx 

\/l — x 2 


— sin 1 x 


Solution: 

(a) Lagrange’s equation 


d_ 

dt 




( Wisconsin ) 


gives 


dV . 

mq = — —- 277170 . 

dq 


The particle is seen to be subject to a potential force — ^ and a damping 
force —277179 proportional to its speed. Hence the given Lagrangian is 
appropriate. The Hamiltonian is given by 


H = pq — L 


with 


Thus 


dL 

p =-=mqe 


27 1 


H 




,2 7 1 _ P* e 27t 


2m 


+ V(q), 


,271 


(b) For the generating function ^ 2 ( 9 , P, t) we have 


dF 2 
dq ’ 


V dP' 


K = H + 


dF 2 

dt 


As F 2 = qPe Jt , 


p = Pe*, Q = qe* , 

T ) 2 p- 2 7t 

X - -+ V(q)e 2 ^ + 7 qPe* ■ 

Im 


For an oscillator of potential 


V = l-mui 2 q 2 — i mu 2 Q 2 e 2jt , 
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the transformed Hamiltonian is 

K=^, + \m^'‘Q‘ + lQP. 

As it does not depend on time explicitly, K is a constant of the motion, 
(c) Hamilton’s canonical equations are 


p=-MC = - mu *Q- 1 p 


Q = ~ = -+iQ 
oP m 


Differentiating the second equation and making use of the original equations 
we have 


Q + (u 2 - 7 2 )Q = 0 . 


In the underdamped case, w > 7 and we may set 

uq = \Ju) 2 - 7 2 , 


where uq is real positive. The solution is then 

<5 = A sin(uq t + p), 


where A, p are constants. As 


P = m(Q - 7 Q) , 


we have 

K = l -m{{Q- 1 Q) 2 +u 2 Q 2 + 2' 1 Q{Q- 1 Q)\ = ~rn(Q 2 +uj 2 Q 2 ) = 


giving 



Hence the solution is 


Q — Q e 7< = 



sin(uqt + p) ■ 
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2082 

Suppose that a system with time-independent Hamiltonian Ho(q,p) has 
imposed on it an external oscillating field, so that the Hamiltonian becomes 
H = Ho(q,p) — eq sinwt, where e and uj are given constants. 

(a) What is the physical interpretation of e sin uitl 

(b) How are the canonical equations of motion modified? 

(c) Find a canonical transformation which restores the canonical form 
of the equations of motion. What is the “new” Hamiltonian? 

( Wisconsin ) 


Solution: 

(a) A possible interpretation is shown in the following example. A par¬ 
ticle of charge e moves in an electric field uniform in space but oscillating in 
time, namely an electrical field whose strength is represented by (e/e) smut. 
Then esin u>t is the force exerted on the particle by the electric field. 

(b) Hamilton’s canonical equations of motion are now 

. OH dH 0 

** dp dp ’ 


P=~ 


8H_ 

dq 


dH 0 

dq 


+ esin(wt) . 


(c) We have 

H{q,p,t) = H 0 {q,p) - eqsm{ut) 


and wish to find a new Hamiltonian 


K(Q,P) = H 0 (q,p) 


by a canonical transformation. Let the generating function be F 2 (q,P,t). 
As 


dF 2 

dt 


— K — H = eq sin(wt) 


we take 

F 2 = qP - — cos(wt) . 

UJ 


The transformation equations are 
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or 


and 


Then 


P = pH— cos (ujt) , 

OJ 


n _ m _ 

Q d p 9- 


K(Q, P) — H + 


dF 2 

dt 


= Ho(q,p) — eqsm(ujt) + e</sin(a;t) 


= H 0 (Q,P -cos (wt)) , 

UJ 


dK dH 0 dp 
OP ~ 


dH 0 


dK 

dQ 


dp dP dp 
dH 0 dq dH 0 


dq dQ 


dq 


Q = Q , 

= p - e sin (ut) = P , 


use having been of the results in (b). Hence the transformation restores 
the canonical form of the equations of motion with the Hamiltonian Hq. 


2083 

(a) Solve the Hamilton-Jacobi equation for the generating function 
S(q,a,t) in the case of a single particle moving under the Hamiltonian 
H = |p 2 . Find the canonical transformation q — q(/3,a), and p = p(0,a), 
where j3 and a are the transformed coordinate and momentum respectively. 
Interpret your result. 

(b) If there is a perturbing Hamiltonian H' = \q 2 , then a will no 
longer be constant. Express the transformed Hamiltonian K (using the 
same transformation found in part (a)) in terms of a,/3 and t. Solve for 
0(t) and a(t) and show that the perturbed solution 

q[P(t),a(t)], p[0{t),a(t)\ 

is simple harmonic. You may need the integrals 
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f dx i 

i^n =tan *• 

J tan xdx — ln(cos x) . 


( Wisconsin ) 


Solution: 


(a) The Hamilton-Jacobi equation 


QC 

~ + H(q,p,t) =0 


with p = 4^ becomes, for this case, 


as 

dt + 2 \ dq J 


As H does not depend on q, t explicitly, we can take the two terms 
on the left-hand side as equal to — 7,7 respectively, where 7 is at most a 
function of p. Then 

S — 1/27 q -jt . 

Setting a = v^ 7 , we have the generating function 

„ 1 2 
S = aq — -a 2 t . 

The constant a can be taken to be the new momentum P. The transfor¬ 
mation equations are thus 

dS 

P =dj =a ’ 
n £>S dS 

Q= dP = fa =q - at = P ’ Say ' 

As g = P+at, the particle moves with uniform velocity ft in the q, p system, 
(b) The perturbed Hamiltonian is 

pi 2 q 2 

H =Y + \- 

It is transformed to 

dS p 2 q 2 a 2 1. , 

K = H + T>i = \ + 2-T = 2 W + at ? 
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by the transformation equations in (a). Hamilton’s equations 


give 


Q 


dK_ 

dP' 


P = - 


dK 

dQ 


/? = (/? + at)t, a = ~(/3 + at) . 


Note that a = P, (3 = Q can no longer be considered constant as H has 
been changed. The last equations combine to give 


d + a = 0 , 

showing that a is harmonic: 

a = c*o sin(t + ip) , 

where ao, p are constants, and thus 

f3 = -a - at — —a 0 [cos(t + p) + tsin(t + ip)] • 

The transformation equations then give 

p - a = a 0 sin(t + <p) , 
q = /? + at = — a = —ao cos(f + ip) . 

Hence the solution for the perturbed system is harmonic. 


2084 

(a) Let us apply a shearing force on a rectangular solid block as shown 
in Fig. 2.77. Find the relation between the displacement u and the applied 
force within elastic limits. 

(b) The elastic properties of a solid support elastic waves. Assume 
a transverse plane wave which proceeds in the ^-direction and whose 
oscillations are in the y-direction. Derive the equations of motion for the 
displacement. 

(c) Find the expression for the speed of the transverse elastic wave. 

(SUNY, Buffalo) 

Solution: 

(a) Hooke’s law for shearing 
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x 



Fig. 2.77. 


F 

— = mp , 

where F is the shearing force, n the shear modulus of the material of the 
block, ip the shear angle, and A the cross sectional area of the block parallel 
to F, gives the resulting displacement as 


u — Ip = 


IF_ 
An ’ 


as tp is a small angle. 

(b) The potential energy of a unit volume of the block due to shear 
strain is 



The kinetic energy of the block during shearing is 



p being the density of the block. Within the elastic limits, energy is 
considered and Hamilton’s principle 


applies. Thus 


6 I Ldt = 0 

Ju 


pt2 

/ (T - V)dt 

Jt, 



Adxdt = 0 . 
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As, integrating by parts, we have 



and as 6u = 0 at y = 0, l and t = ti,t 2 , the above becomes 



d 2 u\ 

P dt 2 ) 


SuAdxdt = 0 


giving 

d 2 u p d 2 u _ 

dx 2 n dt 2 

as the equation of motion for the displacement u. 

(c) The equation shows that u, which is in the y-direction, propagates 
along the ^-direction as a transverse wave with speed 



PART III 

SPECIAL RELATIVITY 




SPECIAL RELATIVITY (3001-3054) 


3001 

(a) Briefly describe the dilemma which necessitated the development of 
the special theory of relativity. 

(b) Describe an earlier theory which could have eliminated the need for 
special relativity and name an experiment which proved this theory to be 
wrong. 

(c) Describe one modern experiment which lends credence to the special 
theory of relativity. 

( Wisconsin) 


Solution: 

(a) According to Maxwell’s electromagnetic theory, the velocity of prop¬ 
agation of electromagnetic waves in free space, c, is a constant independent 
of the velocity of the source of the electromagnetic radiation. This is 
contrary to the Galilean transformation which was known to apply between 
inertial frames. If Maxwell’s theory holds in one inertial frame, it would 
not hold in another inertial frame that has relative motion with respect to 
the first. The dilemma was that either Maxwell’s electromagnetic theory 
or Newtonian mechanics holds but not both, even though both appeared 
to be well established. 

(b) An earlier theory which attempted to resolve the dilemma was the 
theory of ether. It presupposed that the universe was filled with a fictitious 
all-pervasive medium called the ether and that Maxwell’s theory holds 
only in a frame at rest relative to the ether. But Michelson’s experiment 
purported to measure the velocity of the earth relative to the ether always 
gave a zero result even though the earth moves in the solar system and 
the solar system itself moves. Thus the presence of ether cannot be 
demonstrated and the ether theory has to be abandoned. 

(c) Take as example Herter’s experiment measuring the time of arrival 
of two photons emitted in the annihilation of a positron in flight. The 
detectors were at different locations which had the same distance from the 
place where the annihilation took place . It was found that the two photons 
arrived at the detectors simultaneously. This indicates that light emitted 
in different directions from a rapidly moving source has a constant speed. 
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3002 

A space traveler with velocity v synchronizes his clock (t' = 0) with his 
earth friend (t = 0). The earthman then observes both clocks simultane¬ 
ously, t directly and t' through a telescope. What does t read when t' reads 
one hour? 

( UC, Berkeley) 

Solution: 

Let E, E' be inertial frames attached to the earth and spaceship re¬ 
spectively with the x-axes along the direction of relative velocity, and set 
t\ = t[ = 0 , Xi = x\ — 0 when the clocks are synchronized. Consider the 
event that the spaceship clock reads t 2 . The transformation equations are 

cf 2 = l(ct' 2 + 0x 2 ) = 7 ct 2 , 

X 2 = 7(^2 + ^ 2 ) = lP ct> 2 - 


where 0 = ^, 7 = 


1 


as x 2 = x\ = 0. Light signal takes a time 


Af = — = 7 0t' 2 
c 

to reach the earthman. Hence his clock will read 

< 2 + At = 7(1 + 0)t' 2 - 

when he sees t 2 = 1 hour through a telescope. 


3003 

A light source at rest at position x = 0 in reference frame S emits two 
pulses (called P\ and P 2 ) of light, P\ at t = 0 and P 2 at t = r. A frame S' 
moves with velocity vx with respect to S. An observer in frame S' receives 
the initial pulse Pi at time t' = 0 at x' = 0 . 

(a) Calculate the time r' between the reception of the pulses at x' = 0 
as a function of r and 0 — 

(b) From (a) determine an exact expression for the longitudinal 
Doppler effect, that is, calculate X' in terms of A and 0, where A and A' are 
the vacuum wavelengths of light as measured in S and S' respectively. 
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(c) Calculate to first and second order in ^ the Doppler shift of the Hp 
emission (A = 4861.33 A) from the neutralization to H atoms of protons 
accelerated through a potential of 20 kV. Assuming that emission occurs 
after acceleration and while the protons drift with constant velocity. Also, 
assume that the optical axis of the spectrometer is parallel to the motion 
of the protons. 

( Chicago ) 

Solution: 


y 

* 


s 


y' 


S' 


* 


-> x 


O' 


-> x 


-» V 


Fig. 3.1. 

(a) The inertial frames S, S' are as shown in Fig. 3.1. Assume that the 
origins O and O' coincide at t = t' = 0 so that the emission of P\ and its 
arrival at the observer both occur at x = 0, t = 0, x' — 0, t' = 0 as given. 
The emission of is at x = 0, t = r in S and 


x' = 7(x - Pet) = -jPct , 

( ' = ‘ 7 ( i '?) =7T 

in S. The signal take a time 

At' = 1^-1 = 7 Pt 
c 

to arrive at the observer. Hence the observer records the time of arrival as 

t' + At' = 7(1 + P)t , 
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(b) As r, t' are the intervals between two consecutive pulses in S, S 1 
respectively, we have the frequencies 



and wavelengths 


A = 


c 

i/ 


= cr, 



in S and S' respectively. 

(c) The protons have energy 20 keV each, much smaller that the rest 
mass energy of 936 MeV, so that their velocity can be obtained nonrela- 
tivistically. Thus 



40 x 10“ 3 


936 


0.00654 . 


As /3 is small, we can expand X'(/3) as a power series 


A' 



A(\ + /? + i/3 2 + ...) 


The first order shift of the Hp emission is 

AA = A f3 = 4861 x 6.54 x 10 -3 = 31.8 A, 


and the second order shift is 

AA = ^A/3 2 = 0.10 A. 


3004 

(a) Consider Lorentz transformations (LT) between the frames S,S' 
and S" indicated in Fig. 3.2, where the x-axes are all parallel, and S' 
and S" are moving in the positive x-direction. Prove that for this type of 
transformation the inverse of an LT is an LT, and that the resultant of two 
LT’s is another LT. 
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Fig. 3.2. 

If the velocity of S' relative to S is v\, and the velocity of 5" relative 
to S' is V 2 , derive the expression for the velocity of S" relative to S. 

(b) In particle physics, the interaction between particles is thought of 
as arising from the exchange of a particle as shown in Fig. 3.3. Prove that 
the particle exchanged is not real but virtual. 

(SUNY, Buffalo) 


Fig. 3.3. 


Fig. 3.4. 




Solution: 

The Lorentz transformation between the frames S, S' is given by 
x 1 = 7i(x - Piet), y' = y, z'= z, ct' = 71 (ct - (3\x) , 


where 



7i = 


1 

TwT 


According to the principle of relativity, all inertial frames are equivalent, 
so the transformation from S to S' should have the same form as the 
transformation from S' to S. However, as the velocity of S' relative to 
S is Vi the velocity of S relative to S' is — v\. The transformation from S' 
to S, i.e. the inverse transformation, is therefore 


x = 7i(x' + Piet'), y = y', z = z', ct = 71 (ct' + Six') , 


which is seen to be also a Lorentz transformation. 
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Consider 

x" = 72 (x 1 - fact') = 7271 [(x - fact) - fa(ct - fax)] 

= l2ll[{\+fafa)x-{fa+fa)ct] , 

ct" = 72 (ct' - fax') = 7271 [(1 + fa fa )ct - (fa + fa)x\ , 

where 


Writing 


we have 

1 


or 

Hence the 

x" = 7(x - fict), y" = y, z" = z, ct" = 7(ct - px) , 

showing that it is also a Lorentz transformation. Thus the resultant of two 
LT’s is also an LT. 

Note that Pc is the velocity of S" relative to S. This can be shown 
directly as follows. Consider the transformation between S and S'. Differ¬ 
entiating we have 

dx = 71 (dx 1 + Picdt') , 
cdt = 71 (cdt' + P\dx') , 

and 

dx v' + Vi 
V= dt = l + *£ ' 

Thus with v', the velocity of a point relative to S', and 17, the velocity of 
S' relative to S, the velocity of the point relative to S is given by the above 
relation. If the point is at rest in S", then v' = V2 and the relation gives 


„ _ v 2 _ 1 

A o' 72 v/wr 


P 


Pi + P2 
1 + P1P2 ’ 


7 = 




, _ ( P1+P2 V _ ( 1 -Pl)(l-Pl) _ 

\l+plfa) 


(I+P1P2) 2 ihK 1 +P1P2) 2 ’ 


7 = 7 i 72(1 +P1P2) ■ 
transformation from S to S" is given by 
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a _ 01 + 02 

1 + 0102 

as expected. 

(b) As shown in Fig. 3 . 4 , by exchanging a particle of 4 -momentum q in 
the interaction, the 4 -momenta of particles 1 and 2 , p\ and P 2 change to p\ 
and p' 2 , respectively. The conservation of 4 -momentum requires 

Pi =Pi+Q, P 2 = P 2 ~ Q ■ 

Let the mass of particle 1 be m\ and that of the exchange particle of 
4 -momentum q be m and consider the first 4 -momentum equation. The 
momentum part gives 

q = pi - pi , 

or 

q 2 = p'i + p\ - 2pi • pi , 

m 2 7 2 /? 2 = m\^ 2 (i ’ 2 + m 2 y 2 ffi - 2 rri 2 y i 'y[ 0 1 0 [ cos 2 6 , ( 1 ) 

0 being the angle between pi and pi, and 

m r ) — mj7i - mi7i , 


or 

m 2 7 2 = m\ i 2 + m 2 7 2 - 2m 2 7i7i . (2) 

Equations (1) and (2) combine to give 

m 2 = 2mf(l ~7i7i + lil\0i0[ cos 8) , 

We have to show that m 2 < 0 so that the interaction cannot be real, but 
has to be virtual. As 7 2 /? 2 = 7 2 — 1, we have to show 

\fy 1 - l\]ii - Icos 9 < 7 i 7 i - 1 , 
or 

(7?-l)(7i 2 -l)cos 2 e<(7i7i-l) 2 . 

This would be true if the following is true: 

(7i - l)(7i 2 - 1) < (7i7i - !) 2 . 
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i.e. 


or 


-7? - 7? < -27i7i . 

-(71-7O 2 <0. 


Since this always holds, the interaction has to be virtual. 


3005 

(a) Given that (r, ct) is a relativistic 4-vector, justify the statement that 
(ck, uj) is a relativistic 4-vector. 

(b) Given that an atom at rest emits light of angular frequency txo and 
that this atom is traveling at velocity v either directly towards or away 
from an observer, use the Lorentz transformation to derive a formula for 
the frequency observed by the observer for the two cases (towards or away 
from the observer). 

( UC, Berkeley) 

Solution: 

(a) Consider a plane electromagnetic wave 
E = E 0 e i(fer -“ t) , H = 

in an inertial frame E. In another inertial frame E' moving with relative 
velocity v along the x-direction, the field vectors E',H' are given by 

= % h;=h,|, 

E'l =7(E± + A‘ov x Hi) , 

H' x = 7 (H x -e 0 vxEi). 

These relations require that the exponential function in E and H be 
invariant: 

k' • r' — ui't' = k • r — u)t . 

Since (r, ct) is a 4-vector, its components transform according to 
x 1 = 7(x - ( 3 ct), y 1 =y, z' = z, 


ct' = 7 (ct — fix) . 
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Letting k = (Aq, k 2 , k 3 ), k' = (k[,k'2,k 3 ) we have 

k' ■ r' — Lo't 1 = k[ 7(x — fict) + k' 2 y + k' 3 z - w'7 ^t - — ^ 

= 7 (k[ + x + k' 2 y + k 3 z - 7(w' + fick[)t 
= kix + /c2y + k 3 z — ut . 

Comparing the coefficients of the independent variables x , y, z, t on the two 
sides of the equation, we find 

ck\ = 7(cfc / 1 + fib/), ck 2 = ck' 2> ck 3 = ck 3 , a> = 7(0;' + /Jcfcj) . 

These relations are exactly the same as those for (r, ct): 

X = 7 {x'+ fict'), y = yz — z'y ct = ^(ct'+ fix') . 


Hence (ck,w) is a relativistic 4 -vector. 

(b) Let the observer be at the origin of E and the atom be at the origin 
of E' (the atom is moving away from the observer with velocity fic). The 
angular frequency as measured by the observer is w. As light from the atom 
that reaches the observer must have been emitted in the — x direction, we 
have 

k' = (— fc',o,o)= (—7,0,0) 

by definition. The transformation relation then gives 


w = 7(w' - fib/) - 7(1 - fi)b> 0 = Wo 




If the atom is moving towards the observer, fic in the above is to be 
replaced by —fic and we have 
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3006 

A spaceship is moving away from the earth at a speed v = 0.8c. When 
the ship is at a distance of 6.66 x 10 8 km from earth as measured in the 
earth’s reference frame, a radio signal is sent out to the spaceship by an 
observer on earth. How long will it take for the signal to reach the ship: 

(a) As measured in the ship’s reference frame? 

(b) As measured in the earth’s reference frame? 

(c) Also give the location of the space ship when the signal is received, 
in both frames. 

(SUNY, Buffalo) 

Solution: 

Let the observer on earth be at the origin of the inertial frame £ and 
the spaceship be at rest in the inertial frame £' moving with velocity /3c 
relative to £ along the x direction. For convenience consider (b) first. 

(b) Consider the problem in £. At time t = t 0 when the ship is at x s , a 
radio signal is sent out by the observer. It is received by the spaceship at 
time t\. As the velocity of propagation of the signal is c we have 


(fi - t 0 )c = x„ + (<! - t 0 )/3c , 


yielding 


ti — to = 


x 3 6.66 x 10 8 

(1 - P)c ~ 0.2 x 3 x 10 5 


= 1.11 x 10 4 s 


as the time taken for the signal to reach the ship. 

(a) Consider the two events 

Eo : sending out of signal by the observer on earth, 
E\ : arrival of the signal at the ship. 


In £ the x and t coordinates are 


In £' 


Eo • (2:0> ^o) — (fi? to) » 

Ei : (xi,ti) = ((ti - t 0 )c,ti) . 
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, / (3x 0 \ 

to = 7 ( to -— I = ito , 

t'i =l(ti- = 7[(1 - 0)h + 0t o } . 
Hence the time of travel of the signal in the ship’s frame is 


t[ -t' 0 = 7 (1 - p)(t x - t 0 ) = J\^(ti - to) = 3.7 


x 10 d s . 


(c) The location of the spaceship when the signal is received is 
xx = (tx - t 0 )c = 1.11 x 10 4 x 3 x 10 5 = 3.33 x 10 9 km 
in the earth’s frame, and x[ = 0 in the ship’s frame. 


3007 

A globe of (rest) radius /Zo, with identifiable markings on it, is moving 
with a speed v with respect to an observer located a large distance away. 
The observer takes a picture of the globe at the time that he sees the globe 
moving perpendicular to the line joining himself with the globe. What does 
he see when he develops the film? 

( Columbia) 


Solution: 

Consider a thin square ABCD of (rest) side l moving with velocity v 
relative to an observer P at a large distance l away such that the plane of 
the square contains the line of sight as shown in Fig. 3.5, and the instant 
when AB is perpendicular to the line of sight. Light from D' emitted at 
an earlier time when D was at D' intersects the extension of the line AB 
at E' at the instant under consideration. Then 

WD _ WW _ l 

v c c cos 6 

E'A = D'D — l tan# = / sec# — tan#^ ~ — = f3l 
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with (3 = since for L S> l, 8 « 0. As AB is moving with velocity t>, on 
account of Lorentz contraction, it will be seen as AB ' = — = T — /3 2 , 
where 7 = . 1 


C 



\l 

\ 

p 


Fig. 3.5. Fig. 3.6. 


Consider now the square ABCD after rotating through an angle a, as 
shown in Fig. 3.6, with a given by sin a = /3. We have 


E' A = l sin a = 1/3, AB' = l cos a = l \/l — (3 2 . 


The relationship among the points E',A,B' in the above two cases are 
exactly the same. Hence the moving square in Fig. 3.5 will be photographed 
as the stationary square shown in Fig. 3.6. As the object is a sphere, it will 
still be photographed as a sphere. 
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3008 

An atomic clock is carried once around the world by a jet plane and 
then compared with a previously synchronized and similar clock that did 
not travel. Approximately how large a discrepancy does special relativity 
predict? 

( Columbia ) 

Solution: 

Suppose the jet plane moves with velocity pc. Let its rest frame be 
S' and the earth’s frame be S. The two frames can be considered as 
approximately inertial. Lorentz transformation ct = 7 (ct' + Px r ) give for 
Ax' — 0, since the clock is fixed in At = 7 A t', where 7 = 1 Then 

for p < 1 , we have 

At = . 1 —.. At 1 ~ (1 + i/? 2 ) At' , 

V 2 J 

or 

At - At' ~ i/3 2 At' . 

Take for example a jet fighter flying at 1000 m/s, about three times the 
speed of sound. The earth has radius 6400 km, so the fighter takes 


2n x 6400 x 10 3 
1000 


= 4.02 x 10 4 s 


to fly once around the earth. The clock carried by the fighter will be slower 
by 


At - At’ 


( 1000 \ 2 w 4.02 x 10 4 
\3 x 10 8 / 2 


= 2.2 x 10 -7 s . 


3009 

(a) Write down the Lorentz transformation for the position 4-vector and 
derive the transformation for the momentum 4-vector. 

(b) Show that the Doppler effect on light frequency can be expressed as 


i) 



when the source and observer are approaching; 
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ii) v = 

iii) v — 


1 1-/3 
1 + 0 
v o 


directions passing each other. 


when the source and observer are receding; 
when the source and observer are in perpendicular 

(SUNY, Buffalo) 


Solution: 

(a) Consider two inertial frames E, E' with the corresponding axes 
parallel to each other such that E' moves with a velocity v = 0c along 
the x direction and that the origins coincide at t = t' = 0. The Lorentz 
transformation for the position 4-vector x a = (r, ct) = (x, y, z, ct) is 


= Qp 


where 

Qp 


/ 7 0 0 — /?7 \ 

[ 0 10 0 

I 0 0 1 0 I 

\ —0 7 0 0 7 / 


with 7 = (1 - 0 2 ) 5. 

The momentum 4-vector is defined as 


p“ = (pc, E) , 


where E = me 2 is the total energy. As all 4-vectors transform in the same 
way, its transformation is given by 



( 7 

0 

0 

-01\ 

p'f 

= ( 0 

1 

0 

0 

1 PS 

0 

0 

1 

0 

\ E ) 

V —01 

0 

0 

7 / 


( PxC\ /j(p x c-0E ) 

VyC I = I PyC 

PzC I I p z C 

E / \ 7 (E - 0p x c) 


(b) The wave 4-vector is defined by 


k a = (kc,u )) . 


Its transformation 


k ,a = Q%k 13 
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can be written as 

K = 7 (k x ~ , K = ky, k' z = k z , uf = 7 ( 0 ; - Pk x c) . 

To obtain the Doppler effect, let the frames of the light source and 
observer be S', E respectively. 

i) When the source and observer approach each other let Pqc be the 
relative velocity of the former relative to the latter. Then (3 = —po- The 
inverse transformation is 


ui = 7 (u/ + Pk' x c) = 7 ( 0 / - P 0 k’ x c) . 
As k' v = k' z = 0, k' x = —k' = —we have 

w = 7(1 + A )W = ’ 


or 


v = v a 



y 


where u>' — 2itvo is the proper angular frequency of the light and oj is the 
angular frequency as measured by the observer. Note that k x = — k as the 
light has to be emitted backwards to reach the observer. 

ii) When the source and observer are receding from each other, we have 
P = Po, Poc being the velocity of the former relative to the latter. Thus 


u> = 7(1 - PoW = u /4 


l + Po 


or 



iii) When the source and observer are in perpendicular directions passing 
each other, let the source be at (0, y', 0) in S' and the observer be at (0,0,0) 
in E. They pass each other at t = t' — 0, when k' x = 0, k' y = -k, k' z — 0. 
The transformation equation for u> then gives 


u) = 7 ( 0 / + Pk x c) = 7 J 
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or 


VQ 


3010 

A monochromatic transverse wave with frequency u propagates in a 
direction which makes an angle of 60° with the x-axis in the reference 
frame K of its source. The source moves in the x-direction at speed v = |c 
towards an observer at rest in the K' frame (where his x'-axis is parallel to 
the x-axis). The observer measures the frequency of the wave. 

(a) Determine the measured frequency v' in terms of the proper fre¬ 
quency v of the wave. 

(b) What is the angle of observation in the K' frame? 

(SUNY, Buffalo) 

Solution: 

The frame K of the light source moves with velocity fic relative to K 1 , 
the observer’s frame. The (inverse) transformation of the components of 
the wave 4-vector is given by 

k' x c = 7 (k x c + 0tv), k' y c = k y c, k' z c = k z c, tv' = 7 (tv + (3k x c) , 

where 7 == (1 — — ^. The angular frequency of the wave in K is tv = 2m/. 

If the angle between the light and the x-axis is 6, then 

k x = k cos 6, k y = k sin 6, k z = 0 , tv — kc . 


Thus 

tv' = 7 (tv + (itvcosO) = 7(1 + f3cos0)tv , 

or 

, (1 + f3cos6)i/ 

The above can also be written as 


k' = 7(1 + 0cos6)k . 



Special Relativity 


675 


As 


K—l {^x + ~ 7 ^(cos 0 + (3) , 

the angle k' makes with the z'-axis is given by 


, k' cos 9 + (3 
cos * = ¥ = TTpcose 


With /? = 0.8, 0 — 60°, we have 
(a) 

, /1 + 0.8 cos 60° \ 1.4 7 

V = I - 7 - ■ - - — I V = - V = -V , 

V sf\ - 0 . 8 2 ) 0.6 3 


(b) 

giving O' — 21.8° 


cos 8' = 


0.5+ 0.8 13 

1 + 0.8 x 0.5 “ 14 ’ 


3011 

Consider two twins. Each twin’s heart beats once per second, and each 
twin broadcasts a radio pulse at each heartbeat. The stay-at-home twin 
remains at rest in an inertial frame. The traveler starts at rest at time zero, 
very rapidly accelerates up to velocity v (within less than a heartbeat, and 
without perturbing his heart!}. The traveler travels for time t\ by his clock, 
all the while sending out pulses and receiving pulses from home. Then at 
time ti he suddenly reverses his velocity and arrives back home at time 
2t\. How many pulses did he send out altogether? How many pulses did he 
receive during the outgoing trip? How many did he receive on the ingoing 
half of his trip? What is the ratio of total pulses received and sent? Next 
consider the twin who stays at home. He sends out pulses during the entire 
trip of the traveler. He receives pulses from the traveler. From time zero 
to t’i (by his clock) he receives Doppler-lowered-frequency pulses. At time 
t 2 he starts receiving Doppler-raised-frequency pulses. Let <3 be the time 
interval from time (2 till the end of the trip. How many pulses does he 
receive during interval During < 3 ? What is the ratio between these? 
What is the ratio of the total number of pulses he sends to the total he 
receives? Compare this result with the analogous result for the traveler. 

(UC, Berkeley) 
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Solution: 

Consider inertial frames E, E' with E' moving with velocity v relative to 
E in the direction of the a>axis. The transformation relations for space-time 
and angular frequency four-vectors are 

7(2; — ut), x = y(x' + vt') , 

V, z’ = z , 

( vx\ ( . vx'\ 

A*--?} 

7 (w-vk x ), w = y (oj' + vk’ x ), 

ky y k z — k z , 

where 

7 = — ^ — with (3 = —, Ikl = —, u> — 27 xv , 

c c ’ 

v being the frequency. 

Let E, E' be the rest frames of the twin A who stays at home and the 
twin B who travels, respectively, with A, B located at the respective origins. 
As the times of acceleration and deceleration of B are small compared with 
the time of the trips, E' can still be considered inertial. Measure time in 
seconds so that v has numerical value one in the rest frame. At the start 
of the journey of B, t = t' = 0. 

Consider from the point of view of B. 

(i) The total trip takes time At' = 2t\. Thus B sends out 2t\ pulses for 
the entire trip. 

(ii) For the outgoing trip, 0 = k x = and the pulses received by B 
have frequency 

v ' = 7 ^ j = 7(1 - /?)" = 7(1 - 0 ) 

since u = 1 as E is the rest frame of A. Hence B receives 
v'h = 7(1 - P)ti = ti 



y' = 

t' = 


pulses during the outgoing trip. 
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(ii) For the ingoing trip, 0 = — k x = and 
u' = 7(1 + 0)u = 7(1 +0) . 

Hence B receives 

v'ti = 7(1 + 0)t\ = t x 

pulses during the ingoing trip. 

(iv) 

total pulses received by B _ 7(1 - 0)ti + 7(1 + 0)t\ _ 1 

total pulses sent by B 2 1\ ^ ^/\ — fp 

Consider from the point of view of A 

(i) In the interval t = 0 to t = t 2 , A receives Doppler-lowered-frequency 
pulses indicating that B is moving away during the interval, i.e. 0 — As 
the pulses have to be emitted in -x' direction to reach A, k’ x = — Thus 

v = 7 ( 1 / - 0i/') = 7(1 - 0)v' = 7(1 - 0) , 



since v' — 1 as E' is the rest frame of B, and the number of pulses received 
is 7(1 — 0)t 2 - The interval of time during which B, starting at t = t' — 0, 
moves away from A is transformed by 


At = 7 ^At' + ^ = 7 A t! — 7 ti 


since Ax' = 0, B being stationary in E'. However, A and B communicate 
by light pulses, whose time of travel 


x 7 (x' 4- 0ct') 


= 10t' = 10t\ , 


where x is the coordinate of B in E, must be taken into account. Hence 
h = At + — = 7(1 -(- 0)ti = fj y j—^ , 
i.e. the number of pulses received is 
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(ii) In the time interval <3 from t = t 2 to the end of journey, A receives 
Doppler-raised-frequency pulses, indicating that S' moves toward S, i.e. 

= As K = -*, 

V = 7 ( 1 /' + /V) = 7(1 + f3) 1 / = 7(1 + ff) . 

By a similar argument as that in (i) we have 

*3 = 7*1 - 7/3*1 = 7(1 - /3)*i • 

Hence the number of pulses received is 

7(1 +/ J )* 3 = *1 • 

(iii) 

lowered-frequency pulses received by A t\ 
raised-frequency pulses received by A t,\ 

(iv) 

total number of pulses sent by A 
total number of pulses received by A 

= *2 + *3 = 7(1 + (3)ti 4 7(1 - /?)*! = __ 1 

2<i - 2ti _ 7 " v/W?* ’ 

This is the same as the ratio of the number of pulses received by B to that 
sent by B during the entire trip, as expected since counting of numbers is 
invariant under Lorentz transformation. 


3012 

A spaceship has a transmitter and a receiver. The ship, which is 
proceeding at constant velocity directly away from the mother earth, sends 
back a signal pulse which is reflected from the earth. Forty seconds later 
on the ship’s clock the signal is picked up and the frequency received is one 
half the transmitter frequency. 

(a) At the time when the radar pulse bounces off the earth what is the 
position of the earth as measured in the spaceship frame? 

(b) What is the velocity of the spaceship relative to the earth? 
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(c) At the time when the radar pulse is received by the spaceship where 
is the ship in the earth frame? 

( UC, Berkeley) 

Solution: 

Let the spaceship and the earth be at the origins of inertial frames £' 
and £ respectively with £' moving with velocity (3c relative to £ in the x 
direction such that x' = x = 0 at t = t' = 0. 

(a) The velocity of the radar pulse is c in all directions. So in £' the 
pulse takes a time 4p = 20 s to reach the earth. Hence the position of the 
earth when the pulse bounces off the earth is x' = —20 c = —6 x 10 9 m as 
measured in the ship’s frame. 

(b) In £ the angular frequency ui of the signal is observed to be 

u> = 7 ( 1 / + (3ck' x ) 


with u/ = luq, the proper angular frequency of the signal, k' x = — ^ as the 


signal has to go in the 
Thus 


-x' direction to reach the earth, and 7 = 


ui = 7(1 — 0 )w o 


s/i-P ‘ 


After reflection from the earth’s surface, the angular frequency will be 
observed in £' as 

Ui" = 7 {uj - (3ck x ) 

with k x — ui = 7(1 — (3)ujo. Thus 

uj" = 7(1 - (3)uj = 7 2 (1 - (3) 2 u)q = , 

yielding 



Hence the velocity of the spaceship relative to the earth is 

v = - x 3 x 10 8 = 10 8 m/s . 

3 

(c) In £', when the signal bounces off the earth the time is 
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as the earth moves with relative velocity —(5c. When the signal is received 
by the ship, the time is t' = 60 -f 20 = 80 s. As the ship is stationary at 
the origin of E', x' = 0. This instant is perceived in E as a time 

t — 1 = -yt! = 8 O 7 . 

As the ship moves away from the earth at a velocity (5c = |c, its position 
in E at this instant is 

80 

x — (5ct - — 7 c = 8.5 x 10 9 m . 


3013 

A point source S of monochromatic light emits radiation of frequency /. 
An observer A moves at constant speed v along a straight line that passes 
at a distance d, from the source as shown in Fig. 3.7. 

(a) Derive an expression for the observed frequency as function of the 
distance 2 c from the point of closest approach O. 

(b) Sketch an approximate graph of your answer to (a) for the case of 
£ = 0.80. 

( UC, Berkeley ) 



Solution: 

(a) Let the rest frames of the light source S and the observer A be E 
and E' respectively, taking the direction of the relative velocity v as along 
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the x, x'-axes. The transformation of the wave 4-vector components is 
ck' x = ^(ckx - 0 lj), k v = k' y , k' z =k z , J = 7 ( 0 ; - /3ck x ) , 
where |k| = /? = 7 = — 7 -==. As k x = kainO, k = we have 

u/ = 7 ( 0 ; — (3uam6) = 7<*;(1 - /3sin#) . 

With sin# = j d i +x i , w = 27r/', u> = 27r/, the above gives the observed 
frequency as 

f'-(i , 0X ) f 

V V<P + x 2 J ^/\ - f3 2 

(b) If /3 = 0 . 8 , 7 = ™ and 

To find the shape of lj , consider the following: 


/' 1 

x-+ - 00 , j = -\ 5 + 


X —> 00, 


x = 0, 


/“3 15 


r = 5 

/ 3 


\/(x ) 2 + 1 / 

4 

%/(#)“ + 1 , 


3, 


1 

3 ’ 


An approximate sketch of the graph of is given in Fig. 3.8. 


3014 

Consider monochromatic radiation emitted at the sun with frequency 
v s cps, and received at the earth with frequency v e cps. Use the Riemannain 
matrix form 



<7n = <722 = <733 = —1) 


ff^i/ — 0 
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where $ is the gravitational potential energy per unit mass, to derive 
the “gravitational red shift” ^ as a function of the difference of 
gravitational potentials at the sun and earth. 

(SUNY, Buffalo) 


Solution: 

In a gravitational field it is always possible to define a frame relative 
to which the field vanishes over a limited region and which behaves as an 
inertial frame. A frame freely falling in the gravitational field is such a 
frame. A standard clock at rest in such a frame measures the local proper 
time interval. 

Consider the emission of monochromatic radiation by an atom at rest 
at point Pi in a gravitational field and use a coordinate frame in which the 
atom is at rest. If the period is t in the coordinate time, the period r in 
the local proper time is 

t = Wgoo(Pi) ■ 

Suppose successive crests of the radiation emitted from Pi at coordinate 
times t 0 , to + t are received at another fixed point P% at coordinate times 
to + T and fo + T + t, where T is the difference between the coordinate times 
of emission at P\ and reception at P 2 . If the gravitational field is static, T 
is a constant and the period measured in the coordinate time is 

(to + T + 1 ) — (to 4 - T) = t . 

However, a standard clock measuring the local proper time at P 2 will give 
the period as 

r' = ty/g 00 (P 2 ) . 

Hence the frequency u of the line emitted at P\ and the frequency v' 
observed at P 2 , as measured by identical standard clocks, are related by 

= r_ = / goo (Pi) 
v t' y g 0 o(^ 2 ) ’ 

If Pi, P 2 are on the sun and the earth respectively, this gives the gravita¬ 
tional red shift as 
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1 900 (^) 
9oo(r e ) 


-1 


1 + 3^1 

$(r 8 ) - $(r e ) 


- 1 


3015 

A mirror is moving through vacuum with relativistic speed v in the x 
direction. A beam of light with frequency is normally incident (from 
x = +oo) on the mirror, as shown in Fig. 3.9. 

(a) What is the frequency of the reflected light expressed in terms of Wi, 
c and v? 

(b) What is the energy of each reflected photon? 

(c) The average energy flux of the incident beam is Pi (watts/m 2 ). What 
is the average reflected energy flux? 

{MIT) 


y 



■m -light 

-- x,x' 


Fig. 3.9. 


Solution: 

(a) Let E, E' be the rest frames of the light source and observer, and of 
the mirror respectively. The transformation for angular frequency is given 
by 


J - 7 (w - (3ck x ), 


u = 7 ( 0 / + (3ck' x ) , 
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where (3 = 7 = — 7 =—. For the incident light, u> = Ui, k x — the 

mirror perceives 

uj[ = 7(1^ + 0 Ui) = 7(1 + P)ui . 

On reflection, u>' r = w'. The observer in £ will perceive 

Ul r = y(u' r 4 - /3ck' x ) 


with k' x = u' r /c, or 

U! r = 7(1 +PW r = 7 2 (1 +P) 2 Ui 



as the angular frequency of the reflected light, 
(b) The energy of each reflected photon is 


hu r = 



Hu>i . 


(c) If n is the number of photons per unit volume of the beam, its 
average energy flux is nctuu. The average energy flux of the reflected beam 
is therefore 


P r = nchur 





Pi 


3016 

As seen by an inertial observer O, photons of frequency v are incident, 
at an angle 0, to the normal, on a plane mirror. These photons are reflected 
back at an angle 0 r to the normal and at a frequency v' as shown in Fig. 3.10. 
Find 0 r and v' in terms of 0, and v if the mirror is moving in the x direction 
with velocity v relative to O. What is the result if the mirror were moving 
with a velocity v in the y direction? 

(Princeton) 

Solution: 

Let £, E' be the rest frames of the observer and the mirror, as shown in 
Figs. 3.10 and 3.11 respectively and use the transformation relations 
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y 



Fig. 3.10. 


r 



ck'x = i{ck x - ftu), ck x = 'yick'x + ftu') , 

ck' y = ck y , ck' z = ck z , 

J = 7(w - ftck x ), uj = 7(0/ 4- ftck' x ) . 

With ki = ^ k r — ^ = ~r~, we have for the incident light 

- k ' cos^ = 7 ^ -ki cos $i - = -7fci(cos0i 4- ft) , 

u>[ = 7(0), + f 3 cki cos Oft = 70;,(1 4- ft cos 0 t ) , 


or 

k[ cos0- = yki(cos6i 4 - ft), k'i = 7^(1 4 - ft cos 90 . 
On reflection, oj' r = w', = 6[, so for the reflected light we have 

0 J r = 7 (w' 4 ftck' r cos 9' r ) = 7 ( 0 /,' 4 ftu>- cos 0') , 
k r cos 0 r = 7 ^ (cos 0' r + ft) = 7 fc'(cOS 0' -|- ft) , 


or 


fc r = 7^(1 + ft COsO'i) 

= + ft cos Oft 4 j 2 ftki(cos &i 4 ft) 

= 7 2 &<(1 4 2/3 cos 4 ft 2 ) , 

kr COS Or = 7 2 fcj[(l + ft 2 ) cos + 2ft] , 


i.e. 
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, i/(l + 20 cos 6i + (P) 

17 = ’ 

(1 + 0 2 )cosOi + 2/3 
COS ^ r “ 1 + 2/W/+/?* • 

If the mirror moves in the y-direction, the motion will have no effect on 
the reflection process and we still have 

v' = i/, 8 r = 6i . 


3017 

In a simplified version of the ending of one of Fred Hoyle’s novels, the 
hero, traveling at high Lorentz factor at right angles to the plane of our 
galaxy (Fig. 3.12), said he appeared to be inside and heading toward the 
mouth of a “goldfish bowl” with a blue rim and a red body (Fig. 3.13). 
Feynman betted 25 cents that the light from the galaxy would not look 
that way. We want to see who was right. Take the relative speed to be 
(i — 0.99 and the angle <p in the frame of the galaxy to be 45° (Fig. 3.12). 

(a) Derive (or recall) an expression for the relativistic aberration and 
use it to calculate (Fig. 3.13) the direction from which light from the edge 
of the galaxy appears to come when viewed in the spacecraft. 

(b) Derive (or recall) the relativistic Doppler effect and use it to calculate 
the frequency ratio v' jv for light from the edge. 

(c) Calculate p' and j/'/i/ at enough angles ip to decide who won the 
bet. 

( UC, Berkeley) 

Solution: 

(a) Let E',Ebe inertial frames attached to the spaceship and the galaxy 
respectively with £' moving with velocity v along the x-direction which is 
perpendicular to the galactic plane as shown in Fig. 3.12. The velocities of 
a point, u and u', in E and S' are related by the transformation for velocity 

Uz _ 

-^) ’ 


= 


U x - V 

1 _ 


7 ( 1 -^)’ 


7(1 
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y 




Fig. 3.12. 


Fig. 3.13. 


where 7 = 


y/i-P 


with (3=2- Consider light coming from a point at the 


rim of the galactic circle as shown in the figure, for which 
u x = c cos p, Uy = csiny?, u z = 0 . 

Then 


c cos p 


or 


cosy? 


cos p - /? 


c cos ip — V 
1 — P cos ip ’ 

0.707 - 0.99 


= -0.943 , 


1 — /? cos ip 1-0.99 x 0.707 

giving p' = 160.6°. This is the angle the direction of the light makes with 
the direction of motion of the spaceship as seen by the traveler. This angle 
is supplementary to the angle p' shown in Fig. 3.13. 

(b) The transformation for angular frequency, 

u)' = 7 (w - 0ck x ) 

= 7 (cj — (3ck cos p) 

= 7 w(l — (3 cosy?) , 


gives 


lx LU 

— = — = 7(1 — 0 cos p) = 


U) 


- 0.99 x 0,707 
\/l - 0.99 2 


= 2.13 . 


(c) The above result shows that the light from the rim is blue-shifted. 
For light from the center, p = 0 and 


- =7(1-/?) = 0-071 , 
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showing that it is red-shifted. The critical direction between blue shift and 
red shift is given by v' — v, or 


cosy? = 


I 

0 



0.868 , 


i.e. ip = 29.8°. 

As the spaceship leaves the center of the galaxy, at first ip — 90° and 

v' 

- = 7 = 7.09 , 
v 

so all the light from the galaxy appears blue-shifted. As it gains distance 
from the galaxy, light from the center starts to become red-shifted. As the 
spaceship goes further out, light from a larger and larger central region 
will appear red-shifted. Only light from the rim is blue-shifted. Finally 
at a large distance away, <p = 0 and ~ = 0.071, so all the light from the 
galaxy is red-shifted. Thus the statement of Fred Hoyle’s hero is correct 
and Feynman loses the bet. 


3018 

As observed in an inertial frame S, two spaceships are travelling in op¬ 
posite directions along straight, parallel trajectories separated by a distance 
d as shown in Fig. 3.14. The speed of each ship is c/2, where c is the speed 
of light. 


c /. 


y 

* 


Id) 

I 


I 


L_J 


I 


,( 2 ) 

A* 

1 


Fig. 3.14. 
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(a) At the instant (as viewed from S ) when the ships are at the points of 
closest approach (indicated by the dotted line in the figure), ship (1) ejects 
a small package which has speed 3c/4 (also as viewed from S). Prom the 
point of view of the observer in ship (1), at what angle must the package 
be aimed for it to be received by ship (2)? Assume the observer in ship 
(1) has a coordinate system whose axes are parallel to those of S and, as 
shown in the figure, the direction of motion is parallel to the y-axis. 

(b) What is the speed of the package as seen by the observer in ship 

(1)? 

(i CUSPEA) 

Solution: 

(a) Consider the events in the frame S. The package must have u y = | 
so that after traveling a distance Ax = d it will have the same y-coordinate 
as ship (2). Thus in S, the package must have velocity components 



Let S' be the inertial frame attached to ship (1) with its coordinate axes 
x',y', z' parallel to the corresponding axes x, y, z of S. As S' has a velocity 
v\ — — |, which is in the y-direction, relative to S, the transformation for 
velocity is given by 


where 


Hence 




Uy ~ Vl 
1-t^, 


7 (1 - 




Thus ship (1) must aim the package at an angle a with the direction of 
ship (2) given by 
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tana : 


u' 


8 

n/15 ’ 


or 


a = 64.2° . 

(b) The speed of the package as seen by the observer in ship (1) is 


u ' = + < = V s + ^ c = \l m c=0; 


79 

100 


i.889c . 


3019 

Two particles with the same mass m are emitted in the same direction, 
with momenta 5 me and lOmc respectively. As seen from the slower one, 
what is the velocity of the faster particle, and vice verse? (c = speed of 
light). 

( Wisconsin) 

Solution: 

In the laboratory frame Kq, the slower particle has momentum 
m7i«i = myiPic = 5 me , 


giving 


or 


Hence 


7i/?i = \J 7? - 1 = 5 


7i = 26 . 


1 


25 


& — 1 ~ ^ 


Ul 


26 26 

Similarly for the faster particle, the velocity is 

/Too 

V2 = VIH C - 

Let .Ki, K 2 be the rest frames of the slower and faster particles respec¬ 
tively. The transformation for velocity between Kq and K, which moves 
with velocity v in the x direction relative to Kq, is 
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Ux V 


1 - 


U X V • 


Thus in K\, the velocity of the faster particle is 


Vo = 


i>2 - Vi 

' uWl 


/100 25 

Y 101 ' 26 > 


c = 0.595c . 


In the velocity of the slower particle is 

Vi - Vz 


V 1 = 


1 - 


Ul«2 


= -0.595c . 


3020 

Observer 1 sees a particle moving with velocity v on a straight-line 
trajectory inclined at an angle <p to his 2 -axis. Observer 2 is moving with 
velocity u relative to observer 1 along the 2 -direction. Derive formulas for 
the velocity and direction of motion of the particle as by seen observer 2. 
Check that you get the proper result in the limit v —> c. 

( UC, Berkeley) 

Solution: 

Let K, K' be the rest frames of the observers 1 and 2 respectively with 
parallel axes such that the x-axis is in the plane of v and u as shown in 
Fig. 3.15. The transformation for velocity gives 



Fig. 3.15. 
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V, — 


V z -U 
1 _ 

■*- n 


V COS <p — u 


1 - 


UV COS if 



v sirup 


f 1 ? 


UV COS If 

d* 



= 0 , 


with 7 = , 1 / . . Hence 

%M?) 


V 1 = yj v ' 2 + V 12 


V 2 + U 2 — 2 VU COS <p — 


u 2 v 2 sin 2 ip 


1 


UV COS ip 


tan p — — 
v’ 


. / 

i “ 2 

vsirupy 

1 “ ~2 
cr 


V COS ifi — u 


Thus observer 2 sees a particle moving with velocity v' on a straight-line 
trajectory inclined at an angle <p' to the z'-axis. 

In the limit i;-*c, 


y/c 2 +u 2 - 2 CU COS if 


u 2 sin 2 (p 


c — u cos ip 


1 - 


UCOS^J 


1 - 


U COS ip 


This shows that c in any direction is transformed into c, in agreement with 
the basic assumption of special relativity that c is the same in any direction 
in any inertial frame. This suggests that our answer is correct. 


3021 

(a) A photon of energy E{ is scattered by an electron, mass m e , which 
is initially at rest, as shown in Fig. 3.16. The photon has a final energy 
Ef. Derive, using special relativity, a formula that relates Ef and Ei to 6 , 
where 0 is the angle between the incident photon and the scattered photon. 
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(b) In bubble chambers, one frequently observes the production of an 
electron-positron pair by a photon. Show that such a process is impossible 
unless some other body, for example a nucleus, is involved. Suppose that the 
nucleus has mass M and an electron has mass m e . What is the minimum 
energy that the photon must have in order to produce an electron-positron 
pair? 

( Princeton ) 



Fig. 3.16. 


Solution: 

(a) The scattering is known as the Compton effect. Conservation of 
energy gives 

Ei + m e c 2 — Ef + E e , 

where E e is the energy of the electron sifter scattering. Conservation of 
momentum gives 

P i=P f +P e , 

where Pi and P/ are the momenta of the photon before and after scattering 
respectively, P K is the momentum of the electron after scattering. We also 
have from the contraction of the momentum 4-vector of the electron 

ei = m y + py , 


or 

(m e c 2 + Ei - Ef) 2 = m,y 4- (Pi - P/) 2 c 2 . 


For the photon, Ei = PiC, Ef = P/c, and this becomes 

2m e c 2 (Ei - E f ) + (Ei - E f ) 2 = E 2 + E) - 2 EiE f cos<9 , 
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or 

(b) Suppose the reaction 7 —* e~ + e + is possible. Then the energy and 
momentum of the system must be conserved in all inertial frames. Consider 
a frame attached to the center of mass of the created pair. In this frame, 
the electron and positron will move in a straight line passing through the 
origin away from each other with the same speed v and the total momentum 
in zero. Conservation of momentum requires that the momentum of the 
original photon is also zero. However, each particle has energy m e ^c 2 , where 
7 = , 1 3 , and the system has total energy 2 m e 7 c 2 . This must also be 

v 1 -^ 

the energy of the original photon, by energy conservation. It follows that 
the original photon must have a momentum 2 m e 7 c, contradicting the result 
obtained by momentum conservation. Hence the reaction is not possible. 

Energy and momentum can both be conserved if another particle, say 
a nucleus of mass M, is involved. In the case the photon just has enough 
energy E to create such a pair and M is initially at rest, the pair will be 
created at rest, i.e. 


E + Me 2 = M7C 2 + 2 m e c 2 , 

where 7 = ^ ^ with (3 = ^, v being the velocity of the nucleus after the 
pair creation. Momentum conservation give 

E 

— = M 7/?c . 
c 

As 7/3 = y / 7 2 — 1, this gives 



and the energy equation becomes 

(E + Me 2 - 2 m e c 2 ) 2 = E 2 + M 2 c 4 , 


giving 


E= 2 (M^rJ m ‘ c ■ 
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As M m e , the minimum photon energy required is just slightly more 
than the rest energy of the created pair, 2m e c 2 . 


3022 

(a) A cosmic ray proton collides with a stationary proton to give an 
excited system moving highly relativistically (7 = 1000). In this system 
mesons are emitted with velocity 0c. If in the moving system a meson is 
emitted at an angle 9 with respect to the forward direction, at what angle 
9 will it be observed in the laboratory? 

(b) Apply the result you obtained in (a) above to mesons (rest energy 
140 Mev) emitted in the moving system with momentum 0.5 GeV/c. What 
will 9 be if 9 is 90° ? What will be the maximum value of 9 observed in the 
laboratory? 

(I/C, Berkeley) 

Solution: 

(a) Let E, E' be the laboratory frame and a frame attached to the center 
of mass of the excited system respectively with E' moving with velocity 0c 
relative to E in the x-direction. The velocity of a meson emitted in E' with 
velocity 0c at angle 9 to the x'-axis is transformed to E as 

__ u' x + 0c _ (0 cos 6 + 0)c _ u' y 0c sin 9 

l + 1 + 00 cos 9’ Uy + 7(1 + 00 cos 9) 

Hence the meson is emitted in E at an angle 9 to the x-axis given by 

. 0sin 9 

tan 9 = —7=——=—— , 

^{0 cos 9 + 0) 

where 

7 = 1000 , 

1 

2 7 2 

= 1 - 0.5 x 10“ e = 0.9999995 . 
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(b) If 6 = 90°, the angle of emission 6 in E is given by 

, „ 0 0 

tan 0 — — — 7 = • 

10 vV - 1 

The momentum of the emitted meson is 

p = m.'ypc = 0.5 GeV/c , 

w ith 7 = ~, m being the rest mass of the meson. Then 

7/3 = — = 3.571 , 
r 0.14 


or 


since 


Hence 


&571 3.571 

^ 7 Vl -H 3.571 a 

m 2 = 7 2 - 1 ■ 


6 « tan 0 = 


0.963 


VT06-1 

The maximum value of 6 is given by 

d tan# 
dO 


= 9.63 x 10~ 4 rad = 5.52 x 10~ 2 deg = 3.31' 


= 0 , 


i.e. 


or by 


Hence 


(0 cos 0 + 0 ) cos 0 + 0 sin 2 0 = 0, 

0 


cos 6 


0 


0 = arccos 


( °- 963 A - 164 1 ° 

V 0.9999995 / ' ’ 


which gives 
9 = arctan 


0.963 x sin 164.4° 


1000 x (0.963cos 164.4° + 0.9999995) J 


= 0 . 205 ° = 12 . 3 ' 
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This is obviously the maximum angle observed in the laboratory since the 
minimum angle is 0 ° for 8 = 0° and 8 = 180°. 


3023 

(a) Calculate the momentum of pions ( 7 r) that have the same velocity 
as protons having momentum 400 GeV/c. This is the most probable 
momentum that the produced pions have when 400 GeV/c protons strike 
the target at Fermilab. The pion rest mass is 0.14 GeV/c 2 . The proton 
rest mass is 0.94 GeV/c 2 . 

(b) These pions then travel down a decay pipe of 400 m length where 
some of them decay to produce the neutrino beam for the neutrino detector 
located more than 1 km away as shown in Fig. 3.17. What fraction of the 
pions decay in the 400 m? The pions’ proper mean lifetime is 2.6 x 10 ~ 8 sec. 

(c) What is the length of the decay pipe as measured by observers in 
the pion rest frame? 

(d) The pion (n) decays into a muon (p) and a neutrino (v). (The neu¬ 
trino has zero rest mass.) Using the relationship between total relativistic 
energy and momentum show that the magnitude of the decay fragments’ 
momentum in the pion rest frame, q, is given by 

q M 2 — m 2 
c = 2M ’ 

where M is the pion rest mass and m is the muon rest mass. 

(e) The neutrino detectors are, on the average, approximately 1.2 km 
from the point where the pions decay. How large should the transverse 
dimension (radius) of the detectors be in order to have a chance of detecting 
all the neutrinos that are produced in the forward hemisphere in the pion 
rest frame? 

( UC, Berkeley) 

Solution: 

(a) The momentum of a particle of rest mass m and velocity (3c is 


p = Tn-yf3c , 


where 7 = 


1 

vW 3 ' 


momentum is 


For the same velocity ^ is a constant. Hence the pion 
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■ 400 m ■ 


proton 

beam 


target 


400 GeV 


pion decay pipe 


t 

focusing 

system 


(1 


■1000 m 


y shielding 

/ 

' ' S/////// ///S 


| neutrino 
detector 


Fig. 3.17. 


At = ' y ( At' + 


in \ 0 14 

P * = Pp = 094 x 400 = 59 ’ 6 GeV/c ■ 

(b) Let E, E' be the laboratory frame and the rest frame of the pions 
respectively. As 

the laboratory lifetime r of the pions is equal to 7 r 0i where r 0 is the proper 
lifetime of the pions and 7 its Lorentz factor in E. If n is the number of 
pions in the beam, we have 

dn dt 
n t ’ 
or 

t 


n = no exp I- 

r 


no being the number of pions at t = 0. For a pion of momentum 59.6 GeV/c, 


and 


l 


400 


= 0.1205 . 


t 7/?cto 425.5 x 3 x 10 8 x 2.6 x 10" 8 
Hence the fraction of pions that decays in the pipe is 

1 - e -0 1205 = 0.1135 = 11.35% . 

(c) The length of the decay pipe in E' is by definition /' = x' 2 — x[, 
where x\ , x' 2 are the coordinates of its two ends taken at the same instant 
t 1 . As 

*1=7 (x'l+Pct 1 ), x 2 = 7(^2 + Pet’) , 
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we have 


or 


x 2 -x y = 7 ( 3:3 - x'y) 
l = ll' , 


i.e. 


I 1 


7 


400 

7 


400 400 n . 

—r = = 0-94 m 

7/3 425.5 


(d) The energy of a particle of rest mass m , momentum p, velocity /3c, 
Lorentz factor 7 is 

E = m 7 c 2 - me 2 \/7 2 /3 2 + 1 = \/ to 2 c 4 7 2 / 3 2 + m 2 c 4 
= \Jp 2 c 2 + m 2 c 4 

since p = TO7/3c. Consider the decay 7 r —> p + zv in the rest frame of the 
pion. As the momentum is initially zero, the momenta of the p and z/ must 
be equal in magnitude and opposite in direction, |p M | = |p„| = q. Energy 
conservation gives 

M<? = \/q 2 c 2 + m 2 c 4 + qc , 

use having been of the fact that the pion is at rest in E' and that the 
neutrino has zero rest mass, which in turn yields 

,2' 

vi — ir 

v 




2 M 




(e) A neutrino emitted with velocity /3 'c at angle 6' to the 3 :'-axis in the 
rest frame of the pion, E', is observed to move in a direction at angle 6 to 
the a:-axis in the laboratory frame E, where 9 is given by (Problem 3022) 


tan# 


0' sin 6' 


sin 6' 


7 (/ 3 ' cos 9' -t- /3) 7 (cos 9' + /3) ’ 


as the neutrino, having zero rest mass, must always move with velocity c. 
For 9' < |, 


tan# < 


< 


1 


1 


7(cos#' + /3) 7/3 425.5 

Hence # < 2.35 x 10 -3 rad. For a detector at 1.2 km away to detect all the 
neutrinos with 9' < |, it must have a transverse dimension 

R = 1.2 x 10 3 x 2.35 x 10 -3 = 2.82 m . 
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3024 

In a simplified model of a relativistic nucleus-nucleus collision, a nucleus 
of rest mass mi and speed 0 i collides head-on with a target nucleus of mass 
m 2 at rest. The composite system recoils at speed /3o and with center of 
mass energy e 0 . Assume no new particles are created. 

(a) Derive relativistically correct relations for /3 0 and e 0 . 

(b) Calculate (3 0 and eo (in MeV) for a 40 Ar nucleus impinging at 
/?i = 0.8 on a 238 U nucleus. 

(c) A proton is emitted with (3 C = 0.2 at 6 C = 60° to the forward 
direction in the frame of the recoiling Ar + U system. Find its laboratory 
speed /3( and laboratory direction 61 to within a few percent, making 
nonrelativistic approximations if they are warranted. 

( UC, Berkeley) 

Solution: 

As implied by the question the velocity of light is taken to be one for 
convenience. 

(a) For a system, E 2 - p 2 is invariant under Lorentz transformation. In 

the laboratory frame £, writing 71 = - 

V l ~P\ 

E 2 -p 2 = (mx 7 i + m 2) 2 - (miji/3i ) 2 . 

In the center of mass frame £', E ' 2 — p ' 2 = e 2 . Hence 
£0 = ( m i7i + m 2 ) 2 - (mi7i/3i) 2 

= ml 7?(1 - 01 ) + 2mim 2 7i -I- m 2 
-ml + ml + 2m 1 m 2 7i , 


or 


£o 


/ mf + mi + 


2mim 2 


In the laboratory, the system of mi,m 2 has total momentum mi 7 i/ 1 i and 
total energy mi 71 + m 2 . These are conserved quantities so that after the 
collision the composite system will move with velocity 


0 o — 


mi'nPi 
mi7i + m 2 


mifii 

mi + m 2 \/l - 0 \ 
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(b) The masses are approximately 

mj = 40 x 0.94 = 37.6 GeV , 
m 2 = 238 x 0.94 = 223.7 GeV . 


Then 


e 0 = i 37.6 2 + 223.7 2 + 


2 x 37.6 x 223.7 
vi - 0.64 


= 282 GeV = 2.82 x 10 5 MeV , 

„ 37.6x0.8 

0o —- — = 0.175 . 

37.6 + 223.7 x vT - 0.64 

(c) The velocity components are transformed according to 

g _ A*+ 0o = 0.2 cos 60° 4-0.175 

Plx 1 + 0cx0o l + 0.2cos60° x 0.175 

. 0cyVl-0l 0.2sin60Vl - 0-175 2 

Ply 1 + 0cx0o 1 + 0.2 cos 60° x 0.175 ’ 

so the laboratory speed and direction of emission are respectively 
0i = \/0-27 2 + 0.168 2 = 0.318 , 


Note that as 


= arctan 


1 


/ 0.168 \ _ 
V 0.27 ) ~ 


31.9° 


1 


1 + 0cx0o 1 + 0.1x0.175 


0.983 , 


Vl-0% = Vl - 0.175 2 
l+0cx0o 1 + 0.1x0.175 


0.968 , 


both differing from 1 by less than 4%, applying nonrelativistic approxima¬ 
tions we can still achieve an accuracy of more than 96%: 


0ix « 0cx +00 = 0.275 , 

0i v = 0 CV = 0.173 , 

( 0 173\ 

amj" 32 ' 2 ”' 
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3025 

In high energy proton-proton collisions, one or both protons may 
“diffractively dissociate” into a system of a proton and several charged 
pions. The reactions are 

(1) p + p —y p + (p + nn), 

(2) p + p —► (p + nn) + (p + run). 

Here n and m count the number of produced pions. 

In the laboratory frame, an incident proton of total energy E (the 
projectile) strikes a proton at rest (the target). Find the incident proton 
energy Eq that is 

(a) the minimum energy for reaction (1) to take place when the target 
dissociates into a proton and 4 pions, 

(b) the minimum energy for reaction (1) to take place when the projec¬ 
tile dissociates into a proton and 4 pions, 

(c) the minimum energy for reaction (2) to take place when both protons 
dissociate into a proton and 4 pions. 

m K = 0.140 GeV , m p = 0.938 GeV . 

( Chicago) 

Solution: 

The quantity E 2 — p 2 for a system, where we have taken c = 1 for 
convenience, is invariant under Lorentz transformation. If the system 
undergoes a nuclear reaction that conserves energy and momentum, the 
quantity will also remain the same after the reaction. In particular for a 
particle of rest mass m, 

E 2 -p 2 =m 2 . 

(a) The energy for the reaction 

p + p-»p+(p + 47r) 

is minimum when all the final particles are at rest in an inertial frame, 
particularly the center of mass frame E'. Then in the laboratory frame E, 

E 2 -p 2 - [E 0 + m p ) 2 - {El - m p ) = 2m p E 0 + 2m p , 

and in E', 

E' 2 - p' 2 = (2 m p + 4 m n ) 2 , 
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so that 


2 m p E 0 = 2 m,p + 16m p m v + 16m 2 , 


giving 


Eq = 


trip + 8 m p m T 4- 8 m 2 
m p 


= 2.225 GeV 


as the minimum energy the incident proton must have to cause the reaction. 

(b) Since both the initial particles are protons and the final state 
particles are the same as before, the minimum energy remains the same, 
2.225 GeV. 

(c) For the reaction 


p + p (p + 4?r) + (p + 4 tt) , 


we have 

(. E 0 + m p ) 2 - ( E 2 - m 2 ) = (2 m p + 8 m n ) 2 , 


giving the minimum incident energy as 


Eq 


m 2 + 16 m p m w + 32m£ 
m p 


= 3.847 GeV . 


3026 

Consider the elastic scattering of two spinless particles with masses m 
and p as shown in Fig. 3.18. The Lorentz-invariant scattering amplitude 
(S-matrix element) may be considered as a function of the two invariant 
variables 

a - (K 0 + Po) 2 - (K + P) 2 

and 

t = (K- Ko) 2 - (K' - K) 2 

with K 2 = K' 2 = p 2 and P 2 = P' 2 = m 2 . Obtain the physical (i.e. 
allowed) region in the (s,t) manifold. Compute the boundary curve t(s) 
and make a qualitative drawing. 


( Chicago) 
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k 1 

mass n mass m 

Fig. 3.18. 

Solution: 

In the elastic scattering 

k + p —► k' + p' , 

if the system is isolated, the total energy-momentum 4-vector is conserved: 

K + P = K' + P' . 

In the center of mass frame of the system, the total momentum is zero: 

K' + P' = K + P = 0. 

Thus 

s = (K 0 + .Po) 2 - (K + P ) 2 = (K 0 + Po) 2 
= (v/K 2 +M 2 + \/P 2 + m 2 ) 2 
= ( V / K 2 Tm 2 + \/K 2 + m 2 ) 2 , 

as P 2 = K 2 in the center of mass frame, and 

t = (K- K 0 ) 2 - (K' - K) 2 
= -(K' -K) 2 
= -(K' 2 + K 2 - 2K' ■ K) 

= —2K 2 (1 — cos0) , 

where 6 is the angle of scattering of k, as the scattering is elastic. 

To find the physical region in the (s, t) manifold, consider cos 9, where 
0 varies from 0 to 7r: 




<9 = 0, 

0 = 7T, 
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cos# =1, t = 0 ; 
cos 6 = —1, t = -4K 2 . 


Hence the physical region is given by 



s 


= -i[s- (m + /x) 2 ][s- (m-/x) 2 ] . 
s 

The physical region is shown as shaded area in Fig. 3.19. 


t 



Fig. 3.19. 


3027 

Consider the pion photoproduction reaction 

7 + p —> p + 7T° , 


where the rest energy is 938 MeV for the proton and 135 MeV for the 
neutral pion. 
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(a) If the initial proton is at rest in the laboratory, find the laboratory 
threshold gamina-ray energy for this reaction to “go”. 

(b) The isotropic 3 K cosmic blackbody radiation has an average photon 
energy of about 10 -3 eV. Consider a head-on collision between a proton 
and a photon of energy 10 -3 eV. Find the minimum proton energy that 
will allow this pion photoproduction reaction to go. 

(c) Speculate briefly on the implications of your result [for part (b)] for 
the energy spectrum of cosmic-ray protons. 

( UC, Berkeley) 

Solution: 

(a) The quantity E 2 — P 2 c . 2 is invariant under Lorentz transformation 
and for an isolated system is the same before and after a reaction. The 
threshold 7 -ray energy is that for which the final state particles are all at 
rest in the center of mass frame. Thus 


(E y + m p c 2 ) 2 - 



(nip + m,) 2 c 4 , 


E 

where Ey is the energy of the photon and -f- its momentum, giving 

= Wjy _ 144 7 McV 

2m p c z 

as the threshold 7 -ray energy. 

(b) That the proton collides head-on with the photon means that their 
momenta are opposite in direction. Then 

(m P 7 c 2 + Ey ) 2 - ^m P 7/3c - c 2 = (m p + m T ) 2 c 4 , 


where 7 = 


v/ 1 -d 2 


, 13c being the velocity of a proton with the minimum 


energy to initiate the photoproduction reaction, giving 


7(1 + 0) = K „ + J = 1447 x 10" 


2 EyTUpC 2 


with Ey = 10 9 
7 = 7.235 x 10 10 and the minimum proton energy is 


■y — j-u MeV. As this implies 7 > 1, we can take ft 


1. Hence 


E p = 0.938 x 7.235 x 10 10 = 6.787 x 10 10 GeV . 
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(c) The result implies that the part of the energy spectrum of cosmic-ray 
protons with E > 6.79 x 10 10 GeV will be depleted to some degree due to 
interaction with the cosmic blackbody radiation. 


3028 

A beam of 10 6 K° mesons per second with (i = ^ is observed to 

interact with a lead brick according to the reaction 

Ki 4- Brick -> K° + Brick 

with the internal state of the lead brick identical before and after the reac¬ 
tion. The directions of motion of the incoming K° and outgoing K° may 
also be considered to be identical. (This is called coherent regeneration.) 
Using 

m(Ki) = 5 x 10 8 eV/c 2 , 
m(K{) - m(K a ) = 3.5 x 10~ 6 eV/c 2 , 

give the magnitude and direction of the average force (either in dynes or in 
newtons) exerted on the brick by this process. 

(UC, Berkeley) 

Solution: 

Denote m(Ki),m(K a ) by mi,m s respectively. For an incoming Ki 
meson, the energy and momentum are respectively 


Ei = mi'yc 2 = 


= V2m;c 2 , 


Pi — m(7/3c = \/2 ■ ~mic = mic . 

v 2 

Since the internal state of the lead brick remains the same after the reaction, 
the energies of the beam before and after the reaction must also be the same. 
Thus 

Ei = E s . 


As 
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py = e 2 - m y 

= Ef - mgC 4 = 2m 2 c 4 - [mi - (mi - m s )] 2 c 4 
« m 2 c 4 + 2 mi(mi — m s )c 4 , 


or 


P a c ss mic 2 + (m; - m g )c 2 = Pjc + (mi - m s )c 2 , 


as mi — m g <C m;. Hence 


(P s - P|) « (mi - m s )c = 3.5 x 10 6 eV/c . 


The change of momentum per second of the beam due to the reaction is 
(P„ - Pi) x 10 6 = 3.5 eV/c/s = 3-5 X 16 X 10 19 = 1.87 x 1(T 27 N . 

o X J_U° 

This is the average force exerted by the brick on the beam. As the 
momentum of the beam becomes larger after the interaction, this force is 
in the direction of the beam. Consequently the force exerted by the beam 
on the brick is opposite to the beam and has a magnitude 1.87 x 10 -27 N. 


3029 

A 7r meson with a momentum of 5 m„c makes an elastic collision with a 
proton (m p = 7 m n ) which is initially at rest (Fig. 3.20). 



Fig. 3.20. 


(a) What is the velocity of the c.m. reference frame? 

(b) What is the total energy in c.m. system? 

(c) Find the momentum of the incident pion in the c.m. system. 

( UC, Berkeley) 
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Solution: 

(a) The system has total momentum P = p v = 5m n c and total energy 
E -- s/p 2 + m^c 4 + m p c 2 = \/26 m n c 2 + 7 m,c 2 . 


Hence it moves with a velocity v, which is also the velocity of the c.m. 
system, in the laboratory given by 



5c 

s/26 + 7 


0.413c . 


(b) E 2 — P 2 c 2 is invariant under Lorentz transformation, so the total 
energy E' in the c.m. frame is given by 


E 2 - P 2 c 2 - E' 2 , 


as the total momentum in the c.m frame is by definition zero. Hence 
E 2 = {s/26 + 7) 2 m 2 c 4 - 25m 2 c 4 = (bh/26 + 50)m 2 c 4 , 


E' = \JUs/26 + 50 m„c 2 = 11.02m T c 2 . 

(c) The total energy in the c.m. frame is 

E' = vVx + c 4 + y/p£ + m^c 4 
= s/p^~+rn^ + s/p 12 + 49m 2 c 4 , 


since |p(,| = |p^| in the c.m. frame and m p = 7 m n . Prom (b) we have 
E' = v50 + 14\/26 m„c 2 . Substituting this in the above and solving for 
p' n , we have 


, _ 35m ff c 

P ' \/50+UVxi 


3.18m ff c . 


3030 

High-energy neutrino beams at Fermi laboratory are made by first 
forming a monoenergetic 7r + (or K + ) beam and then allowing the pions 
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to decay by 7r + —> p + + v- Recall that the mass of the pion is 140 MeV/c 2 
and the mass of the muon is 106 MeV/c 2 . 

(a) Find the energy of the decay neutrino in the rest frame of the it + . 

In laboratory frame, the energy of the neutrino depends on the decay 
angle 8 (Fig. 3.21). Suppose the 7r + beam has an energy of 200 GeV. 

(b) Find the energy of a neutrino produced in the forward direction 

(0 = 0). 

(c) Find the angle 8 at which the neutrino’s energy has fallen to half of 
its maximum energy. 

( Chicago ) 



Fig. 3.21. 


Solution: 

(a) For convenience use units such that c = 1 ( m,E,p are all in 
MeV). Consider the Lorentz-invariant and conserved quantity E 2 — p 2 . In 
laboratory frame, before the decay 

jp 2 2 rp2 2 2 

E - p =E n -p n =m n . 

In the rest frame of the pion, after the decay 
E' 2 -p' 2 = (El + El) 2 -( p^ + p') 2 

= (K + K) 2 = P' 2 + m 2 + p' 2 + 2p' v yjp' 2 + ml 
- 2 p' 2 + m 2 + 2 p' v ^p ,2 + ml , 

as p' M = —pi, and El = p' u assuming the neutrino to have zero rest mass. 
Equating the above two expressions gives 

2 m n 


K=Pl 


= 29.9 MeV . 
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(b) In the laboratory frame (Fig. 3.21), momentum conservation gives 
Ptt = Pv cos 6 + cos a, p v sin 6 = p^ sin a , 


or 

pI=pI+pI~ 2 p*p v cos e , 

and energy conservation gives 


Ett — E u + . 


As p v = E u , p* = E^ — m^, the last two equations give 

Vv 2(£„ — Pj, cos 8) 

As E n 3> m , T , we have 



and hence 

_ (ml - mpEy 
Pl/ 2E"l (1 - cos 6) + ml cos 6 

For neutrinos emitted in the forward direction, 0 = 0 and 


E v 



E n = 85.4 GeV . 


(c) As 


E v 


(ml - mpE„ 


2El-(2El-ml)cos6 ’ 


E v is maximum for neutrinos emitted at 6 = 0. For E v at half the maximum 
value, i.e. 


( m l~ m l \ K = (ml -E*)E W 

V m l ) 2 ZEl-pEl-mDcosO’ 


cos 6 = 


2 (El - ml) 
2 El-ml 



we have 
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as 0 is obviously small. Hence 


Tfl 

6 = —- - 0.0007 rad = 2.4' . 
E n 


3031 

(a) A particle of mass mi = 1 g traveling at 0.9 times the speed of 
light collides head-on with a stationary particle of mass m 2 = 10 g and 
is embedded in it. What is the rest mass and velocity of the resulting 
composite particle? 

(b) Now suppose m 1 to be stationary. How fast should m 2 be moving 
in order to produce a composite with the same rest mass as in part (a)? 

(c) Again, if mi is stationary, how fast should m 2 be traveling in order 
to produce a composite that will have the same velocity that you found for 
the composite in part (a)? 

(. SUNY , Buffalo) 

Solution: 

(a) Let the composite have mass m and velocity 0c . Conservation of 
energy and of momentum give 

m-yc 2 = (mi 7 i + m 2 )c 2 , m-y0c = mi'yi0ic . 


where 7 = 



etc. Hence 


mi7ift _ mi0i 

mi 7 i 4- m 2 m\ 4- m 2 \/l — 0 2 


0.9 

1 + 10^1 - 0.9 2 


0.168 , 


m 2 = ( 7717) 2 - (rrry /?) 2 = (mi 7 i 4- m 2 ) 2 - (mi7i/?i ) 2 


= m 2 + + 27 imim 2 , 

as ( 7 / 3) 2 = 7 2 — 1 , etc., or 


m = 


m 2 + ml + 


2m 1 7712 


1 1 +100 + 


20 


Vi - 0.9 2 


12.1 g . 


Thus the composite has rest mass 12.1 g and velocity 0.168c. 
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(b) The roles of mi and m 2 are now interchanged so that 


m =, mi + mi + 


2m 2 mi 


which is the same expression as before with 0i —► /3 2 - Then as mi,m 2 , m 
remain the same, /3 2 must have the value of f3\ before, that is, m 2 must 
move with velocity 0.9c. 

(c) As in (b), we have 

0 = m2 ^ 2 

m 2 + mi y/1 - P 2 

or 

(mj + m\p 2 )Pl - 2mf/?/? 2 + (m 2 - mf)p 2 = 0 . 


As m 2 mf(3 2 , the above can be reduced to 

m 2 /3 2 - 2m\(3(3 2 + {m\ - m\)0 2 = 0 , 


i.e. 


[m 2 02 ~ (m 2 + mi)P][m 2 /3 2 - (m 2 - mi)/3] = 0 , 


giving 

fc= fl+ —)/? = 0.185, 0= (l- —)p = 0.151 . 

\ m 2 J \ m 2 / 

Hence m 2 should travel at 0.185c or 0.151c. 


3032 

A particle with mass m and total energy E 0 travels at a constant velocity 
V which may approach the speed of light. It then collides with a stationary 
particle with the same mass m, and they are seen to scatter elastically at 
the relative angle 6 with equal kinetic energies. 

(a) Determine 0, relating it to m and Eq. 

(b) Find the numerical value of 9 in the following limits: 

(i) low energy (V «c), 

(ii) high energy (V 


(SUNY, Buffalo) 
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Solution: 

(a) As the elastically scattered particles have the same mass and the 
same kinetic energy, their momenta must make the same angle | with the 
incident direction and have the same magnitude. Conservation of energy 
and of momentum give 

me 2 + Eq = 2 E, po = 2pcos 

where E,p are the energy and momentum of each scattered particle. Squar¬ 
ing both sides of the energy equation we have 

m 2 c 4 + Eq + 2 E 0 mc 2 = 4(p 2 c 2 + m 2 c 4 ) , 



2 o™2^4 _ Po c _ E o ~ m c 

2 <o\ > 


El + 2 E 0 mc - 3 mrc — 2 , g 


cos 2 (f) cos 2 (f) 


giving 


cos - 


© 


El - m 2 c 4 


Eq + mc 2 


(Eq — mc 2 )(Eo + 3me 2 ) \J Eq + 3 me 2 

(b) (i) V < c, i?o » me 2 , 

giving 


»-!■ 


(ii) V —> c, Eq » me 2 , 


cos 


(0 


giving 0 ~ 0. 


3033 

Of particular interest in particle physics at present are weak interac¬ 
tions at high energies. These can be investigated by studying high-energy 
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neutrino interactions. One can produce neutrino beams by letting n and 
K mesons decay in flight. Suppose a 200 GeV/c 7 r meson beam is used to 
produce neutrinos via the decay it —> p + v. The lifetime of a it meson is 
r w ± — 2.60 x 10 -8 s in its rest frame, and its rest energy is 139.6 MeV. The 
rest energy of the muon is 105.7 MeV, and the neutrino is massless. 

(a) Calculate the mean distance traveled by the pions before they decay. 

(b) Calculate the maximum angle of the muons (relative to the pion 
direction) in the laboratory. 

(c) Calculate the minimum and maximum momenta the neutrinos can 
have. 

( UC, Berkeley) 

Solution: 

(a) Let m be the rest mass of a pion. As rrry/Jc 2 = 200 GeV, we have 

7,3 = H32.7 

and can take 

(3 « 1, 7 = 1433 . 

On account of time dilation, the laboratory lifetime of a pion is r = 777 - = 
1433 x 2.6 x 10~ 8 = 3.726 x 10 -5 s. So the mean distance traveled by the 
pions before they decay is 

rc = 3.726 x 10 ~ 5 x 3 x 10 8 = 1.12 x 10 4 m = 11.2 km . 

(b) The total energy of the system in the rest frame S' of the pion is 
its rest energy m n c 2 . Conservation of energy requires that for n —> p + u, 

m n c 2 = El + E'„ , 

the prime being used to denote quantities in the S' frame. As the total 
momentum is zero in S', = — p(, and E[, = p'^c. = p'^c, assuming the 

neutrino to have zero rest mass. Thus 

Kc 2 - E^) 2 = p l2 c 2 = p' 2 c 2 = E' 2 - m 2 c 4 , 

giving 

„ (ml + miy 

= 2m. 


= 109.8 MeV . 
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Take the x'-axis along the direction of motion of the pion. Transformation 
equations for the muon momentum are 

Pn cos 0 ~ 7 

Pft sin 0 = p'p sin O' , 


(p> os0, + —) 


giving 


tan# 


sin O' 


7 facosO' + 

For 0 to be maximum, we require 

dtan# 


dO' 


0, 


which gives 

cos O' 


Kc P'c 


_tJi_ - 


\/W z 


2.4 


mf L c‘ 




P E '» S' 
or O' = 105.7°. This in turn gives 

0 = 0.0112° = 0.675' . 


-0.271 , 


Note that this is the maximum angle of emission in the laboratory since 
the minimum angle is 0, corresponding to O' — 0. 

(c) The neutrino has energy 

S' = m v c 2 - S' = 139.6 - 109.8 = 29.8 MeV 

and momentum p' v = 29.8 MeV/c in S'. E' v can be transformed to the E 
frame by 

S„ = 7 (E' v + (dp' v c cos #') . 

As S„ = p v c, El = p' v c, the above can be written as 


p v = 7(1 + (3 cos 0')p' v . 

Hence neutrinos emitted in the forward direction of the pion rest frame, i.e. 
O' ~ 0, will have the largest momentum in the laboratory of 

27S' 


(Pv)r 


7(1 + (3)p' v 


= 8.54 x 10 4 MeV/c , 


c 
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while neutrinos emitted backward in S' will have the smallest momentum 
in the laboratory of 


(Pi/)min = 7(1 - 0)pI = (7 - vV - 1 )pI « = 1 04 x 10 2 M eV/c . 

27 c 


3034 

A K meson of rest energy 494 MeV decays into a p meson of rest energy 
106 MeV and a neutrino of zero rest energy. Find the kinetic energies of 
the p meson and neutrino into which the K meson decays while at rest. 

(UC, Berkeley) 


Solution: 

Conservation of energy gives 


m K c 2 = 4- E„ = ^/pfrc? + mlc* + p„c = yjp^c 2 + + p^c , 

as p M = — p„, or Pp = p v , for momentum conservation. Hence 


Thus 


Pe 


= ( m K ~ 

\ 2m K ) - 


= PvC 

= 235.6 MeV , 


=v» c =\-2^r) 


E. 




258.4 MeV . 


Therefore the kinetic energy of the neutrino is 235.6 MeV, and that of the 
muon is 258.4 - 106 = 152.4 MeV. 
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3035 

The dot product of two four-vectors 
A» = {A°, A) and 
is here defined as 

A' L B fi = A°B° - A B . 

Consider the reaction shown in Fig. 3.22 in which particles of masses mi 
and m 2 are incident and particles of masses m 3 and emerge. The p’s 
and q 's are their four momenta. The variables given below are commonly 
used to describe such a reaction: 

s = (4i+Pi) 2 , t = {qi-q 2 ) 2 , u = (qi-p 2 ) 2 . 

(a) Show that 

4 

s + t + u — '^2 m l ■ 
i= 1 

(b) Assume the reaction is elastic scattering and let 


mi = m 3 = p, rn 2 = — m . 

In the c.m. frame let the initial and final three-momenta of the particle of 
mass p be k and k' respectively. Express s, t and u in terms of k and k', 
simplifying as much as possible. Interpret s, t and u. 

(c) Assume that in the laboratory frame the particle of mass m is 
initially at rest. Express the initial and final laboratory energies of particle 
p, as well as the scattering angle, in terms of s,t and u. 

( SUNY , Buffalo) 



Fig. 3.22. 
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Solution: 

Use units for which the velocity of light c = 1 for convenience. 

(a) q 2 is defined as q a q a with q a = ( q° , q), q a = ( q° , -q). The quantity 
q a q Q is invariant under Lorentz transformation. Evaluating it in the rest 
frame of the particle: 

9 2 = (<7°) 2 — q 2 = E' 2 — q 2 = m 2 . 

Now 


* + t + U = ( qi + Pl ) 2 + ( qi - q 2 ) 2 + (^1 - p 2 ) 2 

= 9i + 92 + Pi + Pi + 2 qi ■ ^ - q 2 + Pl - p 2 ) 

= m\ + rrij + m 2 + m\ + 2 q\ ■ (q\ — q2 + pi — P2) ■ 

As the 4-momenta satisfy the energy-momentum conservation law 


9i + Pi — 92 + P2 > 

we have 

4 

s + t + u= m i ■ 

i=i 

(b) In the center of mass frame, 


Hi + Pl — H2 + P2 = 0 . 


Hence 


9? = (\/p 2 + k 2 , k), 9 ? = k' 2 ,k'), 

Pi = (Vm 2 + k 2 , -k), p% = (\/m 2 + k' 2 , -k') , 

s = (91 + Pl ) 2 = q \ + P 2 + 291 • Pl 
= P 2 + * 2 ~ * 2 + m 2 + k 2 - k 2 + 2^/ (p 2 + k 2 )(m 2 + A: 2 ) + 2k 2 
= p 2 +m 2 + 2\J(p 2 + k 2 )(m 2 + k 2 ) + 2k 2 , 
t = (Qi- <k) 2 = 9? + ql - 2?1 • ?2 
= 2 P 2 - 2\J(p 2 + k 2 )(p 2 + k' 2 ) + 2k • k' , 

“ = (91 -P 2) 2 = 9i+P 2 - 291 -P 2 
= p 2 + m 2 - 2 s /(p 2 + k 2 )(m 2 + k' 2 ) - 2k k' . 
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Thus, 

s = (V V 2 + k 2 + \/m 2 + k 2 ^ 

is the square of the total energy of the incident particles in the center of 
mass frame, t is the square of the forward transfer and it is the square of 
the backward transfer of 4-momentum during the collision, s, t, u which are 
Lorentz invariant quantities are known as Mandelstam variables. 

(c) In the laboratory frame, we have 

?“ = (9i.qi). 92 = (421*12), p“ = (m, 0 ) 

and 


Qi — 9\ Qla — Pi 92 P > 

9l + Pi = <?2 + P2 • 


Then 


s = (qi + Pi) 2 = 9i + Pi + 2 ?i • Pi 
= fi 2 + m 2 + 2 q°m , 

t = (qi- qi) 2 =ql+q%- 2?x • qi 
= 2 p 2 - 2q{ql + 2qi ■ q 2 , 
u = {qi - p 2 ) 2 = (92 - Pi) 2 = 92 + Pi - 2 92 • Pi 
= / 1 2 + m 2 — 2q%m - 


Hence the initial laboratory energy of particle p is 


9i = 


s — /x 2 — m 2 
2m 


the final laboratory energy of p is 

—u + p 2 + m 2 


92 


2m 


and the scattering angle 6 is given by 

qi q 2 


cos 8 


| - M 2 + 9i92 


|qil lq»l VI (9?) 2 -p 2 ] [(9 2 °) 2 -p 2 ] 
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3030 

The following question is a question on Newtonian gravity. 

(a) Calculate the radius and density of a solar-mass star (M = 2 x 10 33 g) 
from which light could not escape. 

(b) The universe can be thought of as a sphere of gas of uniform density 
p(t) and zero total energy expanding against its self-gravity. Show that if 
pressure can be neglected the interparticle distance increases as t 2 / 3 . 

( UC, Berkeley) 

Solution: 

(a) By the equivalence of mass and energy, a photon of energy E = me 2 
has an equivalent mass m. The potential of a particle of mass m at the 
surface of a star of mass M and radius R is 

GMm 
R ' 

where G is the constant of gravitation. Hence for the photon to escape the 
star, we require E + V > 0, or E > —V. Conversely the photon will be 
confined to the star if E < —V, i.e. 


me 2 < 


GMm 

R 


or 


R< 


GM 6.67 x 1(T 8 x 2 x 10 33 


- r 2 


(3 x 10 10 ) 2 


= 1.48 x 10 5 cm = 1.48 km . 


The density p of the sun must then be 




2 x 10 33 
(1.48 x 10 5 ) 3 


= 1.47 x HT 1 x 


10 33 

To 1 ® 


= 1.47 x 10 17 g/cm 3 . 


Note that this result is consistent with the gravitational red shift. A photon 
of frequency v emitted by the star will have a frequency v‘ at a large distance 
from it, where 

GM\ 
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For the photon to escape the gravitational field of the star we require that 
v' > 0, or 

„ GM 


(b) In the expansion of a gas under the condition of uniform density, the 
distance between two given particles is proportional to the linear dimension 
of the gas and the position of any gas particle can be taken to be the center 
of expansion. Consider two gas particles A, B separated by a distance R. 
We can treat A as at the center of expansion and B as on the surface of 
a sphere with center at A. According to Newton’s law of gravitation, B 
will suffer an attractive gravitational force toward A of per unit mass, 

where M = R 3 p, f> being the density of the gas, is the mass of the sphere 
of gas. Note that the mass of the gas outside the sphere does not exert a 
net force on B. Neglecting pressure the equation of the motion of B is 

d 2 R _ GM 
dt 2 ~ R 2 ' 


Writing 

d?R dRdR 1 dR 2 
dt 2 dR dt 2 dR 

and noting that M does not change during the expansion, we have by 
integration 

R 2 GM 
2 ~ R 
or 

R 2 GM 


+ K , 


* = T- 


R 


T + V , 


T, V being the kinetic and potential energies of the particle per unit mass. 
K = 0 if the total energy is zero. Hence 


dR I2GM 

dt -± V R ' 

The positive sign has to be taken for expansion. Integrating, we have, with 
R = Rq at t = t 0 , 

=y/2GM{t-t Q ) . 

At large t 3> t 0 , R^> Rq and 

R oc . 
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3037 

An astronaut takes an ordinary flashlight, turns it on, and leave it out 
in space (spin-stabilized by some rotation about its axis). What additional 
speed will this “photon-rocket” have gained by the time the batteries give 
out in two hours? 

( Columbia ) 

Solution: 

Suppose the flashlight bulb is located at the focus of a paraboloid 
reflector so that almost the entire light output goes out in one direction. If 
the power of the flashlight is N watts and the time interval it is turned on 
is f, the total energy of the photons emitted is E = Nt. If the orientation 
of the flashlight does not change, it will gain a momentum 


mu 


E 

c 


Nt 

c 


or an additional speed 


Nt 
me ’ 


m being the mass of the flashlight, since a photon of energy e has a 
momentum -. 

C 

For example, if N = 1 W, m = 0.3 kg, t = 2 hours, 


1 x 2 x 3600 
0.3 x 3 x 10 8 


= 8 x 1(T 5 m/s . 


3038 

A hypothetical flashlight emits a well-collimated beam and is capable of 
converting a significant fraction of its rest mass into light. If the flashlight 
starts at rest with mass mo, and is then turned on and allowed to move 
freely along a straight line, find its rest mass m when it reaches a velocity 
v relative to its original rest frame. Do not assume c » v. 

( UC, Berkeley) 

Solution: 

Let the total energy of all the photons emitted before the light reaches 
the velocity v = (3c be E. Then the total momentum of the photons is ~ 
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and is opposite in direction to v. Let the rest mass of the flashlight be m 
when its velocity is v. Conservation of energy gives 

myc 2 + E — rnoc 2 , 


and conservation of momentum gives 

E 

m^pc - =0 , 

c 


with7 = 7 ^- 


Eliminating E from the above gives 


to 7(1 + 0) =m 0 , 


or 


m = 


mo 


7(1+/?) 


= rn o\ 


' 1-0 

1 + 0 


to 0 


c — v 
c + v 


3039 

A particle of charge q, mass m moves in a circular orbit of radius R in 
the zy-plane in a uniform magnetic field B = Bz. 

(a) Find B in terms of q, R, m, and the angular frequency u>. 

(b) The speed of the particle is constant (since the B field does no work 
on it). An observer moving with uniform velocity /3x does not, however, 
see the particle’s speed as constant. What is u' 0 ( the zero component of 
the particle’s 4-velocity) as measured by this observer? 

(c) Calculate and , thus, How can the energy of the particle 
change? 

( Princeton ) 

Solution: 

(a) The equation of motion of the particle in the laboratory is 

dp „ 

s = ?u><B ' 

As p and u are parallel, 
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Hence p 2 and thus the magnitude of p and u are constant. It follows that 

1 

7u = 

n/1- (S ) 2 

is also a constant. Then, as p = m 7 u u, the equation of motion can be 
written as 

du 

— = uxw 

dt 

with u> = q3/m , y u . As 

u = (x.j/.O), to = (0,0, w) , 


it becomes 

x = ytj, y = — xlj, z = 0 . 

Since the motion is confined to the zy-plane, the z equation need not be 
considered. The other two equations combine to give 

£ + = 0 

by putting x + iy = £. It has general solution 

£ = pe -< M+*)+£ 0 , 

where p, <p are real constants and £o is a complex constant. This solution 
is equivalent to 

x - xq = Rcos(wt + <p), V — y o = — flsin(od + <p) , 
showing that the motion is circular with a radius R given by 

u = y/x 2 + y 2 = Rw , 

u> being the angular velocity of revolution. Hence 

R _ m'fuU) _ mu 1 _ mu 1 

~—” ~ T 7HW' 

(b) Let S,S' be respectively the laboratory frame and the rest frame 
of the moving observer. The zeroth component of the velocity four-vector, 
defined as u a — ( 7 «c, 7 «u), transforms according to 

7« c = 7(7«c - /?7««i) . 
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where 7 = 1 Thus 


«o = 7«c = 77 u (c - (3x) 

= 77 u[c + @toR sin(ud + yp)] 

= 77 „[c + 0usin(u>'y u T + <p)} , 


where r is the proper time of the particle. Thus u' 0 is not constant in S'. 

(c) 

du' 

= 77u/3aiucos(a>7 u r + ip) 

T .Mil)’ » *.(!»+ v ) . 

\mj y^l -/?2 U / 

If the four-momentum is defined as p a = (mu 0 , p), then, as m is a constant, 


dPo 

dr 



Rq 2 B 2 0 

m ^ 1-/32 


cos 




which signifies a change of energy 

dE _ dpo 
dr dr 

Note that in the 5' frame, the electromagnetic field is given by 


£(l=£|l=0 

E' ± = 7 (E x + v x B_l) 

= 7 V x Bx 

= 7 / 3 x x Bz = -j0By , 


so that there is also an electric field in the S' frame which does work on 
the particle. 


3040 

When two beams of protons of kinetic energy T collide head-on, the 
available energy for reactions is the same as for a single beam of what kinetic 
energy colliding with stationary protons? (Use relativistic expressions). 

( UC, Berkeley) 
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Solution: 

The quantity E 2 — p 2 for a system is invariant under Lorentz trans¬ 
formation. Consider the head-on collision of two protons, each of kinetic 
energy T , and suppose that in the rest frame S' of one of the protons the 
other proton has total energy E' and momentum p'. As in the laboratory 
frame the total momentum of the two protons is zero, we have 

(2mc 2 4- 2T) 2 = (£' + me 2 ) 2 - p ,2 c 2 

= (£'+mc 2 ) 2 -(£' 2 -m¥) 

= 2 E'mc 2 + 2m 2 c 4 , 

or 

rp/ 2 T 2 + 4Tmc 2 + m 2 c 4 

o 

me 1 

where m is the rest mass of the proton. Hence the energy available for 
reactions is 

2 2 T 2 + 4Trru* 

E - me — - 5 - . 

me 1 


3041 

A photon of momentum p impinges on a particle at rest of mass m. 

(a) What is the total relativistic energy of photon plus particle in the 
center of mass frame of reference? 

(b) What is the magnitude of the particle’s momentum in the center of 
mass frame? 

(c) If elastic backward scattering of the photon occurs, what is the 
momentum of the final photon in the laboratory frame? 

( UC, Berkeley) 

Solution: 

(a) Consider the quantity E 2 — P 2 c 2 of the system which is invariant 
under Lorentz transformation: 

(pc -I- me 2 ) 2 — p 2 c 2 = E' 2 , 

where E' is total energy of the system in the center of mass frame, which 
is by definition the inertial frame in which the total momentum vanishes. 
Hence 
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E' = \/2pmc 3 + 77 i 2 c 4 . 


(b) In the center of mass frame, the total momentum P' = 0 and p the 
momentum of the particle is equal and opposite to that of the photon p', 
Momentum transformation 


P' 


= 0 


( p - 


{3E 

c 


gives 


Pc pc _ 1 

E pc + me 2 ’ ^ y/l - ft? 


for the center of mass frame. The particle momentum in the center of mass 
frame is then, using the transformation equation again, 


p' = 7(0 — (3mc) = — 7 / 3 mc = 


—pmc 

\j2pmc + m 2 c 2 


(c) Let the final momenta of the photon and the particle be —pi and p >2 
respectively. Conservation of energy and of momentum give 


pc + me 2 = p\c + \Jp\e 1 + m 2 c 4 , 
P= -P 1 +P 2 ■ 


These combine to give 

(P - Pi ) 2 + 2(p - pi)mc = (p + pi ) 2 , 


or 


pmc 
2 p + me 


3042 

We consider the possibility that one of the recently discovered particles, 
the ip' (3.7), can be produced when a photon collides with a proton in the 
reaction 


7 + p—+p + V' , • 
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In this problem we shall take the mass of ip' to be 4M p , where M p is the 
proton mass, which is a reasonable approximation. The target proton is 
initially at rest and the incident photon has energy E in the laboratory 
system. 

(a) Determine the minimum energy E that the photon must have for 
the above reaction to be possible. The answer can be given in units of M p c 2 
(=938 MeV). 

(b) Determine the velocity, i.e. v/c, for the ip 1 particle when the photon 
energy E is just above the threshold energy Eq. 

( UC, Berkeley) 

Solution: 

(a) At threshold, the final-state particles p, ip' are stationary in the 
center of mass frame. Using the fact that the quantity E 2 — P 2 c 2 is invariant 
under Lorentz transformation and for an isolated system is conserved, we 
have, as a photon of energy E has momentum ®, 

(E 0 + M p c 2 ) 2 -Eg = (M p c 2 + 4 M p c 2 ) 2 , 

giving 

E 0 = 12 M p c 2 

as the threshold photon energy. 

(b) Near threshold, the ip' is produced at rest in the center of mass 
frame, so its velocity in the laboratory is the velocity of the center of mass, 
i.e. of the system: 

Pc 2 E 0 c 12 
V ~ E ~ E 0 + M p c 2 ~ 13 C ‘ 


3043 

An antiproton of energy Eq interacts with a proton at rest to produce 
two equal mass particles, each with mass m x . One of these produced 
particles is detected at an angle of 90° to the incident beam as measured 
in the laboratory. Calculate the total energy (E s ) of this particle and show 
that it is independent of m x as well as of Eq. 


(UC, Berkeley) 
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Solution: 

Antiproton and proton have the same mass to, say. The collision is 
depicted in Fig. 3.23. Momentum conservation gives 

Po = P 2 cos 0 , pi = p 2 sin 0 , 

or 


P 2 = Po + Pi • 

£s-Pi 



Fig. 3.23. 

Energy conservation gives 

E 0 + me 2 = E s + \jpic 2 4- fnlc 4 . 

Combining the last two equations gives 

( E 0 + me 2 ) 2 + El - 2(£'o + mc 2 )E s = p^c 2 + p\c 2 + m^c 4 , 
or 

2m?c 4 + 2Eornc 2 = 2 (E 0 + mc 2 )E a , 
since E 2 = p^c 2 + m 2 c 4 , E 2 = p 2 c 2 + m 2 c 4 . Hence 

E 3 = me 2 . 

It is seen that E s depends only on the proton mass but is independent of 
either m x or E 0 . 


3044 

(a) A particle of mass m and charge e moves at relativistic speed v 
in a circle of radius R, the orbit being normal to a static, homogeneous 
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magnetic field B as shown in Fig. 3.24. Find R in terms of the other 
parameters (radiation may be ignored). 

(b) An observer O' moving at fixed velocity v along the y -axis sees an 
orbit that looks like Fig. 3.25. The points a,b,c,d,e on the two figures 
correspond. 

(i) What is the distance y' d — y' b measured by O'? 

(ii) What is the acceleration of the particle at c, where it is instan¬ 
taneously at rest? 

(iii) What causes the acceleration at c as seen by O'? 

( Princeton ) 




Fig. 3.24. Fig. 3.25. 


Solution: 

(a) If p is the momentum of the particle, we have 


and thus 


where 7 = 


dp 

-a =evxB ' 


dp 1 dp 2 n n 

P ' *=2 *' =em1V ' VXB = °’ 


1 


7^? 


. Hence p and so 7 and v have constant magnitudes. As 

Ru>, 


shown in Problem 3039, the orbit is a circle of radius R given by v 
where 

_ eB_ 

7717 

(b) Let £,£' be the laboratory frame and the frame of the moving 
observer respectively, with £' moving relative to £ in the y-direction with 
velocity —v. Lorentz transformation becomes 
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y' = 7 {y - 0 ct ) = 7 (y + vt), 

Z = Z, x' = X , 

ct' = 7 (ct - 0y) =7 (ct + —'j , 


™P=~-c- 
(i) As 


Vd Vb - 2/?, td t\y > 

id 

y'd-y'b = livd ~ Vb) + 7«(<d - 4) 
= 7 (- 2 ft+ ~) 

( 7 T — 2)71; _ ( 7 T — 2)mv 


(ii) At point c, = 0, & = -v, 


d 2 x —v 2 

dT = hf 



(centripetal acceleration) , 
(tangential acceleration) . 


The velocity component transforms according to 


dx' _ dx I /dt'\ _ 

~dh~htl \dt)' 7 (i + ?f) ’ 


In a similar way, 
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d 2 x' _ d /dx'\ _ 1 d / dx'\ 

dt' 2 dt' \dt' J ^ dt \ dt' ) 


1 d 


dx 

dt 

7(1+5*) dt 

1 1 

(1+5*). 

(-\ \ v <tu\ d 2 x v d‘ 

+ ^dt) dF ~ 7 *d 

S/ dx 

F dt 

~2 fl 4. v 

1 c 1 dt^ 

r 


(1 - $)’ 


At point c, 

_ $t+ v _ ~v + v _ 0 
dt' l + 1-g 

As ^ = 0, ^fr = 0 also, the particle velocity u' = 0. 

(iii) The transformation equations for the electromagnetic field are 

E' V = E V = 0, B' y = B v = 0, 

K = 7 (B, - )3cB x ) = 0, 

E' x = 7 (E* + PcB z ) = ~ 7 vB , 

B' z = 7 (b, + = 7 B , 

B' x = 7 (b x - = 0 . 

(In the usual geometry let y replace x, z replace y, x replace z to obtain 
the above). Then in E' the Lorentz force acting on the particle at c is 

F' = e(E' + u' x B') = eE' , 


or 

F' = F x = -7 evB , 
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and the acceleration is - ' ie ^ n B , in agreement with (b). Hence the accelera¬ 
tion arises because of the presence of an electric field in 


3045 

A charged particle (with charge e and rest mass m) moves in an electro¬ 
magnetic field which is constant in space and time and whose components 
are E = (a, 0,0) and B — (0, 0, b) in a Lorentz frame S. It is assumed that 
|E| / |B|. State the differential equations for the particle’s four-vector 
velocity (as function of the proper time). Show that the solutions may be 
expressed as superpositions of exponentials, and determine the exponents. 
Under what conditions (on E and B) are all components of the four-velocity 
bounded along every trajectory? 

( Princeton ) 

Solution: 

The motion of the particle is described by the 4-vector equation 

where ds — cdr , r being the proper time of the particle, 

p a = mc 2 u a = me 2 ^-u, 7 ^ , 

F a = ( 7 F, -u-F) , 

c 

with 7 = ar, d u being the velocity of the particle. 

V 

The force acting on the particle is the Lorentz force 
F = e(E + u x B) . 

With u = ( u x> u y , u z ), E = (a, 0,0), B = (0,0, b), and u-F = eu-E = eau x , 
we have 

( au x \ 

a + bu y , —bu x , 0, — J 

= e(au 4 -I- cbit 2 , —ebu i, 0, au\) . 


Hence the equations of motion are 
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m^p- — - (dm2 + auA y 
dr c 


du 2 , 
m —— = —ebu i 
dr 


du 3 

m d7 =0 ' 



eaiti 

c 


Thus is a constant and need not be considered further. To solve the 
other equations, try 


u j = A j e XT , j= 1,2,4. 
The equations now become 

g 

mAAi — ebAz - a A 4 = 0 , 

c 

eftAj + mXA-z = 0 , 

£ 

—aAi 4- mAA4 = 0 . 
c 

For a solution where not all A's vanish, we require 


rnX —eb — “ 
eb mX 0 
0 mA 


= 0 , 


i.e. 


mA I m 2 A 2 + e 2 fr 2 


e 2 a 2 


The roots are 

Ai =0, 


A 2 = — \/ a 2 — c 2 b 2 , A 3 = —— \/ a 2 — c 2 b 2 
me — 


e 

me 


The general solution for the equation of motion is a superposition of 
exponentials with these exponents. For all components of the 4-velocity 
to be bounded along every trajectory we require that the A’s are either 
zero or imaginary, i.e. 


E| < c|B 


a < cb, 


or 
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A particle of charge e, energy E, and velocity v moves in a magnetic 
field generated by a magnetic dipole of strength M located at the origin 
and directed along the 2 -axis. If the particle is initially in the xy-plane at a 
distance R from the origin and moving radially outward, give the minimum 
and maximum radii it will reach (assume the orbit is bounded). 

( Chicago ) 

Solution: 

A particle of charge e, rest mass m and velocity u moving in an 
electromagnetic field of scalar potential <f> and vector potential A has 
Lagrangian 

r me 2 , 

L =-e3> + eu ■ A . 

7 

where 7 = - - >i-- ^ . Since there is no electric field, <t> = 0 . The vector 

v 1 -^- 

potential due to a magnetic dipole of moment M at the origin is 

47t \ r / w r 

In spherical coordinates as shown in Fig. 3.26, we have 

M = ( McosO , — Msin0,0) , 
r = (r, 0 , 0 ) , 


so that 

fio M sin 9 . 

4w r 2 v 

With u = (r,rd,rtp sin#), the Lagrangian is 

r me 2 u 0 eM sin 2 0 . 

L =-+ --- ip . 

7 47t r 

Note that a su 2 = r 2 +r 2 6 2 + r 2 <p 2 sin 2 9 , L does not depend on ip explicitly. 
Hence 


fV = 


dL 

dip 


-( 


2 • . Mo eM\ 2 


m.'yr ip + - -sin 9 = constant 

47r r ' 
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2 



Fig. 3.26. 


Initially the particle is at r = R and moves with velocity v — r in the 
ly-plane, i.e. r = R, 9=^,<p = 0 initially, giving ^ for the constant. 
Furthermore, as the only force on the particle is that due to the magnetic 
dipole at the origin whose magnetic lines of force at the xy-plane are 
perpendicular to the plane, the magnetic force is also in this plane and 
the motion is confined to the plane. Hence 6 — 0, 9 = f at all times. Thus 


2 • , V o eM 

m-yr ip + —- 

4ir r 


fio eM 
47r R 


At the maximum and minimum radii, f = 0 and u - npi^. Since 
magnetic force does no work as 


u • u x (V x A) = 0 , 

the magnitude of u is equal to the initial speed v, i.e. rip = ±v, and 7 is a 
constant. Letting 

/to eM 

a = --, 

47 t m'yv 


we have 


±Rr 2 — ar + aR = 0 . 
For the upper sign the roots are 



For the lower sign the roots are 
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r = 


a 

2 R 



where the positive sign is to be used since r is positive. Examining these 
roots we find 


a 

r.„ax = 2R 



T min 


a 

2 R 



3047 

It is well known that planets move in elliptical orbits around the sun 
and the derivation of the orbit equation is a standard exercise in classical 
mechanics. However, if the effects of special relativity only are taken into 
account, the orbit is a precessing ellipse of the form 

- = — {1 + ecos[a(0 - 6> 0 )]} , 
r r 0 

where a = 1 corresponds to the classical result of zero precession. 

(a) Derive this equation and express a and r 0 in terms of fundamental 
constants of the orbit (such as energy, angular momentum, etc.) 

(b) Given that the mean radius of the orbit of Mercury is 58 x 10 6 km 
and that its orbital period is 88 days, calculate the precession of Mercury’s 
orbit in seconds of arc per century. (This effect does not, of course, account 
for the total precession rate of Mercury.) 

( Chicago ) 

Solution: 

(a) Consider a planet of mass m and velocity v. As it moves in an 
elliptical orbit, i.e. in a plane, use polar coordinates (r, 9) with the sun at 
the origin. The Lagrangian of the system is 

me 2 GmM 

L = - 1 -, 

7 r 
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where 7 = . -— with 

' y/l-P 


2 v 2 f 2 + r 2 9 2 


F = -j = 

c 1 

M being the mass of the sun. As 


—■yr 2 9 d_ /I 

c 2 ’ dr \7 


3 /1 \ — 77 1 d / 1 \ _ —7 r 2 0 

>r \7 / c 2 ’ dO \7 / c 2 

Lagrange’s equations 

±(dL\_dL _ 0 

dt \ dq t ) dq t 


d . GmM 

— (m'yr) - m'yrf) H-^— = 0 , 

dt r 2 

m'yr 2 9 = b, a constant . 

Letting u = £, the last two equations combine to give 

~T (^ - GmMu 2 = 0 , 

dt \9 dt) 


d 2 u GmMu 2 

d9 2+U ~ b9 


du _ -du 
dt d9 


The total energy of the planet is 


E = m'yc 2 — 


GmM 


GmMu 2 GmM 


(E + GmM/i) 


and Eq. (1) becomes 


where 


+ a u 


a 2 = 1 — 


GrnME 


GmM 
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A special solution of Eq. (2) is 

_ GmME 
U b 2 c 2 a 2 

and its general solution is thus 

u = Acos[a(# — #o)] + 

where A and 0q are constants. The orbit is 

- = — {1 -f ecos[a(0 - #o)]} 
r r 0 

with 


GmME 
b 2 c 2 a 2 ’ 

therefore given by 


b 2 c 2 a 2 

GmME 


(be) 2 — (GmM) 2 
GmME 


-»■ °= '-m • 


A, 0o being constants, and b, E being the angular momentum about the sun 
and the total energy of the planet respectively. 

(b) Suppose r is minimum at 6i and it next returns to this minimum 
at 0 2 - Then a(0 2 - 6\) = Hence the perihelion advances an angle 


A0 = — - 2?r = 27r ( -l') 

a \a J 


in one period of revolution. Note that there is no precession if a = 1. Since 
the amount of precession is small compared with 27r, q is close to unity and 
can be expressed as 

1 / GmM\ 2 


a: 


1 - - 


2 \ be ) ' 


A 9- 


and we have 

per period of revolution. From a consideration of the gravitational attrac¬ 
tion we have 


GmM 


— m’yrO 2 , 


where r is the mean radius of the orbit of Mercury. As 


b = m-yr 2 d , 
GmM _ r6 2n f 

be c tc ’ 
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where r = 88 days is the period of one revolution. In a century there are 


100 x 365 

88 


414.8 


revolutions, so that the total precession per century is 


e = 414.8 X 4.» X ( 88 x 24 ^ 0 x3x105 ) 

= 3.326 x 1(T 5 rad 
= 6.86 seconds of arc . 


This is about | of the observed value, which can only be accounted for if 
general relativity is used for the calculation. 


3048 


Derive the Hamiltonian of a particle traveling with momentum p = 
when it is placed in the fields defined by 


mnv 

7 ^? 


E = 

H = V x A 


ldA 

V4>- 

c dt 


(. SUNY ; Buffalo) 

Solution: 

The Lagrangian of the particle, assumed to have charge q,\is in Gaussian 
units 



and its Hamiltonian is defined as 

H = Y,±iPi-L, 

i 

where x* is the velocity component given, in Cartesian coordinates, by 
v = (±i,X2,X3) and p* is the canonical momentum given by p, = §£-. As 

1 _ x ij + x\ + x§ d f ! \ _ 7Xj 
7 2 c 2 ’ dii \7/ c 2 
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we have 


v ' A = , 


dL qAi 

Pi = = moiXi H- 

OXi c 


tt • t V—' .9 ?TlO c * 

// = ^ XiPi - L = m 0 7 H-1- <7$ 


/ 7 V 
V c 2 


+ 1 + q$ 


= itiq^c 2 + q$> . 

To write H in terms of p, we note that 


^(m 0 7x i ) 2 = J2 fa - ~r) > 

i i ' ' 

2 2 2 ( < 3 jAA 

mo7V=fp-— 1 , 


and thus 


2 2 4 2 ( 'y 2y2 , A 4 f tfAV 

m o7 c = m 0 + ljc = I p - — 1 


C 2 + TOqC 4 


Therefore 




c 2 4- uIqC 4 + . 


What is the velocity of a particle if its kinetic energy equals its rest 
energy? 

( Wisconsin) 
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Solution: 

The kinetic energy of a particle of rest mass mo is 
T = E - moc 2 = moc 2 (7 - 1) , 


where 7 = y 1 i . As this equals moc 2 , 7 = 2 . Hence 
V 1 -^ 



3050 

A beam of electrons is scattered by a fixed scattering target as shown 
in Fig. 3.27. The electrons are elastically scattered. Each electron has an 
energy E = |m 0 c 2 and the beam has a flux of Q electrons per second. 

(a) What is the velocity of the incident electrons? 

(b) What are the magnitude and direction of the force on the scattering 
target due to the electrons? 

( Wisconsin ) 



Fig. 3.27. 
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Solution: 

(a) As E = m 0 7c 2 = |raoc 2 , 7 = | and ^ = yjl - = |. Hence the 

electron velocity is 0.8c. 

(b) Since the electrons are elastically scattered, they have the same 
speed before and after scattering and conservation of the momentum paral¬ 
lel to the target requires that the incident and scattering angles are equal. 
Then after scattering the normal component of the momentum changes sign 
but remains the same in magnitude. Hence 


A p = 2 p n = 2mo7« cos 45° = 


4\/2 

— m 0 c . 


The force F on the target due to the beam of electrons is equal to the 
impulse given to it per unit time by the beam. As Q electrons impinge on 
the target in unit time, 


F = 2p„Q = 


4x/2 

3 


Qm 0 c , 


and it acts vertically onto the target. 


3051 

The principle of equivalence asserts that gravitational and inertial 
masses are equal. Does a photon have nonzero gravitational mass? Explain. 
Suppose a photon is falling toward the earth and it falls a distance of 10 m. 
Calculate the effect on the frequency of the photon. What experimental 
technique could be used to measure this frequency change? 

( Wisconsin) 

Solution: 

The gravitational mass of a photon is not zero but is equal to the inertial 
mass 


E hi / 



in accordance with the principle of equivalence, even though its rest mass 
is zero. When the photon falls a distance l in a gravitational field g, its 
energy increases and so does its frequency: 
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hi/ « hu + mgl = hv ^1 4- . 


Writing i / = v + Av, we have 


A i/ gl _ 9.8 x 10 
~V * c 2 = (3 x 10 8 ) 2 


= 1.1 x 10~ 15 . 


Thus falling through a distance of 10 m in the gravitational field of the earth, 
the frequency of a photon will increase (blue shift) by a factor 1+1.1 x 10 -15 . 
The slight increase in frequency can be detected experimentally using the 
Mossbauer effect. 


3052 

Consider a very high energy scattering experiment involving two parti¬ 
cles with the same rest mass mo, one initially at rest and the other incident 
with momentum p and total energy E. 

(a) Find the velocity of the center of mass /?* = “. 

(b) In the extreme relativistic limit pc » m 0 c 2 , find the total energy 
E* of the system in the center of mass frame (i.e. the frame in which the 
total 3-momentum is zero). 

( Wisconsin) 

Solution: 

(a) The system of two particles has total energy E + moc 2 and total 
momentum p in the laboratory system. The velocity of the center of mass, 
which is the velocity of the system as a whole, in units of c, is then 

/?« = - P° - . 

E + moc 2 

(b) The quantities E 2 — p 2 c 2 of a system is invariant under Lorentz 
transformation. In the laboratory frame it is 


(E + moc 2 ) 2 — p 2 c 2 — 2Emoc 2 + 2 TOqC 4 

as E 2 — p 2 c 2 = m 2 c 4 . In the center of mass frame it is (2 E) 2 , where E is 
the total energy of each particle. Hence 
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E* = 2E = s j2Em^+2m^ 

« \/ 2 Em 0 c 2 w \j 2 pm Q c i 

in the extreme relativistic limit for which pc S> moc 2 , since in this case 


E = \fp' 2 c 2 + TIVqC 4 « pc » 77loC 2 . 


3053 

A particle of rest mass m and initial velocity u 0 along the x-axis is 
subject after t = 0 to a constant force F acting in the y-direction. Find its 
velocity at any time t, and show that ]v| —► c as t —> oo. 

( Wisconsin ) 

Solution: 

The equation of motion 

F = |(m 7 y), 

where 7 = , 1 , can be written as 

° = F = m 7y) 

with v = (x,y), F = (0, F). As F is constant for t > 0 and initially x = vq, 
y = 0, F = 0, the above integrate to give 


mjx = rri'yovo, mjy = Ft , 


where 70 = , 1 -- 4 . Hence 

v 


F# = x 2 + y 2 = -5-j(m 2 7o X + F 2 f) , 

m Z/ y z 


or 


2^2 /? 2 _ m 2 7 o v o + F 2 t 2 


7 2 /3 2 = 


1 ~/? 2 


m 2 c 2 
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giving 




m2 lo v o + F 2 t 2 
m 2 lo v o + m 2 c 2 -T F 2 t 2 


As 7 q p- = 7 q - 1, we have 

v — /3c — 

The velocity components are 


I m 2 jgvfi + F 2 t 2 
m 2 'y 2 c 2 + F 2 t 2 


7o v o 

) 

7 


y = 


Ft 

my 


where 


7 = 


m 2 7oC 2 + F 2 t 2 
For t —> oo, as my O t;o, myoc remain constant we have 


4 *-/ 


/FA 

v —* I — c = c . 

\ Ft) 


3054 

An electron of energy E me 2 and a photon of energy W collide. 

(a) What is W ’, the energy of the photon in the electron (e) frame of 
reference? 

(b) If W' <C me 2 , the electron recoil can be neglected and the energy of 
the photon in the e-frame is unchanged as a result of the scattering process. 
What are the minimum and maximum values of the energy of the scattered 
photon in the laboratory ( L ) frame? 

( Wisconsin ) 

Solution: 

(a) Suppose the photon makes angles 6, 6' with the initial direction of 
motion of the electron, which is taken to be the direction of the a;-axis, in 
the L- and e-frames respectively. As (pc, E) forms a 4-vector, the photon 
energy transforms according to 
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W' =7 (w- — ccosflj = 7(1 ~/3 cos 0)W , 


where 7 = ^ 3 , (3 = ^ with p = ~y/E 2 — m 2 c 4 being the momentum of 
the electron in the L-frame. As E 3> me 2 , 


Hence 



( 1 ) 


(b) In the e-frame, the electron is initially at rest. If its recoil can 
be neglected, the incident photons must be scattered back along the line 
of incidence with the same energy in accordance with the conservation of 
energy and of momentum. The transformation of energy and momentum 
of the photon is given by 


W' cos O' — 7 IT (cos 6-/3), W' sin#' = W sin 0 , 


or 


and 


tan#' = 


sin 8 

7 (cos 9 — (3) ’ 


( 2 ) 


W = 7(1 + /?cosl 9')W' 


-~(1 +COS0') - 

me 2 2 E 


W' 


(3) 


Equation (1) shows that for W‘ to be maximum, cos 8 — — 1 or 8 = n and 


W' 

max 


2 E 
me 2 


Equation (2) gives O' = 7 r. The photon is scattered back so that after 
the collision O' = 0. Equation (3) then gives the corresponding energy in 
L-frame: 


W„ 


2 E 


me 


W' 

,2 max 



w. 



Special Relativity 


749 






Index to Problems 


Acceleration of gravity on moon 1075 

Air in spinning cylinder 1267 

Ball bouncing down steps 1010 

Beam balance 1259 

Bending of beam 1257 

Benzene ring 1125 

Billiard ball 1201 

Binary stars 1111 1119 2011 

Bowling ball 1140 

Camshaft 1154 

Canonical transformation 2080 2082 
Capstan 1254 
Celestial systems 

earth-moon 1059 1132 

earth-satellite 1002 1024 1049 1069 1096 1130 1176 
earth-sun 1022 1053 1066 3047 
planet-star 1047 1068 1071 1072 
Charge particle 

between plates 1054 

between wire and concentric cylinder 2075 
connected by spring 1085 
in cone 2060 

in electric and magnetic fields 2037 3045 3048 
in magnetic field 1029 3039 3044 3046 
Collision between 

ball and steps 1202 

bodies through spring 1110 1115 

charged particles 1112 

equal masses 1112 1128 3025 3032 3035 3040 3043 3052 


751 



752 


Index 


kaon and lead block 3028 

nuclei 3024 

particle and rod 1206 

photon and particle 3021 3022 3027 3041 3042 3054 
rods 1200 
spheres 1195 

unequal masses 3026 3029 3031 
Comet 1042 1044 
Compton effect 3021 
Coriolis force 1099 1100 1101 1108 1120 
CO 2 molecule 1121 
Crankshaft 1167 
Cross section for 
capture 1073 

collision 1044 1050 1057 1065 
Cylinder 

inside cylinder 2030 
on cylinder 2003 

on horizontal plane 1182 1183 1186 1187 
on inclined plane 1157 1184 1185 1204 
Decay rate 3023 

Disk constrained by springs 1216 
Disk on disk 2002 

Doppler effect 1249 1250 1251 1252 1253 3003 3009 3011 3017 

Elastic waves 2084 

Energy-momentum four-vector 3009 

Escape velocity 1058 1075 

Expansion of gas 1270 

Falling 

chain 1134 
spheres 1113 
stick 1199 

water droplet 1139 1143 
Flashlight in space 3037 3038 
Floating log suspended by spring 2042 
Flywheel 1150 1160 1162 1163 1164 1182 
Governor 1086 2064 2068 
Gravitational mass 3051 



Index 


753 


Gravitational potential 1256 

Gravitational red shift 3014 

Gyroscope (top) 1211 1212 1215 1217 1218 

Hamiltonian-Jacobi equation 2083 

Hoop on knife edge 1158 

Hour glass 1140 

Hydrogen atom 1051 

Hydrostatic equilibrium 1264 1265 

Impulse on rod 1166 2024 

Larmor’s theorem 1104 

Leaking bucket 1137 

Leaning plank 1198 

Liquid flow rate 1271 

Liquid in 

rotating L-tube 1261 
spinning cylinder 1260 1262 
U-tube 1266 

Lorentz transformation 3004 3007 
Man 

diving 1013 

escaping from asteroid 1058 
in elevator 1001 
jumping 1006 1023 
on bicycle 1014 
walking 1156 
Mass (particle) 

between moving walls 2077 
constrained by springs 1078 

in central force field 1043 1050 1055 1060 1070 1073 
1074 1076 1077 2008 2016 2018 2025 2027 
in circular motion 1016 1045 1067 1080 
in cone 1026 1174 
in cylinder 1169 
in fixed orbit 2008 2049 
in interstellar cloud 1064 1116 

in one-dimensional potential field 1090 2019 2065 2081 
in paraboloid 2027 2040 2074 
in rotating bowl 1106 




754 


Index 


in two-dimensional potential field 2056 
interacting with rotator by gravitation 2069 
on circular track 2007 
on fixed inclined plane 1005 
on given trajectory 1038 
on rolling hoop 2026 

on rotating disk 1003 1009 1032 1091 1094 1098 1103 
on rotating ring 1173 
on sliding block 1011 
on sliding wedge 1025 1093 2041 
on smooth surface 2066 
on sphere 1028 2072 
on spinning hoop 1097 1107 2020 2031 
on spinning planet 1008 1221 
on spoke of flywheel 2061 
on swinging loop 2048 2059 
on swinging rod 1177 
suspended by spring 1035 1092 2001 2015 
under attractive forces 1031 
under central force and friction 1019 
under restoring force and friction 1081 
with one-dimensional Lagrangian 2076 
Mass of galaxy 1012 
Masses (particles) 

in circular motion 1117 

interacting by central forces 1027 2017 2071 

joined by rod 1168 

joined by springs 1122 1123 1124 1131 1133 2004 2021 
2032 2034 2038 2044 2047 2052 2053 2062 
joined by string 1087 2023 2047 2079 
on circle 2046 2047 

Matrix theory of small oscillations 2063 
Men jumping off flatcar 1114 
Meteorite 1048 

Moment of inertia 1145 1146 1147 1148 
Motor on rubber pad 1082 
Moving mirror 3015 3016 
Moving vehicle 1017 1083 



Index 


755 


Moving-vehicle door 1203 
Muon as decay product 3033 3034 
Neutrino as decay product 3030 3033 3034 
Nonlinear oscillator 1033 1088 
Pair production of electrons 3021 
Pascal’s principle 1258 1266 
Pendulum 1015 1018 1036 2036 
between capacitor plates 2058 
double 2035 2036 2050 2054 
joined by spring 2033 2043 2055 
on colliding cart 1109 

on moving support 1105 2028 2029 2045 2051 2070 
spherical 2014 
spring 2001 2015 
torsion 1153 1165 

Plate supported by springs 2039 2057 
Poisson bracket 2078 
Polar flattening of planet 1095 1149 1268 
Propeller 1220 

Pulley system 1004 1188 1189 
Pulsar 1020 

Rigid body in space 1209 1213 
Ring constrained by springs 1084 
Rocket 1040 1135 1136 1138 1141 1142 
exploding 1129 

Rod 

hitting rock 1161 
in rotating tube 2006 
on rollers 1152 
suspended by springs 1027 
suspended by strings 1222 2010 2013 
with moving pivot 1178 
Roller coaster 1007 1192 
Rotating 

coordinate frame 2005 
plate 1170 1171 1175 
rod 1172 1223 
Rotor 1159 



756 


Index 


Scattering 1039 1046 1061 1062 1074 1077 3050 

Sonic boom 1246 

Sound 

at interface between media 1244 
from moving source 1245 1246 
in moving medium 1247 
standing waves 1248 

Spacecraft 1034 1041 1052 1056 1063 1411 1267 3006 3018 
through dust cloud 1047 1144 
Special relativity, basis for 3001 3003 3012 
Speed of sound 1235 1242 1243 1269 
Sphere 

as reflector of light 1037 
in fluid 1272 
inside ring 1197 
on cart 1191 
on cylinder 1194 
on horizontal plane 1180 
on inclined plane 2022 
on sphere 1193 1196 
Spinning 

ball on rod 1214 
coin 1155 1181 
cone 1210 
disk 1147 1175 
structure (jack) 1219 
Static equilibrium 1021 1151 
Stepladder (hinged beams) 1205 1209 2012 
String hanging between supports 1255 
Swinging structure 2067 
System of particles 1118 1126 1127 
Tides 1102 1263 
Time dilation 3002 3008 
Torsion bars 2009 
Tuning fork 1079 
Tunnel through earth 1030 1089 
Velocity-energy relation 3049 3053 
Velocity transformation 3004 3019 3020 



Index 


757 


Vibrating 

air column 1240 1241 1243 1248 
bar 1235 

string 1224 1225 1226 1227 1228 1229 1230 1231 1232 
1233 1235 1236 1237 1238 1239 
Viral theorem 1117 1126 2008 
Wave four-vector 3005 3010 3013 
Yo-yo 1190 

on horizontal plane 1179 




